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ABSTRACT: This paper describes in cut.line the structure a.l'ld use of 
RED:.JCE, e progra"Il decigned for large-s::a.le algebraic compu .. 
tations of interest to appli~d mathematic!~s, physicists 
and engineers. The caI);J.bilities of the system in=::'ud.e: 

1) f:xpans i.O!\, o.rderi!~g a:~d rec.uc~ior. of .!'ational functions 
of polynorr.J als, 

4) 

symbolic differentiatio~, 
substitutions for vari~bl2s and expressions appearing 
in o~her cxpressi0~s, 
simplification of symbolic determinants a.,d me.trix 
expressions, 

5) tensor and· non-c')IIlmutati ve 8~gebraic calculations of 
int~rcst t.e h~gh energy phycicist.:;. 

In add.ition to the sy.nboJ.ic operations of ac.diticrn, sub .. 
. trCl.cticn; ·!n:.:tltj.plic~.t.icr:, di v:'sion, numerical exponentiation 
and differentiation, it is pO.<:5ible felr the user to add new 
operators end. define rules for their simplification. Deri­
vations of these operators may ~lso be defined. 

The progra'n is written completely in the language LISP 1. 5 
and is orgellized· so as to min:.rr.ize th:= effort required in 
transferring from one LISP system to B..'1other. 

SOl!":.!;; p~rti:~ula:r prc1:;J emG';lhich have arisen ill usir:g REDUCE 
in a time-sbare::! ~!'N:i.ror!ment are also discussed. 
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SECTION 1: DfI'RODUCTIOU 

Mnny of the dny to dny problems which con~ront applied tnL1.thematj.cinns 

involve extensive nll?-~brn.ic or'non-nwncrical calculation. Such problerr.s may 

range from the evnluation of nn~.l;1.i:.=al solutions to complicated differentia.l 

or integral equation~ on onc hand, to the 'calculation of coefficients in a power 

serica expnm:1on or the computntioIl of the derivative of a complicnted function 

on the other. The dif:ference between these two classes of prohlC1l1.J io obvious; 

in the :former cnse, no strnightforwllrd algorithm exists vhich will gunrnntee a 

solution., and ipdeed an nnnlytic form for the solution ma.y not eVf.!n exist. On 

the othcr hrmd, a.leorithrno do exist for the solution of problems such o.s series 

e:q>nnsion and di:ffcrcntintion, nnd so a c~rr~ct nnswer Dlay always be found 

provided the reGcnrcher posoeosc.e cmfficient time=; perscrverance and accuracy to 

cnrry the more complicated problcrr.5 through free of error. Many examples of this 

type o:f problem may bc! fotm<.i in physics n..~d engineering. Cnlculations of general 

relativistic cffcctG in plnnctnry motion, structural design calculations, and 

many o:f the cnlculntions nSGoeiated with e+crnentary particle physics experiments 

at high enerr,y nccelcrn:t.ors, to nmne a few, may demand many nL.m-mpnths or even 

,years of yo~k before: n useful f.l'ld error-frec anSvler can be found, even though 

the opcr:ttionc. involved arc quite straightforward. 

'Jlhe HEDUCE system which is oescribed here has been designed with the la.tter 

type of problcm in view. Although "~ .... ~-f.''5r designed for batch processing 

computer systt:J!lli, it hnr. hf't'u found to be far more useful when used in an 

internctive, timc-r;l!nred environment, and it is this fonn in partoiculnr which 

will be rliaCUBGeli here. 1 Historically, the system was designed for the special 

problcmo which arc encountered in elementary particle physics, but the techniques 

have proved cnpable of extension so that any problem involving manipulation of 

2 

CT tt<tt=e . --- ... ~ 
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l,__ large o.lgeb:aic eXJ'lr~8~~ J"'" ':...,. lul'OYn algorithln3.c met.hods is r~lJ.d11y handled. So 

tnr, phyaiciata anc.". t!.t.:1l:J t-:i.l eflt';:J:',~er£ hllve been the principle users of tihe Byotem 

The bnsic problcrno whIch t.h~! IJreoent system ie cRpllcle of aolvir.g include: 

1) expnnaior., orderi;lt~ :md reduct!cn of rntionf1l fWlcticna of polynomials, 

2) symbolic di1'fercntintioll; 

GuuotitutiOJlG for vnrinbles nnd expressions uppenring in ott!cr ex~ressiona, 

4) simplification of ::;ymholic detenninn!lts and matr:!Jc expressions; 

5) tensor <md non-colmutative a.lgebraic cal~ulatiolls of interest to high 

enerr;y physiciGts-

This ia by nc mCtUlS t1. complete liGL J and several other special f'caturea of the 

systcm will bC:' described in the course of the paper. 

