SETL Newsletter Number 49 August 10, 1971
Detailed Specifications of Certain Henry Warren
SETL Operations

This specification serves two purposes:

1. It is a starting point for a BAIM implementation
of a SETL-like language in which sets are accessed by means
of a hashing scheme.

2. Tt is a detailed specification of the meaning of
most current SETL operators, and a few other SETL constructions

such as functional application.

The SETL features which have been specified are listed
in the table of contents and in the index. The features which
are not specified here are (1) all SETL statements (define, if,
print, etec.), (2) iteration, (3) assignment and sinister func-
tions, (U4) use of smuare brackets in such constructions as
f(x, [y)) and [s]+1, (5) use of the colon (as in s(1:3)), (6) hash-
ing algorithms for atoms, and (7) the functions hol, holl, is,

log, sin, cos, and compile.
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I. Introduction
Much of this specification has nothing to do with hashing,
and that part will not be commented on here. A few words will be

said about the hashing, however.

Fach SETL object has a hash code associated with it. The
hash code is treated here as a non-negative integer (rather than a
bit string). Each non-empty set has a hash table associated with
it. When an object is a member of a set, the object is placed in
the hash table entry that corresponds to the object's hash code
reduced modulo the size of the set's hash table, Thus, a set's
hash table entry is a list of members of the set which map into
the same hash table entry. This list is searched sequentially.

" The primary goal of hashing 1s to provide a fast member-
ship test. This is not so much because of the freaquency of member-
ship tests in typical SETL source programs, but is due to the fact
that the membership test is basic to several other SETL set-oper-
ations, notably eq, with, and less. Since other operations
(union, set forming, left-hand-side set expressions, etc.) are
apt to be built on these, it is likely that a slow membership
test will be disastrous for SETL.

If sets are represented as linear lists, then the member-
ship test requires on the order of n operations to perform, vhere
n is the size of the set, If sets are represented as trees, and
the tree is kept "balanced", then the membership test requires
~log n operations. If sets are represented using hash tables
of size k, and clustering does not occur, then the membership test
requires ~max(n/k,1l) operations, where k may be made as large as
desired. In the implementation described here, k is varied
roughly proportional to n, so the number of operations is inde-
pendent of the size of the set. Thus, from this standpoint,
hashing seems to be a reasonable way to deal with sets, particularly



if one wishes to execute algorithms that involve large sets
(on the order of 1000 members).

A secondary goal of hashing 1s to provide fast functional
application when the function is represented by a set. That is,
to evaluate f(x,y), we wish to guickly locate all tuples in f
that begin with x,y. This is done by treating tuples in a special
way when they are made members of sets. The tuple is broken up
so that its first component is stored in the set's primary hash
table, together with a reference to the set of all tails of tuples
that are in the set and that have the same first component. This
scheme is described in more detail in the following section.

There are many details in this specification which should
be changed when coding it in some particular language for execution
on some particular machine. For example, the modulus used in
connection with hashing might be changed to be an integral power
of two. More significantly, the hash code of objects (particularly
arithmetic atoms) might be calculated only when needed rather than
always calculated and saved. As another example, one might reduce
the size of a hash table only at garbage collection time, to avoid
the check in every less operation.

Finally, it 1s pointed out that the algorithms are geared
to what are believed to be the common cases and for large sets.
Sometimes these specifications result in grotesoue constructions.
For example, to remove a tuple from & set, it must be removed
component by component, and put back together again by concatenation.
As another example, a set containing a single 100-tuple requires
99 hash tables for its representation.



ITI. Internal representation of SETL objects

A SETL object is represented by a-triple (BALM list
or vector) of the form

{type, hash-code, value) .

"type" is an integer whose value 1s (symbolically) integer,

real, bstring, cstring, label, blank, subroutine, function;

tupl, or set.
"hash-code" is an integer on the order of 10 to 40 bits

long.

"value" is:

(1)
2)

(3)

The value if the object 1s an atom,

A pair of the form<{felements, tuple) if a tupl,

where "tuple" is an n-tuple (e.g. BALM vector).

A l-tuple of the form

{#elements, ht size, ht load, hash table) if a set.
Here the first three components are integers, and
"hash-table" is a tuple (BAIM vector) of length

"ht size", whose components are n-tuples (BALM lists
or vectors) of elements of the set being coded., These
elements are triples as above.

For example, the SETL integer "2" might be represented as:

{1,8432168%,2 .

The SETL set {1,2,3} might be:

< 11, 13118)432 ;<3, 8,3 P_l)ll_:ﬂl’
K1,74321876,1),{1,84321683,2 »),
nl,n1,<1,45328471,3),nl >>)>

The "ht Yoad" component is the number of items attached to
the hash table. It is used to determine when a hash table



should be expanded or contracted. For many sets, "ht load"
is equal to "Jf elements" (the number of elements in the set).
However, for sets containing tuples of size three and up,
"ht load" may be considerably less than "# elements". This
is because of the fact that tuples of size three and larger
are broken up, when added to a set, 1n a manner that facilitates
locating subsets of such tuples all of which have the same first
few components.

The picture on the following page illustrates this "breaking
up" process. The hash table entries for a set s are lists of

(1) non-tuple members of s,
(2) zero-, one-, and two-tuple members of s, and
(3) SETL triples of the form < tupl, hash_code(a),
< 3,{a,5a,07)
where
"a" 1s the first component of an n-tuple (n>3) member
of s, Sa 1s a set containing the talls of these n-tuples
that begin with a, and the zero is included to make
the list entry a triple.l

To evaluate f{a,b,c,d}, the set f must be searched for
members having one of the following forms, where x 1s either an
object or the first component of a tuple.

{a,<b,{c,x >>>
{a,{b,c,x D)
a,b,{c,x )
{a,b,c,x )

1 Note that the number of elements of an n-tuple is not explicitly

maintained if n>3 and the tuple is a member of a set. Note also
that the subject of sparse tuples is not addressed.



s=£a,< a >:<a: b>:<a:<b’ c >> :<a: b: c>’<a'.’<b) C>, d >
{a,b,{c,d>>{a,b,c,d>}

Hash table (s)

H(a) 7 a,(a),(a,b),(a,(b, C>> ,<8., S&,O>

_

,sh table (Sa)

8
H(b) ///\\\Mb,c),<(b,c),d>,<b,<c,d)>,<b,Sab,O>
J
Hash table (Sab)

H(e)——3¢ 7 e, 4

ITII. Special conventions concerning /L
Generated or Propagated by

1. type /L is .. 1. f(x), if x nehd £ (but
2. atom /1is t. f(/1) and s L(x)=F error exit).
3. #1=>error exit, 2. type .
h, eq /1L 1is t, /1L ne 3., X = _
. is £, 4. hd, hd< », hddn,...»
5. /L € s, /Lnes=p error exit 5, ﬂﬂ, 1<), t1(x)
6. x€s1, x n E/L=Ferror exit 6. >nl, Inult, dnule, Fnulb
7. £L with x = error exit 7. tupl(n) if n<0 or ﬁ#tupl

or the n-th component is
missing.



8. s with/)1L= error exit 8. string(n) if ng0 or ﬁ#btring.

9. /)L less x =p error exit 9. :g[x]EIsIC(x), no such x found.
10. s less /1 =7error exit - 10. f[gl],f[nult],f[nulc],f[nulb].
11, > _r). =» error exit 11. [op:V&es]..,, s is nl,

nulb, nulec, or nult.
lZ._/le}, f{fl}:=?error exit 12. npow(n,s), n)%ﬁs.
lE..flfxi,...,xn}, 13. [op:Vxeslexp; s is nl,
f{ki,...,aq.,...,xﬁ} nulb, nule, or nult.
—> error exit 14, HJx) €s ’C(x), no such x exists
14, f(x) and f[x] are similar 15. random nl

to (12) and (13) above.
15. pair /L is f.

1. Arguments are not checked unless they are actually
used. For example, in "x € s", if s is nl, a value of f is
returned even if x is ). Similarly, in fékl,...,xn}, if no
tuple in f begins with Xy, & nl result is returned and xz,...,xn
are not examined for legality.

2. The rules concerning /1 are usually derived from the
following principle. If a set or tuple is referenced in a way
that requests a member having certaln properties, and no such
member exists, then the value of the expression is /) . On the
other hand, execution is generally terminated if a SETL operation
is used with incorrect data types, or "obviously" incorrect
values (including /). ), such as division by O.

Thus the main sources of /. are certain retrieval operations
(f(x), Js,hd, tupl(n),string(n)) when the item to be retrieved
is not defined (i.e., does not exist).

An essential exception to the above is that /). is allowed
to enter into the eq and ne operations, so that it may be tested
for. As a convenience, /) is also allowed to be the argument
of the SETL type, atom, and pair functions, as the use of these




indicates that there is some doubt about the status of a SETL
object, Also as a convenience, /L 1is allowed in hd, tl, and
assignment operations.

3. /1. 1is allowed to be a component of a tuple, but it is
not allowed to be a member of a set. As a component of a tuple,
it serves as a "place marker". Let

| t1=<1,1,3, /1L

and te=<1,.1,3).

Then #tl=4, -ft2=3,
£1(0)=t1(2)=t1(#)=t1(5)= 1.
t1(lbs)= <), t1(5:)= /L,
t1(L4:2)=t1(5:2)=.,1, tl eq t2 is false.