2 
'l'he HBfJUCg GYL;1.cm h:u:; heen entirely prot?;rrumned in LISP 1.5 tl. langua.ge 

desil:~ncri especially i"0r fi~lnbol mi1.nipulntion. The advantage of using such a 

In.np;ungc io thn.t it if; p05nible to dcvelop n. system which is easily cnpable of 

modific~tion or px1.~mGion [lnd is n1no rt~lntive1y mrl.chine tndepcndent. Thus it 

haG proved por.~;il)le to use the REDUCE; system at several IBl-1'7090 installutions, 

on th~ time-sl!;tn:'d !iII!:.:cq-32 of 'System fJev('lopment Corporation, and the time-

shnred !)J)P-() of ~-; Ln.Hforci I\rtificial IntE-lligence Project. /\ system for the Into{ 

The pl;m of i..his pnpcr is m:; follovlS. In Section 2, a description of the 

bncic Gtrueture 01' the Eyntem in given, cxplalning the methods employed in 

8impliJylJII~ ·(·:XJ)rpf.mion~ ~lI1d reprcGenting the cimplified results. The actual. 

inctructionn whieh the UGcr in given f'or this simplification are described in 

Scct10rJ ~): nnd Gome remnrks 011 the use and design of the system for time-shared 

operation nre given finally in Section q • 

, 
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. SE.cTION 21 Bt.SIC STj\uCTURE OF THE Sl'STElwI 
. 

A REDUCE progI,~ conoista ot n set of functional instructions which are 

evaluated seq~entlally by a computerA Exarnplee of s~ch instructions are shown 

in F:tg. 1 a..'1d t}e results of n calculation in Fig. 2. The complete delJcription 

of the eleme~ts of·the Innguage end the operation of t.he system are given in a 

Ueer'o Mnn~a23 and only a brief r~aume will be given here. Essentially, the 

argumeuta of the functionnl instructiona are expressions, which in turn are 

sequenceo of n~~beros vnriabl~s operators and standard delimiters (ouch as commas 

and:mrenth~a";t;). Allowed numbers i.n REJlJCE Btatem~nta fo.Llow FORTHAN conven·~.1ons 

essentially, ~nd ~ty ue renl or integer. Vnriables consiat of one to twenty-tour 

alphnnumeric chnrncterrJ the first of which nru.st be alphabetic. Operators in 

the system arc of two types; infix operators, which occur between their 

nr~e:1ta; UUC}~ (lS the Eit:mdard FORTRAN operators ** * / - + = I and pref:bc 

operatcrts: -which occur nt the head of their arguments "as in nonnnl mathematical 

fu..'"lCtiOllS: e.g. wc (lognrithms to base e), DE'r (the detenninent operator) 

anrJ. DF: the difff"!rpl'ltial operntor. Thus in Fig. 1 DET «X+Y,X-Y), (X**2 - 2*Y, 

3*X}) r'preecZ1ts the 2 X 2 determinant 

x+y x-y 

and DF(X-¥.-lf.2- ~jo!X;X) the derivative of x 2 -3x with respe<.:t to x . 

.I\lthou;"~h the nvc!'age UGer of thf.! REruCE oystem need ImO"w nothing about 

LIDP, Il. fev hno ie facts are neceaaalj' in order to \Ulderstand how the system 

opernteo. v!·~ ;;hnll assume here that the reader ia at least acquainted \11th 

list notation ~e uoed in moat list-processing systems, but not with all the 

details of LISP . 
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The input of nl1 cxpr~tjGion to the RI:."DJCE syr.rtc:n la normally in ll. )i'OHeHlUT-

like form nB shown in the cxnmpl~s in Fie. 1. 'fhc first action of the system 

is to convert thi: cxprCf:ision into II stnndn.::-d. LISP prefix ronn, where n.ll 

op~rntol'O are -;l1"i tt-en in p~ fix form (using "J':.' rbn.l form.9 for infix symbolo to 

avoid confusion) and an operator with ita li: .. t.. of <lrgtL"'l1Cnta bec"')meo a i.iat of 

thllt op~rator nnd itD nrr,..ancntu. Time the eyp:cciJsion X-}"*X'* COC(y) for 

cx:unplc would hecome (PillS X (MINUS ('l'IH~ ~ X (COG y»») • 
. The IJL..1.jority of the simplification code in the system has been dcoi(,:ncd 

to handle !"a:tion~l i"..lnetion: of polynomia2.s. 'fhc con('cpt of simplificution of 

nn nrbitrary al~c.!hr:~ic express'ion remains one of the mor;t controveroin1 subjects 

in math(,It1.1.t.ics, but for the claGG of problems for which the llliWCE ay-atom iD 

desiencd.1 basic GiJ:1plification (or 'reduction) is :first achieved by expansion of 

the exprcr;::;ion hy the rClT'.ovul of brncketG unci. application of the multinomiul 

thcorClf.. If wC restrict our discussior~ for the time being to rational functions 

or nru.lt:!.vnriahlc poly-!lomial::; with integer coe~ricients, then such a reduction 

10 clc:tr- cut and 1u;:tJTlhil':u.OlIG. 

rl'hc c;':P:t~l:;~_OIl operation reduces an expression to a pair of standard 

5 

fonr.r; which !"cJ>:·CG(~llt ·the lilUnCl':1.tor and denominator of the expression respectively. 