IV. Detailed specifications
A. Miscellaneous utility routines and parameters
These routines take object-language objects (triples)
as arguments,

definef type(a); return a(l); end;
definef hash code(a); return a(2); end;
definef value(a); return a(3); end;

definef nelt(a); /k use for sets or tuples only. 3/
return a(3)(1); end;

definef tuple(a); /& use for tuples only. X/
return a(3)(2); end;

definef ht_size(a); Ak use for unordered sets only. x/
return a(3)(2); end;

definef ht_load(a); /k use for unordered sets only. /
return a(3)(3); end;



definef hash-table(a); 4 use for unordered sets only. ¢/
return a(3)(4);end;

definef triple(x);
return(type(x) eq tupl and nelt(x) eq 3);
end triple;

These routines take meta-language objects (1ntegers,'3, 1,

etc.) as arguments.

definef repint(x); returnd{int,hashint(x),x); end;
definef repreal(x);return{real,hashreal(x),x>;end;
definef repbstr(x);returnd{bstring,hashbstr(x),x)>send;
definef repcstr(x);return(cstring,hashcstr(x),x);end;
definef replabel(x);return{label,hashlabel(x),x >;end;
definef repblank(x)j;return¢blank,hashblank(x),x>;end;
definef repsubr(x);return<subroutine,hashsubr(x),x>send;
definef repfun(x)j;return<function,hashfun(x),x>;end;

/¥ It is assumed that the hash functions of atoms, referenced
above, are coded in a language of lower level than SE’I‘L.2 x/

newat_number=0; /y Initialization for newat function. ¥/

B. BError routines

define error_type(message);
print 'Invalid data type for the SETL operation' + message;

exit;
end error_type;

2 To code them in SETL would requlire the addition of something
like the UNSPEC function of PL/I.



define error_impl(message);

/¥ Exit for detected implementation errors. 4/
print !'Implementation error.' + message;

exit;

end error_impl;

define error_value(message):

print 'Invalid data value for the SETL operation' + message;
exit;

end error_value;

C. Hashing routines and parameters
definef compressed_hash_code (max_value, hash_code);
return (hash_code//max_value+l);
end compressed_hash_code;
hash_null_set=12345;
hash_null_tupl=31416;
modulus=100000; /4 100000 used so code will fit in 17 bits. ¥/
hash_null cstring=27182;
hash_null bstring=66256;

definef hash_set_with(s,a);
return (hash_code(s)+hash_code(a))//modulus;
end hash_set_with;

definef hash_set_less(s,a);
return(hash_code(s)-hash_code(a)+modulus)//modulus;
end hash_set less;
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smallest_hash_table_size=U;
max_density=2,0;
min_density=0.5;

define make_larger_hash_table(s);
new_size=ht_size(s)» 2;
(1gV jsnew_size)new ht(j)=nult;;/% clear new hash table. %/
(s Yight_size(s))
(V x€ hash_table(s) (1))
index=compressed_hash_code (new_sire,hash code(x));
new_ht (index)=(xy+new_ht(index);

end Vx;
end \/i;
ht_size(s)=new size; /% (copy) ¥/
hash_table(s)=new _ht; /¥ (copy) #/

return;
end make larger hash table;

define make_smaller hash table(s);

new_size=ht size(s)/2;

(ls.Vjsnew_size)
new_ht(j)=hash_table(s)(j)+hasb_ﬁab1e(s)(j+ney_size);

end k/j;

ht_size(s)=new size; /4% (copy) x/
hash_table(s)=new_ht; /3  (copy) x/
return;

end make smaller hash_table;

define check for_larger_hash table(s);

if ht_load(s) gt (max_density # ht_size(s))
then make_larger hash table(s);;

return;

end check_fop_large{_hash_pable;
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define check_for smaller hash_table(s);

if ht_load(s) ge (min_densityx)ht_size(s)) then return;;

if nt_size(s) gt smallest_hash_table_size then
make_smaller hash table(s);returnsend if;

if nelt(s) eq O then s=nullset;

return;

end check for smaller hash table;

define make same size hash tables(a,b);
(while hash_table_size(a) ne hash_table_size(b))
if hash_table_size(a) gt hash_table size(b) then
make_smalleq_pash_pable(a);else make_smalleg_hasn_table(b);
end if;
end while;
returng
end make_samg_sizg_pash_ﬁables;
D. Special SETL constants
undef={0, 0, 0);
nullset={set, hash_null_set,<0,0,0,0>);
nulltupl={tupl, hash_null_tupl1,{0,{ 7>>;
nullcstring=<{cstring, hash_null_cstring, nulc »;
nullbstring={bstring, hash null bstring,nulb »;
false=repbstr(0b);
true=repbstr(lb);
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E. SETL operators
definef atom(x); /% Specifies atom x. +/
if atom tf(x) then return true; else return falsej;;

end atom;

definef atom_tf(x);

if type(x) eqg set then return f;;

if type(x) eo tupl then return f;;

return t; A& Note that _/) 1is considered to be an atom.
end atom_tf;

definef size(a); /% Specifies # a. #x/

if type(a) eg set then return repint(nelt(a));;

1f type(a) eg tupl then return repint(nelt(a));;

if type(a) eg cstring then return repint(# value(a))s;
if type(a) eg bstring then return repint( # value(a));;

error_type ('j&a,a not a set, tuple, cstring, or bstring.'):

end sigze:

definef eaqual(a,b); /% Specifies a eq b. ¥/
if equal_tf(a,b) then return true; else return false;;

end equal;

*/
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definef not_equal(a,b); A Specifies a ne b. x/
if equal_tf(a,b) then return false; else return true;;
end not_equal;

definef equal_tf(a,b);
/% Two SETL objects are considered "equal" if they have
the same type and the same value, or both objects are _N.
Thus, a real is never equal to an integer, a bstring is never
equal to a cstring, a tupl is never equal to a set, etc. Any
two SETL objects may be compared, and the result is always either
true or false. In particular, (/L eq /L) is true, and
(/L eq eanything else) is false.

To be equal, strings, tuples, and sets must have the
same number of elements, Strings and tuples must have corres-
ponding elements equal. For sets, it is sufficient that every
element of each set be contained in the other. 3/
/¥ A frequent use of this function is by the membership test for
sets, in which the objects being compared are usually not equal.
This use usually results in an exit from the first line below. i/
if hash_code(a) ne hash_code(b) then return f;;

/% Objects are probably equal, as they have the same hash

codes. Make a quick test on the object's type and value fields. x/
if type(a) ne type(b) then return f;;

if value(a) eg value(b) then return t;;
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/¥ The cases where either a= (] or b= /1. have been disposed
of, and it is known that a and b are of the same type and have
the same hash codes, but they have different value fields. If
they are atoms, they are unequal. If they are sets or tuples,
more testing, of a recursive nature, 1s required. *e/

if atom_tf(a) then return f;;

4# We have either tuples or sets which are probably equal

(as they have the same hash codes). It is expedient to compare
the sizes of the sets or tuples, partly because a few cases are
immediately disposed of, but mainly because the tuple and set
comparison algorithms become simpler. ¥/

if nelt(a) ne nelt(b) then return f;;

/% Note that the cases where either a or b is null have now
definitely been disposed of (thils observation is crucial for the
correctness of the set equality test below).
if type(a) eq tupl then

/¥ compare corresponding elements (recursively) %/

tupa=tuple(a);

tupb=tuple(b);

(1 Vi< #tupa) if not equal tf(tupa(i),tupb(i))

then return f; end if;

end Vi

return t;

end if /¥ tuple case </

/¥ The only type remaining is the set., They are probably
equal, as they are of equal size and have the same hash codes.
Therefore, an exhaustive membership test will probably have to
be done,



The algorithm below first forces the sets to have equal-
sized hash tables. This i1is done to shorten the look-up time
to verify that each element of a is contained in b. Given two
equal sets which have different size hash tables (presumably
because one grew larger and the other grew smaller), this feature
of the algorithm probably will not significantly alter the
execution time of the comparison., However, it is anticipated
that if a set enters into a comparison operation once, then it
(or a close approximation to it) probably will again, and thus
the forcing of equal-sized hash tables may have significant long-
term benefit. It is of help only for fairly dense hash tables,
in particular, when the size of the hash table is smaller than
the size of the set. ¥/

make. same_size_hash_tables(a,b)

n=ht_size(a)

(1< Yign) tupa=hash_tablefa)(i);
tupb=hash_table(b) (1);
if # tupa ne # tupb then return f3;
(Y x € tupa) if not( {y € tupb ) equal_tf(x,y))

then return f; end if;

end 14 X3
end \/i;

return t;

end equal_tf;

definef el(x,s); /* Specifies x¢s. #/
if el _tf(x,s) then return true; else return false;;

end el;
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definef not_el(x,s); /¥ Specifies x nes. %/
if el tf(x,s) then return false; else return true;;
end not_el;

definef el tf(x,s);

/% The SETL membership test results in an error exit if

either x is undefined, or if s is a non-string atom (including
/L), or if 8 is a string and x is not a string of the same

type. 1In all other cases, either t or f is returned. */

if x eq undef then error_type('el(x,s),x is the undefined atom.');;
if type(s) egq set then return el tf set(x,s);;

if type(s) eq tupl then return el tf tuple(x,s);;

if type(s) eq cstring then return el tf cstring(x,s);;

if type(s) eq bstring then return el tf bstring(x,s);;

error_type ('el(x,s),s is neither a set, tuple,cstring,nor bstring.');
end el tf; |

definef el tf set(x,s);
if s eq nullset then return f;;
index=compressed_hash _code(ht_size(s),hash code(x));
if type(x) eq tupl and nelt(x) ge 3 then
hx=head(x)
tx=tail(x)
(¥ y ehash_table(s) (index))
if triple(v) and equal_tf(hx, tuple(y) (1))
then return el tf set(tx,tuple(y)(2)); end if:
end Vy;
return f;
end if type;
(\/YElhash_table(s)(index))
if equal tf(x,y) then return t; end if;
end \/y;
return f;
end el tf set;
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definef el tf_ tuple(x,s);

if s eq nulltupl then return fj;;