The tl"l<.nd:~.:rd ferm u~cd has underGone considerable modification since the firot 
. 1 

oyotc:n · .... :u; dC:Vl'lopcti :md noW' i:.; n recur::;ive ronn similnr to that described by 

i· 
CoIlinG." rrhiG reprc0cuL:ILion has the uuvantnge of faster manipulation and more 

compnct. :eprc::.;enl:d.ion of t'xpr('~~Gion(j than wnc achieved with the distributive 

ronn deGerihed ill Ht'f. 1. 

f,:p!.!('l!'icnlly, an expre~sion in n variables f(xl. ••. x ) 
n is written as 

:t power GcrieG in onc w..l1"inble whose coeff1cents are themselves functions of 

11-1 vnriables. ThUD 

(J.) 

! 



• .. 

\ 
i 

" , 

..... ,. 
". 

\ 
\ 

• . . l 

\ 
. I, 

/ 

I 

• 

. . 

\ .' 

'. 

.. 

~4~~~ _______________________________________ ~. __ •• _________ ~~~~K~~1 

! 

• 'IUS 

" The polynominl cocfficicnto are themBclveo expanded in n like manner, tmd the 

representation continued until only integers remain. In Bacchus normal ;form, 

using the LmP dOGtcd pair notation the R1IDJCE atandnrd form is: 

(stnndn.rd form) (~': = (integer) f( {otnndnrd tcnn) . (standard i"onn » 

(atandnrd tcrm) :: = ({otnndll.rd power ) . {atnndnrd :form}) 

"(standnrd :power):: ({variable). {non-zero positive integer}} 

ThUG n Gt.~ndnrd term rcprcocntu onc tenn in the power series Eq. (1) I and a 

standard po ..... ·t:"l' repreGenLG a. vurlable rnificd 'to Et positivC! integer power. " 

Stnndard powers nrc otorcd uniquely, but no attempt is mad!! to compact the 

storage used by other exprcGoions. 

/m ordcrinl~ cOllvention b~lSCd on the mnchine ll"lcaticn of the va.riable atoms 

in core io used to decide the position of a variable in this fonn. Thus two 

. equal polynomi::llo v ill h:: 'le the srunc standard i"orm • 

If frnctio11nl powers of variables or expressions are encountered during 

:reduction, then a new variable is created to represent that pcnteJ; and the user 

informed, en::mri:::G tnat no .fractional powers remain in the sta.ndard form. Like-

wise, finy reGol munbers encountered are usaally convr-:rted to the ratio of two 

integer!}, w11e5S tile '.wer specifics otherwise. 

An cxtcn~;ion of thi::; basic representation to include other operators 1s 

made in n particularly Gilllple (but not the roost general) manner. To each 

operntor (infiY. or prefix) there correoponds a simplification i\u.:.'tion ~hich 1s 

called uurin~ rc~1uction of the expresoion to Dtandard forms. If a new operator 

1a added, its GL~plificntion function may transform its arguments in two different 

ways. First, it may ~onvert the expression completely into operators already in 

(2.1) 

(2.2) 

/ 
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C-~. the system, leaving no functions of the new operator for further manipulation. 

This is true of the aimpl:tficntion functions connected with the bnaic 1::tfix 

opcrntoru bccauGc thl.! stnndnrd fonn does not include these operntors explicitly. 

It in nlLiotruL of ;Ul oI'{jrator Gueh nll Di~, for eXll..'I1'Iple, becfluae the relevunt 

Gilnplific:'..1:iOll f\:nctioll cnlculatcG the: nppropriate. detenninl:.nt, nnd the operator 

D~~ no 10nger :1.ppenro. On thc other hand, the simplification process may leave 
\ . 

somE:! l'co:!.uuHl functionG of thc new operator. For example, if the operator COS 

i6 ndcic:u to r(;prl:r.cnt the canille of ltu arguments then cns(X) ,",ould remain after 

aimplificatiOll (aG (CC{; X) in LISP notHtion) unleGG 0. r..:.le for the reduction of 

cosines (j.nto cxponcntiala: for exrunple) were introduced. These residual 

i'unctiono arc tenn~d kerncls and are otored uniquely. Subsequently, the kernel 

is ca!'!"lcd th.ioue;h the: calculution :m' a variable unless specinl transformations 

on thin o!,cratO:L ~lre introduGcd ut n Inter {;i;age. 

To il1cludc kerneJ.n in our standard fonn reprcsentati~n, we simply replace 

Eq. (2.3) by 

...•. 
({kernel) • (non zero positive integer» (2_3') 

and p.dd: 

(kerr.cl) •. (variable) I ({operator) • (simplified list of arguments» 

i':\c siniplii'icatio!l ftmctions necessary to deal with a new oyerator are 

moot cOH'/eniently written directly in LISP. However, RELUCE does have provision 

for th~ irlclunion of simple ruleD for re<luc~ion of new operators, and an example 

of.' lluch n rule io l~i veil in Fig. lb. 