(y €tuple(s))
if equal tf(x,y) then return t; end if;
end Vy;

return f;

end el tf tuple;

definef el tf cstring(x,s);

if type(x) ne cstring then
error_type('el(x,s),s is a cstring but x 1is

not a cstring.'); end if;
vx=value(x)3
(V c evalue(s))
1f vx eqg c then return t; end if;
end Vc;
return £3; /% (Return here if s is nulc, or if #vx#1l.) */
end el_tﬁ_cstring;

definef el tf bstring(x,s);
if type(x) ne bstring then
error-type ('el(x,s), s is a bstring but x is
not a bstring.'); end if;
vx=value(x)
(Vb Evalue(s))
if vx eg b then return t; end if;
end VYb;
return f; /% (Return here if s is nulpor if#vx;!l.) */
end el _tf bstring; |
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definef head(t); /¥ Specifies hd t. #/

1f t eq undef or t egq nulltupl then return undef;;

1f type(t) ne tupl then error_type('head(t), t is defined
but not a tuple.'):;

/% t is a tuple with one or more components. &

return tuple(t)(1):

end head;

/

definef tail(t):; /&  Specifies tl t. ¥/

if t eq undef then return undef;;

if type(t) ne tupl then error_type('tail(t),t is defined
but not a tuple.');;

/#% t is a tuple. 4/

if nelt(t) le 1 then return undef;;

/# t is a tuple with two or more components. */

new l=nelt(t)-1;

new t(l:new 1)=t(2:); /% copy. */

return {tupl,hash _code(new_t(1)),{new_1,new t >

end tail;
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definef with(s,a); /& Specifies s with a. ¥/
result=s; /% copy #*/

augment (result,a);

return result;

end with;

definef less(s,a); /% specifies s less a. ¥/
result=s; A copy %/

diminish(result,a)

return result;

end less;

define augment(s,a);

/¥ This subroutine augments set s by adding element a to it;

it is equivalent to s=s with a. X/

if type(s) eq set then augment set(s,a); return;

else error_type('augment(s,a), or with(s,a), s is not a set.')send if;

end augment;

define augment set(s,a);
if a ne undef then augment_set_aok(s,a);return;
else error_type('augment(s,a),or with (s,a),

a is the undefined atom.'); end if:

end augment set;

define augment_set aok(s,a);

if type(a) eq tupl then augment_set_tuple(s,a);
else augment_set_simply(s,a); end if;

return;

end augment_set aok;
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define augment_ set tuple(s,t);
if nelt(t) le 2 then augment_set simply(s,t);return; end if;
ht=head(t);
tt=tail(t);
if s ne nullset then
index=compressed_hash code(ht_size(s),hash code(ht)):
/# Search for a triple beginning with ht. %/
(Vx €hash table(s) (index))
if triple(x) and equal_tf(tuple(x)(1),ht) then
/¥ Found it. */
0ld_size=nelt(tuple(x)(2));
augment_set_ tuple(tuple(x)(2), tt);
if nelt(tuple(x)(2)) ne old_size then nelt(s)=
nelt(s)+1
return; end if;
end Vx;
end if s;
/¥ There is no triple beginning with ht, Make one. #/
trip={tupi, hash_code(nt),<3,<{ht,set with only(tt),0»> ;
augment_set simply(s, trip);
return;

end augment_ set_ tuple;

define augment_set simply(s,a);
if s eq nullset then
(15\/issmallesp_sizq_hash_table)ht(i)=2513;:
index:compressed_hash_code(smallesp_sizq_hash_table,
hash_code(a));
s=(set,hash_set_with(nullset,a),
<1,smallest_size_hash_table,1,ht7>;
return:

end if;
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index=compressed_hash_code(ht_size(s),hash_code(a));
subset tuple=hash _table(s) (index);

()Vxé;subset_tuple) if equal tf(x,a) then return; end if; end V x;

hash_table(s) (index)={ad+subset_tuple;

hash _code(s)=hash_set_with(s,a); i
nelt(s)=nelt(s)+1;

ht load(s)=ht_load(s)+1;

check for larger hash table(s);

return;

end augment set simply;

definef set_with only(a);
/% Allocate and initialize a hash table. #/
(1g Yigsmallest size hash table) ht(1)=nult; end Vi

index=compressed_hasb_code(smallest_sizq_hash_table,hash_code(a));

if type(a) eq tupl and nelt(a) ge 3 then
s=set_with only(tail(a));
ht(index)=<{tupl, hash code(a),<3,<head(a),s,0 S>> >);
else /x (usual case) */
ht(index)=(a); /% (BAIM list containing only a) ¥/
end if;
return {set,hash set with(nullset,a),
<l,smallest_sizq_hash_table,1,ht>>;

end set_with only;

definef tuple with only(a);
/% Used for the SETL expression <a). X/
/# Note that it is permissible to form <~ L ). s/

return(tugl, hash _code(a),<1,<{a >>>; /# (BALM vectors or lists)

end tuple with_only;

A/
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define diminish(s,a);

/% This subroutine diminishes the set s by deleting element a
from it; it is equivalent to s=s less a. */

if type(s) eq set then diminish_set(s,a); return;

else error_type('diminish(s,a), or less(s,a), s is not a set.');
end if; end diminish;

define diminish set(s,a);

if a ne undef then diminish_set_aok(s,a); return;

else error type('diminish(s,a), or less(s,a), a is the
undefined atom.'); end if;

end diminish_set;

define diminish set aok(s,a);

if type(s) eq tupl then diminish set_tuple(s,a);
else diminish set_simply(s,a); end if;

return;

end diminish set aok;

define diminish set tuple(s,t);

if nelt(t) le 2 then diminish set simply(s,t); return; end if;
1f s eq nullset then return; end if;

/¥ s is a non-empty set and t is a tuple with three or more
components., t is removed by recursively searching s for the

set containing the last two components of t. When((and if) found,
this pair is removed from its set. If this removal causes the
set containing the palr to become empty, then the triple in

the next higher order set is removed. Otherwise, the triple

is left in, but the number signifying the number of elements

in the higher order set is decremented. It is not necessary

to adjust the hash code of the higher order sets unless a triple
is removed. #/
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ht=head(t);
tt=tail(t);
index=compressed hash_code(ht_size(s),hash_code(ht));
(V¥ x €hash_table(s)(index))
if triple(x) and equal tf(head(x),ht) then
/¥ Found a triple beginning with t(1). %/
0ld_size=nelt(tuple(x)(2)); /% Remember the size of
set x(2). %/
diminish set tuple(x(2),tt);
1f nelt(tuple(x)(2)) ne old_size then
/¥ tt was removed from tuple(x)(2). »x/
if nelt(x(2)) eq O then diminish set simply(s,x):
else nelt(s)=nelt(s)-1; end if nelt;
end if nelt;
return; /% Stop Yx scan. %/
end 1f type;
end \/x;
return; /%' t nes &/ end diminish set tuple:

define diminish set simply(s,a);
if s eq nullset then return; end if;
index=compressed_hash code(ht_size(s),hash code(a));
subset_tuple=hash table(s)(index):
(12 Vis#Subset_tuple)
if equal tf(subset_tuple(i),a) then
/¥ remove element a from the set. %/
hash table(s)(index)=subset tuple(l:1-1)+subset tuple(1+1l:):
hash _code(s)=hash_set less(s,a);
nelt(s)=nelt(s)-1;
ht_load(s)=ht_load(s)-1;
check_ for_smaller_hash table(s);
return; /% Stop V1 scan. */
end if eaqual tf;
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end Vi;
return; /¥ anée€ s ¥/
end diminish set simply;

definef 1lesf(s,a); /% Specifies s lesf a. */
result=s; /¥ copy ¥

diminishf(result,a)

return result;

end lesf;

define diminishf(s,a)

/¥ This subroutine diminishes the set s by deleting all
members that are tuples beginning with "a"; it is equivalent

to s=s lesf a. X/

1f type(s) eq set then diminishf set(s,a); return;

else error_type('diminishf(s,a), or lesf(s,a), s is not a set.'):
end if;

end diminishf;

define diminishf set(s,a);
/% Note: a=undef is ok, as putting /2 in a tuple is allowed. %/
if s eq nullset then return; end if;
index=compressed_hash_code(ht_size(s),hash code(a));
/% Search for tuples beginning with a, and delete them. s/
subset tuple=hash table(s) (index);
(1xVig#subset tuple)
x=subset_ tuple(i);: .
if type(x) eq tupl and nelt(x) ge 1 and equal tf(hd tuple(x),a)
then /¥ TFound one. Delete it. s/
number_deleted=if nelt(x) ea 2 then nelt(tuple(x)(2))else 1
hash_table(s)(index)=subset_tuple(1l:i-1)+
subset tuple(i+l:);
hash_code(s)=hash_set less(s,x);



nelt(s)=nelt(s)-number_deleted;
ht_load(s)=ht_load(s)-1;
check for smaller_ hash table(s);
end 1f type;
end Vi;
return;
end diminishf_ set;

definef arb(s); /% Specifies 3s. %/

if type(s

if type(s) eg tupl then return head(s);;:
(s) eq cstring then return repcstr(value(s)(1)

) eq set then return arb_set(s);:
if type 33
if type(s) eq bstring then return repbstr(value(s)(1));;
error_type('arb(s), s is not a set, tuple, or string.');
end arb;

definef arb set(s);

if s eq nullset then return undef; end if;
x=arb_simply(s);

if not triple(x) then return x;end if;

Vis x is the special triple for tuples in sets, that is, x
has the form <tupl, hash_code,<3,<a, Sa, 0>>>. */
y=arb_set(tuple(x)(2));

tuple(x)=<head(x)> + tuple(y);

nelt(x)=1 + nelt(y);

return x3

end arb_set;

definef arb simply(s);
(1<Vi<ht_size(s))
if hash _table(s) (1) ne nult then
return hd hash table(s)(i); /% copy. #/ end if;
end Vi;
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error_impl('A set ne nullset has no used entries
in its hash table.');

end arb_simply;

define augmenp_union(s,p);

/¥ Augment set s with a copy of each of the members of set p.

Equivalent to s=s u p. #*/

if type(s) ne set or type(p) ne set then
error_type('augment_union(s,p),either s or p is not a set.'):

else augment_union_grgs_ok(s,p); end if;

return;

end augment union;

define augment_pnion_args_ok(s,p); /X% Used by fix}. X/
/* First set "ss" (small set)=smaller of s and p, and
s=larger of s and p. X/
if nelt(s) ge nelt(p) then ss=p; /¥ Reference assignment is ok, X/
else ss=s} /% copy X/
s=p3 /¥ copy %/ end if;
/¥ Now put all elements of ss in s. A/
(1< Visht_size(ss)) A 1If ss is null then ht_size(ss) is zero. #/
(Vxe nash table(ss) (1))
if not triple(x) then augment set simply(s,x);
else /¥ x is a triple of the form<a,Sla,0> Must cee
if 1t has a counterpart <a,S2a,0> in set s. #/
1ndex=compressed_hash_code(ht_size(s),hash_code(x)\:
(Vye hash_table(s) (index))
if triple(y) and equal tf(tuple(y) (1),
tuple(x) (1)) then
augment_union_args ok(tuple(x)(2),
tuple(y) (2)),
continue Vx:/«¥ (stop search on VAR, v4
end if type;
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end Vy;
augment set_simply(s,x):
end 1f type;
end Vx;
end Vi;
return; end augment union args ok;

definef plus(a,b); /¥ Specifies a+b. ¥/
ta=type(a); va=value(a);
tb=type(b); vb=value(b);
1f ta ne tb then
if (ta eq int and tb eq real) or
(ta eq real and tb eg int) then
return repreal(va+vb);
else error_type('plus(a,b), a and b are of dissimilar
types other than real, integer.');:;
/¥  ta=tb ¥/
if ta eq int then return repint(va+vb);;
if ta eq bstring then return repbstr(va+vb);;
if ta eq cstring then return repcstr(va+vb):;
if ta eq real then return repreal(va+vb);;

——

if ta eq set then return union args ok(a,b);;
if ta eq tupl then return
£ tupl, hash code(a),<nelt(a)+nelt(b), tuple(a)+tuple(bd>::
error type('plus(a,b),a and b are both not an integer, string,
real, set, or tuple.');
end plus;

definef union(a,b); /% Specifies a u b, x/
if type(a) ea set and type(b) eg set then
return union_args ok(a,b);
else error_type('union(a,b), a and b are not both sets,');;
end uniong
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definef union_args ok(a,b);

if nelt(a) ge nelt(b) then
result=a; /¥ copy */
augment_pnion;grgs_pk(result,b);

else result=b; /fx copy X/
augment_union_args_ok(result,a);

end if nelt;

return result;

end union_args ok;

definef minus(a,b); /¥ Specifies a-b. #*/
ta=type(a); va=value(a);
tb=type(b); vb=value(b);
if ta ne tb then
if (ta eq int and tb eq real) or
(ta eq real and tb eg int) then
return repint(va-vb);

else error_type('minus(a,b), a and b are of dissimilar

types other than real, integer.');::
/¥  ta=tb x/
if ta eq int then return repint(va-vb);;
if ta eq bstring then return and (a,not(b));;
if ta eq real then return repreal(va-vb)
if ta eq set then

result=a; /¥ copy %/

p=nult;

next=nextelt(b,p);

(while next ne undef)
diminishﬂset_aok(result, next) s
next=nextelt(b,p);
end while:

return result: end if ta;
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error_type('minus(a,b),a and b are both not an integer,

definef times(a,b); /A Sﬁi‘cifies axb. »/

bstring, real, or segﬁgi;»end minus;
I

. al S
. R i . A = [P

ta=type(a); va=value(a);
tb=type(b); vb=value(b);

if ta

if ta

if ta

if ta

eq int then

if tb eq int then return repint(vax vb);;

if tb eq real then return repreal(vax vb);:

if tb eq bstring then return rep_s(a,b)::

i1f tb ea cstring then return rep s(a,b);:

errop_type('times(a,b), a an integer, b is neither an
integer, real, nor string.'); end if ta;

eq real then

if tb eq real or tb eq int then return repreal(va # vb);;

error_type('times(a,b), a real, b is neither real nor an
integer. ')

end if tag

eq set then

if tb eq set then return intersect(a,b);;

error_type('times(a,b),a is a set but b is not.');

end if ta;

ea cstring or ta eq bstring then

if tb eq int then return (hash code(a)//vb)+1l:;

end if taj;

error_type('times(a,b), a is neither an integer, real, set,

or string.'):

end times;



definef rep s(n,s): /& n % s for integer n, string s. %/

/¥ Note: s may be either a character or a boolean string.

vn=value(n);
if vn 1t O then error_value('n ¥ s, string s, n<0.');;
vs=value(s);
result=if type(s) ea cstring then nulc else nulb:
(1g Visn) result=result+vs;;
return if type(s) eo cstring then repcstr(result)
else repbstr(result);
end rep_s;

definef arith(a); /A (Utility routine.) %/

if type(a) ea int or type(a) eq real then return t;
else return f:;

end arith;

definef intersect(a,b):

/¥ Iterate over the smaller set, checking to see if each
member of it is also a member of the larger set. No
type checking is done here. */

if nelt(a) le nelt(b) then smaller=a; /¥ reference */

o larger=b; /¥ reference X/
else smaller=b; /¥ reference ¥/
larger=a; /x reference x/

*/



result=nullset;

p=nult;

x=nextelt(smaller,p);

(while x ne undef)
if el tf_set(x,larger) then augment_ set_aok(result,x):;:
x=nextelt(smaller,p);
end while;

return result;

end intersect;

definef slash(a,b): /¥ Specifies a/b. #*/
ta=type(a); va=value(a);
tb=type(b); vb=value(b);
1f ta eg int then

if tb eq int then return gquotient(a,b);;

if tb ea real then return repreal(va/vb);::

/¥ Use BAIM real div. */
error_type('slash(a,b), a an integer, b is neither an integer

nor a real,'); end if ta;
if ta eq real then
if tb eo int or tb eq real then return repreal(va/vb)::
error_type('slash(a,b),a is real, b is neither an
integer nor a real.'); end if tag
1f ta eq bstring then
if tb eq bstring then return or(a,not(b));;
error_type('slash(a,b), a is a bit string but
b is not.'); end if ta;
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error_type('slash(a,b), & is nelther an integer, a real,
nor a bit string.');
end slash;

definef quotient(a,b); /¥ Specifies a/b for integers. */
va=value(a) ;

vb=value(b)

if vb eq O then error_value('quotient(a,b), b is rero.');;
/¥ Note: SETL uses "number-theoretic" integer division. %/
result=(abs va)/(abs vb);

if va 1t O then result=-result-1l;;

if vb 1t O then result=-result;;

returd—;epint(result);

end auotient;

definef dslash(a,b); /¥ Specifies a//b. */

ta=type(a); va=value(a);

tb=type(b); vb=value(b);

if ta ne tb then error_type('dslash(a,b), a and b are
of dissimilar types.'):;

if ta eao int then return remainder(a,b);;

if ta eo bstring then return or(and(a,b),and(not(a),not(b))):;

if ta eq set then return symdif(a,b);

error_type('dslash(a,b),a and b are not both integers, bit
strings, or sets.');

end dslashg

definef remainder(a,b); /x* Specifies a//b for integers. #*/
/¥ Notes: (1) an error exit results if b is rero.
(2) This is emuivalent to a "modulus" function

(the remainder is always non-negative). #/
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va=value(a);

vb=value(b);

return repint(va-(vb ¥ value(quotient(a,b))));
end remainder;

definef symdif(a,b); /# Specifies a//b for sets. #*/

/% This is coded from the relation a//b=(a u b)-(a ¥ b),
which probably results in a slightly faster routine than
(a-b)u(b-a), particularly in the case where either a or b
is small, X/

return minus(union_grgs_ok(a,b\, intersect(a,b));
end symdif;

definef and(a,b); /¥ Specifies and in terms of a lower level
and which operates on eaqual-length boolean strings in a con-
ventional way (in particular, nulb and nulb is nulb)., */

if type(a) ne bstring or type(b) ne bstring then

error_type('and(a,b), either a or b is not a boolean string.'):;
va=value(a); vb=value(b):
if #va ge #vb then return repstr(va and(( #va- #vb)bin O+vb));
else return repbstr((( # vb- #va)binO+va) and vb);;
end and;

definef or(a,b); /¥ Specifies or; see note above., X/
if type(a) ne bstring or type(b) ne bstring then
error_type('or(a,b), either a or b is not a boolean string.');;
va=value(a); vb=value(b);
if $va ge #vb then return repstr(va or(( #va- #vb)bin 0+vb) )
else return repbstr(((#vb- #va)bin O0+va) and vb);;
end or:
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definef not(a); /¥ Specifies not a (and n a). #*/

if type(a) ne bstring then error_ type ('not(a),a is not a boolean
string.');;

if a eq nullbstring then return nullbstring else return repbstr
(not value(a));;

end not;