Tile sllnplification functions associated with the expansion of polynomials 

nn:! the calculuticn of derivutives, determinants and. matrix operations are all 

e. eXnDll")lc8 of.' 6t.rllightf0nmrd algorithms which are easy to program in LISP. In 
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particular, the recursive nature of the language all~~a these algorithms to 

apply to cny ciL:eor complexity of, expression.' There are practical 11ldts 

however Of~ the Di~e of exprescions which the system can handle, as no uoc of 

secon(:a.ry ,;;tcrll:.;e ~icviccs is m!lae 6.uring a c!llc:1lation. Rules for the 

diffe:-e::r.tin.:'iO!~ of :l nc ..... ~ operator may alao bendded as ShCT.,m egain in Fig. lb. 

!I,.oot oi T.he operators used in the representation of problems in high 

energy pL:--ru::,cG r:,~r;'.1irc further red~lction after the original e1q)ression OOe been 

COl1vert.c~ ::::t.o Ct:mO"l.l'Q fomn. :-:pecial rQu-Gines have been w:oittcn to deal with 

the explic:.+,:, Irsr;.~c!' c ~llici1 OCCUl." in 'this further s1.'IJlpliflcation. Other 

prohlerr.!:; LIco ariBe in this cluse of calculn"t.:f.cns because a certain llI'Tount of 

non-commutative rrlg~lJrn ia encolL"1tered, but this ia hnndled in a way ·..,hich 

~,;culci r':r:e!'nllz f : 1f further opera~ora of this tn"e were encountered. 

SEG'l'IOij ) - YViiCTJ(jI"/~L' IN~)'fHUCTIOUS 

':.·i!~~re ..... yt:! ;!.t present approximn.tely forty functional instructions avniJa ble 

tc t~:e F2!2-JCE rrci:r:t:I:1r:cr and uC£icribed'in the User's Manual.3 Although these 

!nGtr'.:::ti~:-JG ~'~I"fc!n:; <l variety or taskn, they l'J'I..ay be divided roughly into t'W'o 

cln.SGf..:s; :;i!'C-:".;;';:':' inGtructions (or prOCeGGC5) which perform symb.·lic operations 

on -'..,hci:~: ;~.:-t:UJnt·tlt[j nnd output results to the user, and declaration instructions 

·,.:1~1.'_-:: :"<":-:-~\:;:1r: t v.~ricty of Gcrvice opcrutions prio;::" to the call of a process 

inot!;;.::t.':~~r1: :.;:'::11 ;~13 sctting flags controlling output and setting up replacement 

tn1]('u - Fr"c'~~'G~~ inG-(.ructions m'l.y aloo ndd to replacement tables as a by-product 

of tlleir c::.!.l.cu.lalion. 

It :.2 :i .. r::iX·Duible ioTithin the scope of this paper to describe each 

:tnotrnetior: In llct1.il ~nd so thio s'ect10n will' concern its~lf rather 'With some 

of tilt! m();.~c h::pc\l'tll'1t facets of the system and the inBt~ctions vhich have been 
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dcsir.ncd to hruldlc thcm, vi~., subGtitutiona, input - o\.&tput, simplification 

functl011G J Ol.n(l mldins new instructions. 

';.1 ~~lllx~ Li t.uLJoH(; 

1,r. 'h;iJ~ort;l,.nt cln.oG 'of inctruct~,ons in nny algebraic simplification o:(stem 

nrc 1,hoGC ,,!hidl define £iubstltuticn& for \-arinblea and exprcsslono appenring 

duririr:; the c[!.l(~ulnLion A Ideally, it Ghould ue pODsible to replace cvery occur-
. 

:rencc or ,-: i:!\rUI !~Xl)l'cGGion f{n,b •• x,y, .. ) by another exprcssion g(a,b •• x,y •• ), 

where c1.,b. ~ ut:1Id !.'or fi.."Ccd :ma x,y.. for arbitrary expressions. Thus to 

quote an CX:llilplc; o:C~~!n unt'tt, i.f the Gystem knows thnt s1n2 (x) ... cos2 (x) -= I, 

where x i[; :~,rbit:-ary, then an occurrence of sin2 ( 3n+2con( y»",:cos2
( 3n+2cos(y», 

,-
/ 

/ 

pos!.lhly in :'..1: expanded fonn, nhould be replaccd by 1. 'lthis general m:!tching 

• p.::-ohl':m, rtt, l:::;,..J"!., to Lhc ;n.:.t.hor:s YJ1owlecigc, hno not been Golved in n manner 

~f.rL~!x:!:L C'::""J;~l: to he uncrl in large s~ale cn,lculntions, anel most systems there-

i'O::L; C!)I;'~);';):l;l,::;t..:,aL ~o;r.'...! pO:!.:l'l, ill tht: types of sulmtitutions allowed. 

F:-O!rl "..}:e diGcUGDion in the previous section, it ia readily seeu that 

5uh~· L:i.. L~, .. ~,i.)l:t: cali h~ (~1.Tici~~n Lly implemented for variablc~, powers of variables, 

j~ey1!t::2.::: :~nci pm;! ':'G of kernels, nIl of "'lhieh nre stored Wlifluely. Substitutions 

~nn !": :!!'! I" ;-'(":~"0:C'; :lurinc r\.Jld after reduction to standard fonns,' and the system 

dcr.:'oc::: ~,O Gcrec C'xtent the ~nost effective point at 'Which to make the substitution. 

the r;YG tem i c :w l~OO() rd, mnkinj~ n ~ise elecis ion as the general UGer. The main 

PUil: t ~ [j L ;1:rL ;~he rd~',e of illlcm.cdinte cxpresGicns formed durinc ::alculntion 

:1 Jot er tJ-.:r~rt:.; il~ tl!elr expansion are usually best made as late as possible. 