definef type(x); /¢ Specifies type x. ¥/
if x eq undef then return undef;

else return repint{type(x));;

end type;

definef pair(x); /¥ Specifies pair x. =/

if type(x) eg tupl and nelt(x) eq 2 then return true;
else return false; /¢ Note: pair 1is f. */

end pair;

definef newat; /¢ Specifies newat. ¥/
newat_number=newat_number+l;

return repblank(newa@_number);

end newat;




definef max(a,b); /% Specifies a max b. ¥/
if arith(a) and arith(b) then
if value(a) ge value(b) then return a;:
else return bgs;
else error_type('max(a,b), either a or b is not a real or
an integer.'):;

end max;

definef min(a,b); /% Specifies a min b. %/

if arith(a) and arith(b) then
if value(a) le value(b) then return a;
else return by

else error_type('min(a,b), either a or b is not a real
or an integer.')s:

end ming

definef abs(a); 4  Specifies abs a. ¥/
if arith(a) then
if value(a) ge O then return a;
else return pminus(a):;
else error_type('abs(a\,a is neither real nor an integer.')::

end abs:

definef pminus(a); /# Specifies -a. ¥/
if type(a) eo int then return repint(-value(a)):;
if type(a) eq real then return repreal(-value(a)):;

error_type('pminus(a), a is neither an integer nor a real.'):

end pminus:

definef pplus(a); /g Specifies +a. »/
if arith(a) then return(a);

else error_type('pplus(a), a is neither an integer nor a real.'):

end pplus;



definef floor(x); /¥ Specifies floor x. s/

/% The SETL floor and ceiling functions convert between reals
and integers as illustrated below, on a machine whose floating
point is decimal with three significant digits.

X floor x ceiling x
2.00 2 2
z.14 z il
-3.14 -4 -2
) .00 Z2.00
2141 Z,1UE3 2.15E2
-2141 -%2.15%32 -3, 1U4E3

On a binary machine, the results would be similar but not exactly
the same in cases such as the last two rows. Regardless of
machine details, the following relations hold for real or integer

X.

floor x & x

ceiling x

ceiling X

p'
-floor(-x) ¥/

if type (x) eg real then
r=value(x)//1.0; /% Use BALM REMAINDER. ¥/
if r 1t O then r=r+l.0::
return repint(value(x)-r);: /¢ After subtracting "r",

round to nearest integer. #/

if type(x) eq int then
/¥ The steps below assume the existence of a FLOAT
function which produces exact results if the magnitude
of the given integer is less than base exp precision for
the machine. »/



max=base exp precision;

vx=value(x); f=1.0;
1f vx ge O then
(while vx ge max) vx=vx/base; f=base ¥ f; end while:
else d=base-1;
(while vx le -max)vx=(vx-d)/base;f=base ¥ f: end while:
end if vx; -
return repreal(f # FLOAT(vx)):
end if type;
erro:_type('floor(x), X 1s neither a real nor an integer.'):
end floor:

definef ceiling(a); /% Specifies ceiling a. x/
return pminus(floor(pminus(x)));
end ceiling;

definef genset(x); /y¥¢ Specifies {xl,...,xng: x is a
meta-tuple (use BAIM list). To invoke, code (for example)
genset(a,b,c)). */

args=x;

result=nullset;
(while args ne nult)

next=hd args;
args=tl args;
resu1t=augment_set(result,next):
end while;

return result;

end genset;

definef gentup(x); /g Specifies <Xl’ ..
meta-tuple (use BALM list). To invoke, code (for example)

gentup({a,b,c) . %/

.,xn>: x is a

(Vyex) if y eq undef then error type('gentup(x),a componentfi ™"
of x 1s N ..'): end if; end Vy:
h=if #£x ea O then hash_null tuple else hash code(hd x):

return {tupl, h, &%, x D
Und gentup;




, e L s ‘
?5; . /% "C" is a meta-function which returns the object-language
FEHC values "true" and "false". %/
f%%ﬁ if type (s) ne set then error_type('all(s,c), s is not a set, ') ¢ %
el penult; i

WAE.  x=nextelt(s,p);
(while x ne undef)
if c(x) eqg false then return false;:

x=nextelt(s,p);

end while:
return true; /4 Used if s=nullset. ¥/
end all;

definef any(s,c); /¢ Specifies {x € s /c(x\. ¥
return anys(x,s,c):
end any:

definef anys(x,s,c); A¢ Specifies J[x]€s [c(x\. */
if type (s) ne set then error type('anys(x,s,c), s is not a set.')::
p=nult;
x=nextelt(s,p):
(while x ne undef)
if c(x) gg true then return true;; /% (x is a parameter.) ¥/
x=nextelt(s,p);:
end while;
return false; /% Note that x=undef here. 3/

end anys:

definef dec(a); /¥ Specifies dec a. %/

if type(a) eq int then return external int(a,10);;

if type(a) eg cstring then return internal_int(a,lO)::
error_type('dec(a),a 1is neither an integer nor a cstring.'):

end dec:
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definef oct(a); /7,(. Specifies oct a. %/

if type(a) eq int then return external int(s,8):;

if type(a) eq cstring then return internal int(a,8);::
error_type(‘'oct(a), a is neither an integer nor a cstring.'):

end oct:

definef external int(a,b);
/% Converts integer "a" to a character string, using
base "b". Note: "b" is a meta-integerz? and <10.
Samples: external(0,b)='0",

external(1l%,10)="'13%",

external(-13,8)='-15", x/

x=value(abs(a));

if x ea O then return repcstr('0');;

digits=10123456789";

result=nulc;

(vhile x ne 0)
result=digits((x//b)+1)+result;
x=x/b;
end while;

if value(a) 1t O then result='-'+result;

return repcstr(result);

end external_int;

definef internal int(a,b):
/¥ Converts character string "a" to an integer (in internal
form), interpreting the string as being a base "b" representation

of the integer. Note: '"b" is a meta-integer >2 and £10,
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Samples: internal('47',10) is 47,
internal('b-bl7,8) is -39,
internal('bbb',10) is O,
internal(nulc,10) is 0.

There are three loops in the code below:
1. Iocate first digit (if any), saving the sign (if any).
2. Calculate the result,
%2, Check for garbage following last digit. <%/

/% Locate first digit. #/

k=1:

sign=nulc;

x=value(a)

(while i_lgiﬁx doing i=i+1)
char=x(1);

if char eq ' ' then continue while ig;;
if char eq '-' or char ea '+' then

if sign ne nulc then then error_value('string
to integer conversion, string has multiple signs.');;
sign=char;
continue while 13 end if char;
/¥ Character is neither blank, +, or -. X/
auit;:
end while i

/¥ Calculate the result. %/

map=#'0",02,<{'11,15,{'2',22,{'31,3 ), (U, u) 151,55 161,6),
7, 7),<81,8%,<191,9 0%

result=0;

(while 1 le 'x doing i=1+1)
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if x(1) eq ' ' then 1i=1+1; quitj;;
digit=map(x(1));
if digit eq (L. then error value('string to integer

conversion, illegal character or bad format. Form should

be 'bSbDb:, where b is zero or more blanks, S is +,-,
null, and D is zero or more digits. ')

if digit ge base then error_value (tstring to integer
conversion, the string contains a digit eaqual to or
exceeding the base.');:

result=(b # result)+digit;

end while 1i;

/¥ Check for garbage (number may have been terminated by
a blank). ¥/
(while 1 le £ x doing i=1+1)

if x(1) ne ' ' then error _value ('string to integer conversion,

a non-blank character found after last digit.')::
end while i:
if sign eq '-' then result=-result;;
return repint(result);
end internal int;

definef bitr(a); /# Specifies bitr a. wx/

if type(a) eg int then return bitr int(ad;s;

1f type(a) eq real then return bitr int(floor(a));;

if type(a) eq bstring then return bitr bstring(a):;

error type('bitr(a), a is neither an integer, a real, nor

a boolean string.')::
end bitr;

definef bitr int(a);:
/% Converts an integer to a boolean string.
Semples: bitr int(0)=nulb
bitr _int(¢)=110b. */
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x=value(a);
if x 1t O then error value('bitr(n), n is negative.');:
result=nulb;
(while x ne 0 doing x=x/2)
result=(if x//2 eqg 1 then t else f)+result;
end while;
return repbool(result);

end bitr_int;

definef bitr bstring(a);

/4 Converts a boolean string to a non-negative integer.

x=value(a);

result=0; i=1;

(while 1 le #x doing i=i+1)
result=(2 # result)+(if x(1) ea t then 1 else 0):
end while 1i;

return repint(result);

end bitr bstring;

definef le(a,b); /¢ Specifies a le b. #*/

if arith(a) and arith(b) then /% Use BALM LE. #/
if value(a) le value(b) then return true:
else return false;;:

if type(a) ea set and type(b) eq set then
return le set(a,b)::

if type(a) eq bstring and type(b) eq bstring then

return repcstr(bitr(value(a) and not value(b)) eaq 0)s3:

error_type('le,ge,lt,or gt: invalid data types. Valid
combinations are arith R arith, set R set, and
bstring R bstring, where arith is real or int.'):

end le:

definef ge(a,b); At Specifies a ge b. */
return le(b,a)
end ge;

*/



definef 1t(a,b); /% Specifies a 1t b. %/

if type(a) ea bstring and type(b) ea bstring then
returﬁ~;epcstr(gizz(29£ value(;)‘ggg value(b)) ne 0);

else return repcstr(not eaual_tf(a,b) and value(le(a,bj))::

end 1t;

definef gt(a,b); /g Specifies a gt b. s/
return 1t(b,a):
end gt

definef le set(a,b);

if nelt(a) gt nelt(b) then return false;;:

p=nult;

x=nextelt(a);

(while x ne /1L doing x=nextelt(a))
if not el tf set(x,b) then return false::
end while;

return true;

end le set;

definef as(a,b); /% Specifies a as b. s/
ta=type(a); va=value(a);
vb=value(b);
if ta en vb then return a:: /% No operation. %/
if ta eo int then

if vb en real then return floor(a)::

if vb ea bstring then return bitr int(a):;:
if vb en cstring then return external_int(a,lO):::

if ta ea real then

if vb ea int then return floor(a)::

Pt

if vb eq bstring then return bitr int(floor(a)):
if vb ea cstring then return external_real(a,l?\:;

——

if vb ea tupl then f=va//1.0:
return gentup(<repint(va-f), repreal(f)>)

« o 0
LI I )
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1f ta eq bstring then
if vb eq int then return bitr bstring(a);;
if vb ea real then return floor(bitr bstring(a));
if vb eq cstring then r=nulc;(}/ bg va)
r=r+(if b then '1' else '0');;
return repcstr(r);;
if vb eq tupl then r=nult;(} b€ va)r=r+{bd:;
return gentup(r);:
1f ta eaq cstring then

———2
1f vb eag int then return internal_int(a,lo)

FYy
FYy

if vb eq real then return internal_real(a);;:
if vb eg bstring then rzggig;(b/cgjva)
if ¢ eg '0' then b=l
else if c ea 'l' then b=t;

else error value('character to boolean

string conversion, a character other

than "0" or "1" was found.'):s:
r=r+b; end t/c: return repbstr(r)::
if vb eq tupl then r=nult; ( Vee va) r=r+{c)is
return gentup(r):;
if ta ea function then

if vb eqg subroutine then type(al=subroutine;::

/3 Note: The following is valid SETL: '"s=f as subroutine:

s(a,b);". This causes f to be invoked but its returned value

is ignored (f is invoked for its side-effects only). =/
if ta eog set then

if vb ea tupl then return set as tuple(a);::
if ta ea tuple then ‘

if vb ea zggi then return tuple_as_real(a)::

if vb ea bstring then return tuple as bstring(a):;

1f vb en cstring then return tuple as cstring(a)::

PR

if vb eq set then return tuple_as_set(a\:::
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error_type('as(a,b), invalid combination specified. Valid
ones are integer as integer, real, bstring or cstring;
real as integer, real, bstring, cstring, or tuple:
bstring as integer, real, bstring, cstring, or tuple;
cstring as integer, real, bstring, cstring, or tuple:
label as label; blank as blank; subroutine as
subroutine; function as function or subroutine;
set as set or tuple; and tuple as real, bstring, cstring,
set, or tuple.');

end as;

definef external real(a,w);
/# Real to character string conversion. This function converts
"a" to a character string of length & or less (¢ is a meta-integer),
where (¢ must be 23, If unable to produce at least one significant
digit in the result, one of the following actions occurs: (1) if
(W<%, an error exit is taken, or (2) the first &/ characters of the
string 'OVERFLOW' are returned (if«/>8, the result string length
is 8).

If at least one significant digit can be returned in valiqd
SETL form for a real constant, then this procedure returns as
many significant digits as possible within the field width w.
Insignificant rzeros are eliminated if the character string repre-

sentation is exact. Samples (for &/ =6):

_a_ string a8 string

0 0.0 . 0001 0.0001
1.00056 1.0006 . 00012 1.2E-5

1234 1224, 0 62000 6.2El

12345 1.22E4 62001 6.20El

123k -1.283 10100 OVERFL 3/

/% To be coded later. x/

end external real;
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definef internal real(a);
/¥ Character string to real conversion. The character string
"a" must be a valid SETL representation of a real or integer,
except that an all-blank field or a null string is valid and 1is
interpreted as zero, and the number may begin or end with a decimal
point. Sample valid strings: ''(null), ' '(blanks), '0', '0.0"',
'b+b0. ObEb+b020b' ("b" denotes zero or more blanks), 'lE-2', '.01'.
This algorithm breaks the string "a" up into fields and
converts each field, using "internal int", as follows:
1. Scan for a period or 'E' (or end of string);
call this point i1l.
Convert characters to left of 1l: call this result "k".
Scan for a blank or an 'E'; call this point iZ.
Convert characters from il to 123 call this result "f".
Scan for an 'E'; call this point 1%,
Convert characters to right of 13%: call this result "e",
7. Result is (k+f 4 (10 exp(-(12-11-1))))# (10 exp e). */
va=value(a) ;
11=1;
(while 11 1t # va doing 11=11+1)
if va(il) eg ' ' or va(il) eg 'E' then quits::
end while;
k=internal int(va(1:11-1)); /k if L=0, then s(a:L) is nulc. %/
1i2=11:
(while 12 1t # va doing 12=12+1)
if va(12) eq ' ' or va(i2) eg 'E' then auit:;
end while;
fl=max(0,i2-11-1);
f=internal int(va(il+1:f1));
1i3=i2;
(while i3 1t # va doing 13=13+1)

Oy JT =~ AN DN
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if va(i3) eg 'E' then auit;;
end while;
e=internal int(va(13:));
ten=repreal(10.0);
return times(plus(k, times(f,exp(ten,fl))),exp(ten,e));
end internal real;

definef set_as_tuple(s); /y Converts a set to a tuple. s/
p=nult;
result=nult;

x=nextelt(s,p);
(while x ne undef doing x=nextelt(s,p))
if type(x) ne set or nelt(x) ne 2 then
error_value('set as_tuple(s), s has a member
that is not a set of size 2.');;
px=nult;
index=nextelt(x,px);
other=nextelt(x, px);
1f type(index)ne int or index le O then /¥ interchange %/
temp=index; index=other; other=temp; end if;
if type(index) ne int then error value('set as tuple(s),
s has a member which does not contain a positive integer.'):;
if type(other)ne set or nelt(other) ne 1 then
error_value('set_as tuple(s), s has a member which does
not contain a set of sire 1.')::
result(index)=arb_set(other);
end while;
return gentup(result);
end set_as tuple;

definef tuple as real(t):
/9% Tuple to real conversion, ¥/
if nelt(t) ea 2 then
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(i, f)=value(t);
if type(i) en int and type(f) eo real then
return plus(i,f);;
else error_value('tuple to real conversion, the tuple is
not a palr of the form‘<integer,real>.')::

end tuple_as real;

definef tuple as bstring(t):
/& Tuple to boolean string conversion, &/
vt=value(t):
result=nulb;
(vhile vt ne nult doing vt=tl vt)
b=hd vt;
if type(b) ne bstring or # value(b) ne 1 then
error_value('tuple as bstring(t), a component of t
is neither t nor f.');;
result=result+b;
end while;
return repbstr(result);
end tuple as bstring;

definef tuple as_cstring(t);
/¥ Tuple to character string conversion. 3%/
vt=value(t);
result:ggig:
(while vt ne nult doing vt=tl vt)
c=hd vt;
if type(c) ne cstring or # value(c) ne 1 then
error_value('tuple_as_bstring(f\, a component of
t is not a character string of length one.'):;
result=result+cy
end while:
return repcstr(result):

end tuple as cstring;
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definef tuple as_set(t);

/% Converts a tuple to a set. H/

result=nullset;

vt=value(t); index=1;

(while vt ne nult doing vt=tl vt: index=index+1l;)
h=hd vty
if h eo undef then continuejj
augment_set_simply(result,genset((repint(index),

set_with only(h)))):

end whiles

return result;

end tuple_as_set;

definef pow(s); /¥ Specifies pow(s) x/

if type(s) ne set then error_type('pow(s\, s 1s
not a set.');;

result=nullset;

(Ot ¥ngs)
augment_union_args_ok(result,npow(n,s\);
end Vn:

return result;

end pow;:

definef npow(n,s): /% Specifies npow(n,s). x/

if type(n) ne int then error type('npow(n,s), n is not an integer.'

if type(s) ne set then error_type('npow(n,s),s is not a set.')::
vn=value(n) :

if vn 1t O then error_value('npow(n,s\, n 1s negative. ')

if vn gt nelt(s) then return undefs:;

p=nult;

x=nextnpow(n,s,p):

result=nullset;

Yo

.
PR
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(while x ne undef doing x=nextnpow(n,s,p))
augment set aok(result,x);
end while;

return result;

end npow;

definef nextnpow(n,s,a);
/% Returns with "next" subset of s containing exactly n

elements., "a" is used similarly to the "p" of nextelt; in

fact "a" contains a tuple of nextelt "addresses". This algorithm
is similar to "nexnpow" in the Notes, p. 141, but more detail
is shown and it is probably more efficient, as it does not employ
constructions of the form f[x]. Briefly, the algorithm works by
maintaining two tuples r and p, which indicate the current "state"
of the routine. The parameter "a" is the pair <(r,p>. After each
call, "r" is an n-tuple of the n members of s which are returned,
and "p" is an n-tuple of the members' "addresses" (as defined by
nextelt), On each call, the n-th component of "r" is "incremented",
if possible. If successful, the set of components of "r" is
returned. If not successful, the (n-1)-th component of "r" is
incremented, and so on, until a subset containing n distinct
members is obtained. The order of tuple "r" is as follows for
n=* and s=fa,b,c,d,e} (in nextelt-order): <{a,b,cy,<a,b,d>,<a,b,e),
{a,c,d), a,c,e),{a,d,e){b,c,d),...,<c,d,e). ¥/
if p ea nult then /) first entry &/ np=1: P(l):ggl&:
else np=n: {r,p)=a;;
(npx Vjz1)
r{i)=nextelt(s,p(i)); /s Increment i-th component of r. ¥/
if r(i) en undef then continue Vi
(i<Vkgn)
p(k)=p(k-1):
r{k)=nextelt(s,p(k"):
if r(k) en undef then continue Yi::
end Vk:



/g  Build the set {r(i),l: Visng., */
rs=nullset;
(1g Y ign) augment_set(rs,r(i)); end Vi
a=<r,p'>;
return rs;
end Vﬁ;
/% Through. Even r(l) can't be incremented. ¥/
return undef; /y Note: returns here immediately if s=nullset. %/

end nextnpow;

definef random(x); /% Specifies random x. %/

if type(x) ea int then return repint(random_int(x)):;

if type(x) eq real then return repreal(random_real(x));;

1f type(x) eq set then return random set(x):;
error_type('random(x), x 1s not an integer, real, or set.'):

end random;

/% Global values needed by random number generators, ¥/
RN_modulus="294967296; /K 2 exp *2. %/
RN _max=RN_modulus-1;

definef RN; /%  Basic random number generator.