I:'; ;12:U't:'!cn to l.hoGe substitutions mentioned a~ove, the system also 

pe:r;uto 6uonti1.'J,tions for products of explicit kernels, or expressions which • 
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reduce to thltJ fonn. F'urthennore, any operator 'Which has o.n explicit replace-

rnent in tcrmo of functions of other operators is conoidered as a variable whose 

reI> lnceIII~nt. io c. runc t.ionnl (~Xl)resGion. Itn example of such a. replncem~nt occurs 

('ne h[t!.:i'~· .<!.r.1hle;llity iI! tl:c general substitution problem involves the 

dlnt,in(:t.1.on h,-:"t,,,ccn explicit substitution of the relevant expreooion llnd globa1 

&ubctH,~.1.tion ,,:l:0rcw'r t;i1c C!xprcGsion c:tn be sepurated out. }i'or example, given 

2-rll.n~( 11) or 2.':..ft uach~'..ni',<!d·' Th~ choice l!'.:.lde CD.n often influence the cOIiIpactni!SS 

/ 
or sJ'1]1f;,ut.ry r:truct,urc ef the rCGult. II Good eX1.lIl!ple of this is clivcn in Fig. 3 

..... ·hidl GilC1..'G t~to cxp:-cGc,iom; which ~!rc exactly equivalent, but difi"er signiricantly 

• iE i:d7,C: ~:Il'i r~y~·']"".;1i-:r. Th~,0 exmnple vTill be cliscuosed further in the next section. 

C01'~'';CY;:~l! ~ hcL·.-i'(~{;'! n p;cncra.l substitution and a sUbGtitution for the explicit 

and so (:r: .: L'~' 1::: re!! instruction for Gubsti tutions tn atnndard fonns), while 

1·1t\'IC;1 ( ~~ ··:-~-c - .. J "\i0uld l:::1.vC no effect on other pOWf~:-'S Examples of these 

in:;-.:.:.- . ; ~~ :. '} (:': !:-! - - r~l!3(" g:i:.Ji:-:n in Fie· 1. 

ni~Li!.!"r:-: c1.~)r:: i'-./ 11: outpu:, i'roT:l the nYGtcm. It hus often been p:>inted out that 

-::',l(! i,t·tJ:d':t1:·(~ .!.tll'IiG :md output devicc~ for computers such a.s key-pWlchea, type-

·W!'.i .,c·r ..... ~~!U ~n·J.1Jt.:..[Ii7, uCi."iceG, arc 1~udeguute fer representation of mathematical 

r::{!\:·c~.c;:!,ons j,: T., fonn l003t nearly equivalent to standard mathematical notntion. 

• f.i:~T~\"Jl: iu rcftdil~r unr.:.crctandable by most engineers and physicists, provided 
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.-". that n certain amount of spacing is used in the display. One ve~; simple aid 

to clarity conoiota ol' putting 11 nu..'J1hcr o£ apacea on ench side o£ en 1n1'1x 

operntor invcr!H::ly propcrtlono.l to the precedence of that operator. 'Factoring' 

of .nn exprcGGion b;r Geparati,'''. ,ach power of a given variable or variables, .and 

liGting one tc::.'m \;0 cr4ch li!lf':'l ~ 150 improve rendibility in many cases. The 

~ntter formnt fe. vei:Y conven:1.~nt if the output is read out onto a secondary 

storage de'lice,. ~dl.Led. by hand, nnd then rend buck into the computer for 

further prcccGolng, .In thlG !l':nmer, the computer becomeo a mnthemnticnl. 

scratch-puJ., i\nJ 1u lJn:i.mport~Hl~ application of the nystem 'When used in a 

tirne-Ghtlrcd environment 0.0 discul.3sed in the nex;;' section. 

Quite often, alGo, a problem reguires extensive numerical calculation 

• after II ccrtaillnmvunt; of non- uJ!:cricnl prcceGsing has been undertaken. REIXJCE 

nny alGo be: t;:"l..'d fo!" this liUrp05C, but as nritluneticnl operntions are rather 

6~OWt fn.ci.lit.ie~ n::·.;: providctl lor producing output in the :form of a FORrRJlli 

source proernm. 

3.3 Gir.tplif'i~<l Lior: :nutructlom; 

'i'he next claGs of instructions which we shall briefly consider here are 

thm~c ccrm<..!!~-!~e:;. v:hh ~h~ 1 E.dmpliflcation f of' expressions. 'I'he principal 

ins truc-:' iO:l of thio typc in GI11PLIFY (or S14) whose maL'l purpose is to reduce ite 

nr,ra.u::e;l~~ :lY '-::<ImJ1Gion lllld {·ollect.ion of terms to n pair of' standard forms, 

pcrformi:-.e aLY ~uh.;!.of t"..lLiol1s which have been declnred prior to its call, storing 

the am; .... .::;- 1'0..::' lu\,e1" mw :Lf necded and then printing the results. Exomples of 

the U:lC of As an aid to time-shared 

opcrtlti~n, thc rc!mlto of 0. call 01' SD1PLIFY are always kept until the next 

cull in caoe "thf! UGer decides on Geeing the results. to process th.em further, or 

• to store them for later use. Moat of the other instructions concerned with . 
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s1mpll.rlcat1on are used for thls further processing of output from SIl';fPLIFY. 

,.~ J\ddinr; Ncv Jnotructions 

One disadvantage of an interactive system is that it is necessarily 

sequential in operation, and therefore the idea of program loops and transfers 

to earlier statements is rather alien to this concept. However, there are many 

circumstances in which a series of operations is repeated several times, wld 

to facilita"':e this, provision is made in REUJCE for t.he user to write his own 

instructions in a format essentially the same as an J\Lr~L 60 procedure and then 

call for the evaluation of this iristruct:!.('n. T'lis fucility is very limited at 

present, but the next version of the system will include most of the Jwnp and 

loop statements available in ALGOL. For example, the code in Fig. lc computes 

the first twenty Legendre polynomials for any desired argument. 

SECTION J~. or~-LInE OPERI\'frON 

It should ue apparent from our discussion so far thut an alp,ebraic 

mnnipulntion syotcm achieves its grentest effectiveness it' used in a highly 

intera.ctive mnn-rnachine environment. The steps which the user takes in solving 

a problem very often depend on the results of preceedlng calculations and. so a 

complete 'prol~rrun' in the conventional sense is often impossible to write 

.! priori. However, interactive use of the nEVJCE system pos~s some problems 

which are not encountered in batch processed operation. First is th~ need to 

prov·ide Gufficicnt safeeuards so that the user cannot destroy partial results 

by making a. mistake in input at some point. in the calculation. Ideally, the 

results of nIl steps in the ~alcu~ation should be kept, but this would impose 

impossible burdens on the system if very large expressions are handled. As a {. 

compromise measure, REDUCE has be~n constructed so that all assignments of 

I 
I 

i 

I 
.~ 
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variables I rcplacemcn lG and rules etc. cannot be changed by n cntaGtrop~ i:.C error 

in n OullGcquen1; cnlculn tion (unleos I of course I the user explicitly auks for 

'their removal hy mio'lnke), and this has proved nIl ~dequate safeguard so fur. 

Secondly, the standard tclc!typcw:-itcr terminal which mosttimc-shnring 

Systcnul employ haG proved quii..e inadequate as nIl output device for thc very large. 

expressionG often encowltered in thc problt'nJS .hnmllcd by the syctcm. Im obvious 

Golution is the UGe of CRr diGplnYG with Guit~ble editing pror;rtUilG, but little 

progress has been made in providine; ouch devices chenp enough for gcncrnl use. 

A )!nrtial f;olution in 'le ru:;l{ the syztem to print portions of the output, or to 

store the output on tape or disc :m<i 'inspect it with an editing proerwll. J\lternn-

l' 

tivcly the whole output could be printed on n line printer at n centrtll installation 

for Inter colic('i..iol'l; out in thc latter cnse mUch advantage ')f the interactive 

opcrntion 10 Imi L . 

Iiowcv('r, t.henc arc miner prohlems comp~rcd ",itn the great adv:mtngco 

w:lich tim0.~oh:-trcd opcrntion oi'f'ers to the user. An exnmple of the cfl'cctive use 

of such a oyotem in given in Fir.. 3. FiQlre 3~ is the reGult of a calculation 

produ('C'd dir('e1~ly by the computer. It containo eleven variables, of which only 

six are i"'ldcpendent. 'rhe relalicnz bct",ecn theoe variables are ohown in Fig. 3b. 

Fi(,;urc 3<: ohown an equivalent cxprezz1.on produced nftcr Gcvcrnl hourn of hand 

m.'lniplllnLion and further rl'tiuction in the computer. Thin is not simply n matter 

01' cxprconing :lll ·.,ariahlco in tcrntG of an independent set, bccnuse it can· be 

Been from the eompm.' Lncuo nnd synnnc-try of the' fina;t expression that it 'W'ns 

,>etLer lo UuC more 'lh:Ut nix variables. To guess the correct trtinsl'ol'Ik'1.tiona 

1'or t!dG rcduetion io Gcmcthing of nn art and it is difficult to see how to 

pr~ram Lh!!; in a form nui taule for the computer. Preswnably a 'beginning step 

muGt be to prol~rmn the computer for factorization of polynomials or computation 

of the l~r{!a.tcGt common divisor of two expressions. Considerable progress in 

J , 
I 

" 
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these areas has been made over the l~st few years, and REDUCE does in fact have 

the lntest grenteat common divisor algorithm of Collins
4 nvnil~ble to the user 

1i' desired. However, the algoric-Inn is at!ll inadequnte for eff1cien'~ handling 

of the very large expressions encountered' in m,,'ln:r problem.-:;, and so a lot m,ore 

work will be neceGsnry in this area l~forc a prncLicnl routine can be developed. 