Reference CACM December 1969 p.69%. »/
initially seed=1l;;
seed=(seed % 32781) //RN_modulus;
return seed; /% Caution:RN( ) may not be very random

in low order bits (c.f. Knuth Vol. 2, p.1”'. */
end RN

definef random int(k);
if value(k) le O then error_value('random(k),k
an integer, k is not positive.');;



return ((RN( )% value(k))/RN modulus)+1;
/% (Integer division) i/

end random int;

definef random_real(a’;
if value(a) eq O then errop_value('random(a\, a real,
a is zero.'):;
return (RN( )% value(a))/RN max; /# (Real division) 3/

end random real;

definef random_set(s);

1f s eq nullset then return undef;;

x=random_simply(s);

if not triple(x) then return x;;

/% x 1s the special triple for tuples in sets, that is, x
has the form~<£upl,hash_code,<3,<&,Sa,O OO0, #x/
y=random_set(t£;i;(x)(2\);

tuple(x)=Chead(x))+tuple(y);

nelt(x)=l+nelt(y):

return x:

end random set;

definef random simply(s):
start=random_int(repint(ht_size(s)));
1=0;
(vhile i ne start doing i=((i+1)//ht_sire(s))+1
if 1 ea O then i=starts:
list=hash table(s)(1i):
if list_gg.gglg then continueq;
return list(randomﬁint(repint(iﬁliét)));
end while;



error_impl('A set ne nullset has no used entries in its
hash table.');
end random_simply;

definef exp(b,e); /¥ Specifies b exp e. ¥/
if type(b) ea int then
if type (e) eag int then return exp_ii(b,e);;
if type(e) ea real then return exp_rr(floor(b)”e);:;
if type(b) eq real then
if type(e) ea int then return exp ri(b,e);;
if type(e) eg real then return exp rr(b,e);::
error_type('exp(a,b), elther a or b is neither an integer nor
a real.');
end exp;

definef exp ii(k,n): /A¥¢ k exp n for integers. ¥/
vk=value(k); /¥ copy. #/
vn=value(n); /g copy. x/
if vn 1t O then
if vk eq -1 then vn=-vn: /g Note: (-1)7"=(-1"7, %/
else error_value('exp ii(k,n), n is negative and k ne -1.')::;
/% Now vn ge O. ¥/
if vn eqg 0 and vk ea O then error_value('exp(k,n),
k and n are both 0.'):;
result=1: /% initialize loop. %/
(vhile vn ne O doing vn=vn/2; vk=vk ¥ vks)
if (vn//2) ea 1 then result=result % vk::
end while;
return repint(result);
end exp_ii;
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definef exp ri(b,n); /% b exp n for real b, integer n. x/
vb=value(b); /¥ copy &/
vn=value(n)s; /¥ copy ;*/
i1f vn le O then
if vb ea O then error_value('exp_ri(b,n),b=0,n<0.");
else vb=1,0/vb; vn=-vns;;/¥% b_n=(l/b)n. £/
/% Now vn ge O. #/
result=1,0;
(while vn ne 0 doing vn=vn/2; vk=vk # vks)
if vn//2 eq 1 then result=result g vki;;:
end while;
return represl(result):

end exp_ri;

definef exp_rr(b,e); /% b exp e for reals. X}/

vb=value(b) ;

ve=value(e);

if ve le O then
if vb eq O then error value('exp_rr(b,e),b=0,e<0."):
else vb=1.0/vb: ve=-ve:s::/X b'ez(l/b)e. */

/¥ Now ve ge 0. %/

n=floor ve;

f=ve-n;

bn=exp_ri(b, repint(n)):

i1f £ eq O then return bnjs;

/% gt o %/

if vb 1t O then errop_value('exp_rr(b,e\,b<0,e is not
an integer.')::

bf=EXP(vb, f);/X EXP is an undefined routine that handles
the cases vb>0,0<f<l, ¥/

return repreal(value(bn) % value(bf));

end exp_rrj
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F. Functional Apglication
definef sof(f,x); /¥ Specifies f{x}. ¥/
/% Evaluates ffx} (for a single argument only). #*/

if type(f) ne set then error_type ('ffx},f is not a set.')::
if x eq undef then error_type('f{x},x is the undefined atom.')
return sof args ok(f,x);

end sof;
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definef sof args ok(f,x);

if f ea nullset then return nullset:; end if;
index=compressed_hash code(ht_size(f),hash_code(x));

/X Entry "index" of the hash table of f is searched for all
tuples of 2 or more components (i.e., 2 or 3) that begin with
"x". When a pair is found, the result set "s" (which is ini-
tially null) is augmented by the pair's second component. When
a triple is found, which must be of the form <x,sx,0>, s is made
equal to the union of itself and sx. ¥/

s=nullset;
( Vye hash _table(f)(index))
if type(y) eq tupl and nelt(y) ge 2
and equal_tf(head(y),x) then
y2=tuple(y) (2);
if nelt(y) ea 2 then if y2 ne undef then
augment_set aok(s,y2); end if y2;
else /¥ nelt(y) is 3 x/ augmentuunion_args_ok(s,y2);
end if nelt;
end if type:
end Yy;
return s;
end sof_args ok;

definef sofn(f,x); / Specifies ff{x1,x2,...,xn}. */

/X FEvaluates f{x1,x2,...,xn}. To use, the argument must

be made into a tuple (or BAIM list). For example, to evaluate
£{1,2,3}, code sofn(f,<1,2,3>). ¥

if type(f) ne set then error type('sofn(f,x), f is not a set.');:
if type x ne tupl or #x eq O then error type
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(*sofn(f,x), x is not a tuple of length ge 1.'):;
return sofn_args_ok(f,x);

end sofn;

definef sofn_args ok(f,x);

if f eq nullset then return nullset; end if;

hx=hd x; if hx eql. then go to error;;
index=compressed_hash code(ht_size(f),hash code(hx));

s=nullset /¥ copy ¥/;
/% Entry "index" of the hash table of f is searched for all tuples

of 2 or more components (i.e., 2 or 3) that begin with "hx". When
a pair is found, 1t is examined to see if it is of the form
{x1,<x2, x3,...,%xn,...>> , or {x1,<x2,(x3%,...,xn,...>>>,etc.

If so, the result set "s" (which is initially null) is augmented
appropriately. When a triple is found, which must be of the form
‘(hx,shx,0>, s is augmented by all elements in S, , if #x=1,

or by th{tail(x)} , if #x>1., */

(Vye hash table(f)(index))
if type(y) eq tupl and nelt(y) ge 2 and equal tf(head(y),hx)
then /¥ TFound a possible contributor to f{x}. *#/
if nelt(y) eq 2 then
/¥  Found a possible pair-contributor, e.g.
<a,b><a,{b,c,d>> , etc. ¥/
yp=tuple(y)(2) /x* copy */;
(2< Vi<#x) /¢ Note: x is a meta-tuple. #/
if x(1) eq . then go to error;;

1f type(yp) ne tupl or nelt(yp) le 1 or
not eaual tf(head(yp),x(1)) then continue Yy:

else yp=1if nelt(yp) ec 2 then tuple(yp)(?)
else tail(yp):

end 1if type:

end Vi;



error:

augment_set_aok(s,yp);
else /¥ nelt(y) 1s 3 *x/

y2=tuple(y)(2); /¥ y2 is the set of tails of tuples

beginning with x1. ¥/
if #x ea 1 then augment union args ok(s,y2);
else augment_union args_ok(s, sofn(y2, tail(x))):
end if #;
end if nelt;
end 1if type:
end Vy;
return s:

error_type('sofn(f,x), a component of x is the undefined atom.'):

end sofn_args_ok;

definef of(a,x); /% Specifies a(x) for retrieval. */
if type(a) eg set then return of_set(a,x);;

if type(a) egq tupl then return of tuple(a,x);;

if type(a) eq cstring then return of cstring(a,x);;

if type(a) eq bstring then return of bstring(a,x);;

/% Note: if type(a)=function, use BALM functional application.