The mc'thod Uf~ed ill obLnini!Jg the exprcssio!1 in Fie. 3c i'rom 30. \1U.o to 

\me the c\)lP.puter nG n scratch pad for ellccking the a.ccuracy of hand IIl.Ill1ipulations 

or· the ef:fect of substitution::; on small po:r-tJ.6nG of the cx:prcEsion. It is very 

mportant that thIs tYJ}C of reduction iD pO~;G'ible, bee~.u~e an tnnSl-!cr f connisting 

'01' hundreds or thoun:U1ds of term::.; provide!.> little insight. into. the structure 
" 

of n -problem. Unless corepact results nre achie'in.":,lc J one haG to rD.inc the 

question whether the whole calculation !;.ight. h~ve beer. better pcrfonned 

D\.un~rienlly. Quite of'tetl the filln.l Y'1..."'[;ult. iG a curve \lr,ich prcdictc or compares 

v1th cxpcrimen:tal conditions, and the algebra.ic reduction is uGed as n meana 

of' Baining insiGht into the factors determining that curve. Interactive man-

machine computation of ~hc required c.x.pres3iorlG rr ... 'lY prove an :important factor 

in obto.inin~ thi!> insi/~ht. 

-------,--
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Figure 1: 

·Figure 2: 

Figure 3: 

FlGUHE CAPrIONS 

Typicnl Gcgmcnts of n' HvrUCE pro~rmn. n) Expnnaion of nn 

expression in order to exnmine the coefffcicntD of the various 

powers 01' x and y • 

15" 

b) Calculntion of n seconci order pc:rtinl df:riV'ative with respect 

to x and y of nn exprcnRion involving opcrntoro not already 

in system. 

c) ~1.lculntion of the fi:r!:iG twenty Lcgendrc POlynolT'.inls of x2-2x. 

output from cnlculation of ex~~pl~ in Fig. l(b}. 

Exnmple of u£iin~ IlliWCE in an' interactive mode. a.) Expression 

initially produced by computer. 

b) Relations between variables. 

c) Final result produced by hnnd and machine • 

._--------------------------------
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·FACl'On x, Y $ 

MftKE Fl(X,W,Z) = X**2+Y·)I.*2-t·W**2-Z**2 s 

Xl = Fl(X,fi,L), X2 = Fl(X-M,SP,LP) $ 

SM F= n**2*RP**2*Xl*X2 ~, 2*M*R**2~HP*SP*( (X-M) * COGJ\I'.- Y*SUlJiP) ·x-Xl 

2*M*RK-HP**2*DF (DE.yr «x+y )X-Y) -' (X**2-2*Y, 3*X)) ,X) l' 

DJi'( ,,*xx'*2-3*X ,X) $ 

SM F $ 

( n) 

. R'JLE0D~ (-X) ~ -SIN(xL cos(-x) UYi(-X), snr(x+y) ::: SIN(X)X,CCf,(Y) + 

COS(x )*'0IK(Y), C00(X'IY) :; cO::;(x)*CGS(Y)-SD~(X)*SIN(Y) :1; 

DEi\IV DF(:"3D-:(:r.) ,x) - co~~(X),E;'(CO~j(X),x) = -SIN(Z) $ 

STI.fl'LIFY DF(SIN(X-3*X ~cos(y) ),x, Y) $ 

(b) . 

Ir{[j'J'It'vC'l'IOil lj·:r.l·:i'Wn!·: X$ Bl':GIN 
n~'l'l':(:lm 1-1; V/\IUAB},I'; VI, V2, V; LAm~L Ll$ 
::J1'~l' 14-,2$ 
r;/':J' Vl::1$ :';1':1' V2 ~ x$ 
Ll: s!o:r V = (2-1/M)l<'X'lfV2-(1-1!H}lE-Vl$ 
fiI'~r l~ ::.:. 14+1$ 
GJ·:r VI ,'. V2$ 01':1' V2 = V$ 
11" M = 11 TIn':r~ FWNrrr EWE IT M - 20 THEH Rill'tTRN 
1':I:~lt: (:0.'1'0 IJ.$ 
l .. j~D 
IJ·:moJIDrm X~*2 - 2*X$ 

(c) 

FIGURE 1 
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I 
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LISTIT $ 

* 

RULE SIN(-X): "SlN(X), COS(-x):. COS(x). 

SlU(X+Y): SIN(X)*COS(Y)+COS(X).SIN(Y), 

* 

• - DERIV DF(SIN(X)"X>: COS(X>, DF(COS(X)"X): -SIN(X)$ 

Sj MPLI FY OF (SI N (X -.'3*X *COS Cy) ) .''{ , Y ).$_ 

9c * X * SI N (X)' * COS ey) * C03{3$ * X *- cos ('(» * SINCY) 
3. * X * SI N (X) * COSC.3. * X * COS (y») 4: SIN (Y) 

9. * X • COS CY) * cos (X) * Slt~(3. * X * COs(y» * SIN(Y) 
+ ..)0 * X * COS OD * S I r~ (.). '" 

v .... COS (y») * SlN(Y) " 
+ 3. * SIN(X) * SIN (3. * X * COS CY) ) * SI t~ (y) 

+ 3. .. COS (,3. • X * COS (y» * COS ex) * SIN(Y) 

* 
FIGURE 2 
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(2. * RS**2. * RT * QR + 2. '" R5.*~. * RT * PR 2. * fiS.(.~2. 
* PT * QR + ? • 1\5**2. 1ft QT * PR of- 2. * RS *' RT*1c2. * QR + ~. 

2. * RS * RT**2. * PR 4-
, .. 
G. • RS * HT ... PS * PR + 2. * RS • R 

T * PT * PR 2. * HS * HT * 
r't"" 
"<~ .,\ GiH 2. * HS ~ RT * QT '" 

,..,... 
\li r1 

+ 2. * RS * PS * QR * PR + 2. +; HS * PI ~ QH ¥·~2. + 2. ... HS 

* PT * QR * PROPl + .... 
G. lit RS * PT '" QH '" PGOP2 + 2. * RS * QS· 

* QR * PR + 2. * RS * QT * PR",,*2. -2. * RS *.QT * PR ... PROPl 
2. * RS * QT * PR '" PHOP2 + 2.- * RS ... GIR>io I<2 .. .. Pf~ + 2. * ~-

RS * QR * F-R**2. • 2. * HT ** 2. * PS * OR + 2 .. * RT4~2. * 
QC' 
"..J * PR 2. * RT * PS * QR**2. 2. * RT • or: :+- QR * PHO?l I v 

2. * RT * PS * QR *PROP2 2. * RT * PT * OR * PR 2. * RT * QS * PR**2 Cl + 2. * RT '" OS * PR '* PROP} + 2. * RT * QS .~ PH * PROP2 2. * RT * QT * QR * PR .+ 2. * RT .t QR**2 ~ * Ph + 
2. * RT * QR * PP. * *2. , 

2. * RS**2. * PT * QT * QR 2. * RS**2. * PT * QT * PR 
+ 2. * RS * RT * PS * QT • QR 2. * RS * RT * PS * QT * PR 
. 4. * RS * RT * PS * QR * PR + RS *. RT * PS * OR * PROPI 2. 
* RS * RT * PT * QS * QR + 2. * RS * HT * PT 4 QS * PR 4. * 
RS * RT * PT • QR * PR + 'RS * RT * PI * QR *'PROPI 4. * RS 

* RT * QS * OR *. PR RS *RT>t:-· QS * PR * PROPl 4. * RS * RI 
* QT * QR *pq RS * RT * QT * PR * PROP) + 4c *RS * PS * P 

r * aT * QR + 2. * RS »- PS ... PT * QH**2... 4 .. :;. HS -1= PS .;; QT** 
2. * PR 2. * R 5 * PS * Q T "* Q R ~ PR + It (> * R S * PT *.s< 2. * Q S 
* QR . 4. * RS * PT * QS * QT '" PR + 2. * RS * PT • QS * CR * 
PR RS * PT * OR * PR * PROP2 2. * RS * as * QT * PR**2. 

RS * QI * QR * PR * PROP2 + 2. * RT*.2. * PS * QS * 
• * RT**2. * PS * QS * PR 4. * RT * PS.*2. * QT * QR 
RI * PS * PT * QS • QR + 2e * RT * PS * PT * QR**2. + 
* PS * QS * QT * PH + 2. * RT * PS * OT * OR * PR + 
CR * PR * PRO?2 + 4. * RT * PT * QS*.2. * PR 2. * 
as * QR * PR 2. * RT * as >% QT *- PR.;:*2w + RT * as 
* PROP2) I ( 

2. * RS * RT * QR * PR * PRO?i * PROP2) 

• 
f Cl , 
\. <..4; 

l-'IGUHE 3 
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QR + 
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4. * RT * PS 
RT* PT 
* Q~J . " -~ 

* RT 
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* PR 
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PHOPl = 2*PR - 2*PG ... 2*Pl' 

PROP2 = PROPl + 2*RD - 2*}~r 

QR = PH + I~ - R'J' 

Q;3 = PI' + PH - 1\'.1.' 

0' =PG - PH - ID 

(b) 

«2. * (PS + QT)**2. + 2. * (PT + QS)*¥2 .. of- (HS + 
RT)**2. + (t'R .+ QR ).*2.) * ({RS * PR + HI * QR) * (PS + 

QT) - CRS * QR + RT- * PR) * (PI + QS) 8. .. M**2. 

* «PS + QT)**2. * (RS * PR + RT '" OR) + (PT .+ QS)**2 
• * (RS * QR + RI * PR) eRr rS) ale (PR * QR RT * RS) * (PS + PT + QS + (;H) (PS + Q'f) * (P"[ + 
QS) * (RS + RT) * (PR + QR) + (PR if. Qfl + RS ;\( RT) * (R 
S + RT) * (PR + QR» ) I ( 6. * PROP! '* ?HOP2 * PR * QH * 

RS * RT) 

( c) 

., 

FIGlmi~ 3 
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