error_type('of(a,x), a is neither a set, tuple, nor string.'):

end of

definef of set(f,x);

if x eq undef then error type('of(set,x), x is the undefined
atom,'); end if;

if f{gg nullset then return undefs end if:

defined=f; /¢ Initialize "multiply-defined" switch. x/

/¥ Search f for tuples beginning with x. »/

index=compressed_hash code(ht _size(f),hash code(x));

x/
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( Vyehash table(f) (index))
1f type(y) eq tupl and nelt(y) ge 2 and equal tf(head(y),x)
then /¥ Found a 2- or 3-tuple beginning with x. */
if defined then /¥ Multiply defined. #/ return undef:
end if;
/%X Define the result. #/
defined=t;
y2=tuple(y)(2);
if nelt(y) eg 2 then result=y2;
else /¥ nelt(y) is 3. y2 is a set. #/
result=1if nelt(y2) eq 1 then arb_set(y2) else undef;
end if nelt;
end if type;
/% Continue scan to check for multiply-defined value. %/
end Vy;
return (if defined then result else undef);
end of set;

definef of tuple(t,i);
if type(i) ne integer then error_ type('of(tuple,i), i is

not an integer.'); end if;
if value(i) 1t 1 or value(i) gt nelt(t) then return undef:;
/% Handling of sparse tuples is ignored for the present. ¥/
return tuple(t)(i); /¥ copy x/
end of tuple;

define of cstring(ec,1);

if type(i) ne integer then error_type('of(cstring,i'):; i is
not an integer.'); end if;

vi=value(1); vec=value(c);
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if vi 1t 1 or vi gt #vc then return undef; end if;

return repcstr(ve(vi));
end of_cstring;

definef of bstring(b,1);

if type(i) ne integer then error_type('of(bstring,i), i 1is
not an integer.'); end if;

vi=value(i); vb=value(b):

if vi 1t 1 or vi gt #vb then return undef; end if';

return repbstr(vb(vi));

end of bstring;

definef ofn(f,x); /% Specifies f(x1,x2,...,xn). */
/¥ To use this function, the argument x must be made into
a tuple (or BALM 1list). For example, to evaluate f(1,2), code
ofn(f,<1,2>). */
if type(f) ne set then error type('ofn(f,x), f 1s not a set.');:
if type x ne tupl or #x eq O then error type
(tofn(f,x), x is not a tuple of length ge 1.')::
return ofn_args_ok(f,x);
end ofng

definef ofn args_ok(f,x):
if f eq nullset then return nullset; end if;
hx=hd x; /% Note: x is a meta-tuple. X/
if hx eqg N then go to error;;
index=compressed_hash _code(ht_size(f), hash code(hx));
defined=f; /¥ Initialize "multiply defined" switch., ¥/
(Vyehash table(f)(index))
if type(y) eg tupl and nelt(y) §g 2 and equal_tf(head(y),hx)
then /¥ Found a possible result for f(x). */
if nelt(y) eq 2 then
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/% Found a possible pair that will define f(x). */
yp=tuple(y) (2) /¥ copy */;
(2< Vis #x)
if x(i) eq.n then go to error:;
if type(yp) ne tupl or nelt(yp) le 1 or
not equal tf(head(yp),x(i)) then continue Vy;
else yp=if nelt(yp) ea 2 then tuple(yp)(2)
else tail(yp);
end if type;
end Vi;
/¥ yp is a result of f(x). %/
if defined then /¥ Multiply defined #/
return undef; end if;
defined=t;
result=yp;

else /¢ nelt(y) is 3. %/

y2=tuple(y)(2); /¥ y2 is the set of tails of tuples
beginning with x1. #/
if #x ea 1 then /¥ y2 contains the results., ¥/
if nelt(y2) ea 1 and not defined then
defined=t; result=y2: else return undef: end if:
else & #x gt 1. Continue search, #/
result=ofn_args ok(y2,tail(x));
if result ne undef then if not defined then
defined=§;else return undef:end ifsend if result:
end if #x;
end if nelt;:

end if type;

end \/y;

return(if defined then result else undef):

errop_type('ofn(f,x), a component of x is the undefined atom. ')

end ofn_args_ok;
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definef nextelt(s,p);
/¥ Used 1in V,.3 , set former, etc., this routine provides

n..n

"s", The second parameter, "p", is a

the next member in set s
kind of "address" of the member being returned. On first call,
the caller should have p=nult. Between calls, neither s nor p
may be altered by the caller, When there are no more members

in s, a value of "undef" is returned, 1In addition, p is set

to f1. , for error-checking purposes.

The address p of a member x is defined (recursively) as a
meta—triple'<index,list,pp>, where index i1s the position that x
occupies in the hash table, list is (a reference to) the list
hash-table(s) (index), starting with component y, and pp is 4%
if ¥ is not a triple. If Y is a triple, it must be of the form
<x(1),s,0>, and in this case pp is the address, in s, of the
remaining components of x.

The overall structure of the algorithm below is to advance
Pp, and, if that cannot be done, to advance in the list, and,
if that cannot be done, to advance the index. X/

if p eq .~ then error impl('nextelt(s,p),p is 2 . Forgot to
initialize p to nult or omitted check for end of loop.'):
end if

/X Restore where we left off on last call. X/

{index, list,pp>=1if p eq nult then <O,nult, 2>  else p;:

if pp ne 22 then /¥ working on a triple X/
{first, set,>=tuple(hd list);
x=nextelt(set,pp): ‘
if x eq undef then go to next in list; end if:
p=<index, list, pp>;
return<tupl, hash code(first),<l+nelt(x),
<firstd+tuple(x)D i



end if pp;
/¥ pp is L1 (usual case). Either previous item is not a
triple or it is but we are through with it. */
next_in_list:if #1ist ge 2 then
1ist=tl 1list;
go to buillds
end if #;

/¥ Advance index. ¥/
(while index 1t ht_size(s))
index=index+1;
list=hash table(s) (index);
if 1ist ne nult then go to build;
end while index;
/¥  No more members in set s, or s is null, x/
p= ML ;

return undef;

build: item=hd list;
if triple (item) then pp=nult; go to next_tup; end if;
p=<ndex, list, 2>;
return item;
end nextelt;

definef bof(f,s); /¥  Specifies f[s]. */
if type(f) ne set then
error_type('bof(f,s),f is not a set.'); end if;
if type(s) eq set then return bof set(f,s);;
if type(s)

eg tupl then return bof_tuple(f,s);:;
if type(s) eq cstring then return bof_cstring(f,s);;
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if type(s) eg bstring then return bof bstring(f,s);;
error_type('bof(f,s), s is not a set, tuple, or string.'):
end bof;

definef bof_set(f,s); /¥ Coded from the definition:
f(s)=[+: Vxe sIfix}. »/

if s eq nullset then return undef;;

p=nult;

result=nullset;

next=nextelt(s,p);

(while next ne undef)
augment_pnion_args_ok(result,sof_args_ok(f,next));
next=nextelt(s,p);
end while;

return result;

end bof set;

definef bof tuple(f,t); /¥ Coded from the definition:
fltl=[:Yxe t]<F(x)>,
and if there exists a defined x € t such that f(x)= n ,
then an error exit results. 74

result=nult; /¢ Meta-tuple(use BALM list). #/

count=0;

todo=t; /¥ copy #*/

(while todo ne nulltupl)
x=head(todo);
todo=tail(todo)
if x eq undef then continue; /¥ For sparse tuples. #/
y=of set(f,x); -
if y eq undef then error_type('bof(f,t), t is a tuple,

f(t(1)) is undefined for some t(1) ne 2 .'):;

result=result+<value(y)>; /% BAIM APPEND may be used. #/
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count=count+1;

end while todo;
if count eq O then return undef;
return<(£gg£,h,<bount,result));
end bof_ tuple;

definef bof cstring(f,s); /¥ Coded from the definition:
f{s]l=[+:VYce s]f(c), and if
there exists a ¢ ¢ s such that f(x) i1s undefined, then
an error exit results, Note that the result, f(s(1))+...
4+f(s(n)), may be an integer, bit string, character string,
set, or tuple (anything for which + is a valid operator). ¥/

if s ea nullcstring then return undef;;
result=of set(f,repcstr(value(s)(1)));
if result eg undef then go to error;;
(2< Vis #value(s))
y=of _set(f, repcstr(value(s)(1)));
if y eq undef then g» to error;
result=plus(result,y);
end k’i;
return result;

error: error_type('bof(f,s), there exists a character ¢ in s for which
f(c) is not defined.');
end bof_cstring;

definef bof bstring(f,s); /¥ Coded from the definition;
see remarks for bof cstring. This algorithm is similar
to that used in bof_cstring, except that f(x) is only
evaluated twice, once for x=0b and once for x=1b, for
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fn..n

improved efficiency. (It is assumed that bit string s
is most likely to consist of mixed reros and ones.) x/

if s eq nullbstring then return undef;;
fO=of set(f,repbstr(0ob));
fl=of set(f,repbstr(lb));
result=1if value(s)(1l) eq Ob then fO else fl;
if result eq undef then go to errorj
(2< Vi< #value(s))
y=if value(s)(i) eaq Ob then fO else flj
if y eg undef then go to errorj;
result=plus(result,y);
end Vi;
return result; ‘

error: error_type('bof(f,s), there exists a bit b in s for which f(b)
is not defined.');
end bof bstring;

definef bofn(f,x); /% Specifies f[x1l,...,xn]. x must be
a meta-tuple whose components are SETL sets, #*/
if type(f) ne set then error_type('bofn(f,x),x is not a set.'):;
if type x ne tupl or #x eq O then error_type
(tbofn(f,x),x is not a tuple of length ge 1,');:;
return bofn_args ok(f,x);

end bofn;

definef bofn args ok(f,x); /¢ Coded from the relations
f{x,yl=(f[x] [y),etc. Requires #x evaluations of
bof set, and hence #x1+...+ #xn evaluations of
nextelt, union, and f{x}. Evaluation stops if an
intermediate result is null, and the remaining arguments
are not checked. x/
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result=f; /¥ copy ¥/

remaining=x; /X copy X/

(while remaining ne nult and result ne nullset)
next;hg remaining;
if type(next) ne set then error type('bofn(f,x),

a component of x is not a set.');;

result=bof_set(result,next);
remaining=tl remaining;
end while;

return result; end bofn_args ok;
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