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Preface 

One of the  t a sks  under Contrac t  SD-162 issued by the  Advan- 
ced Research P r o j e c t s  Agency t o  Information I n t e r n a t i o n a l ,  I n c . ,  
was t o  help make the  programming language LISP more understood, 
more a v a i l a b l e ,  and more useful  f o r  programmers and mathemati- 
c ians .  The language LISP ( s h o r t  f o r  a  "LISt Processing" lang- 
uage) i s  a remarkable and powerful language, because not only 
does i t  govern the  operat ion of a cornputer, but a l s o  i t  i s  a 
mathematical language w i t h  g r e a t  f l e x i b i l i t y  and power f o r  ex- 
press ing  processes i n  mathematics, l o g i c ,  and symbol manipulation 
i n  genera l .  

As a  p a r t  of the  p resen t  t a s k ,  t h i s  c o l l e c t i o n  of contr ibu- 
t i o n s  from var ious  authors  has been prepared and published. 

The s e c t i o n  of t h i s  r e p o r t  "Acknowledgments" s t a t e s  the  con- 
nect ions  of t h e  authors  w i t h  var ious  p r o j e c t s  and a c t i v i t i e s ,  the  
o r i g i n a l  sources of the  c o n t r i b u t i o n s ,  and the  support  which en- 
abled the  con t r ibu t ions  t o  be wri t ten .  The authors  include many 
persons who have worked under c o n t r a c t s  with the  Advanced Research 
P r o j e c t s  Agency o the r  than the  c o n t r a c t  with Information In te rna -  
t i o n a l  Inc.  

P a r t  1 of t h i s  r e p o r t  conta ins  a r t i c l e s  and papers w r i t t e n  
p r imar i ly  f o r  persons with no p r i o r  knowledge of LISP o r  only a  
l i t t l e .  I f  anybody d e s i r e s  t o  l e a r n  LISP, however, P a r t  1 of t h i s  
r e p o r t  i s  not s u f f i c i e n t ,  and he should have a t  hand a  copy of: 
"LISP 1.5 Programmer's Manual", by John McCarthy and o t h e r s ;  pub- 
l i s h e d  by The MIT Press ,  Cambridge 39, Mass,; d a t e ,  August 17, 
1962; c o s t ,  $3,00. 

P a r t  II of t h i s  r e p o r t  conta ins  a r t i c l e s  and papers w r i t t e n  
p r imar i ly  f o r  persons w i t h  a  s u b s t a n t i a l  p r i o r  knowledge of LISP. 



Copies of t h i s  r e p o r t  a r e  a v a i l a b l e  from t h e  Defense Docu- 
menta t ion  Cen te r  (DDC) and the  O f f i c e  of Techn ica l  S e r v i c e s  (OTS) . 

We should  l i k e  t o  exp res s  Our thanks and a p p r e c i a t i o n  t o  a l 1  
t hose  persons  who c o n t r i b u t e d  t o  t h i s  r e p o r t ,  and enabled  i t  t o  
become, i n  Our op in ion ,  a s t e p  a long  t h e  road  towards more ver- 
s a t i l e  and more powerful o p e r a t i o n  and c o n t r o l  of computers .  

Also ,  we should l i k e  t o  exp res s  Our g r e a t  a p p r e c i a t i o n  t o  t h e  
Advanced Research  P r o j e c t s  Agency f o r  i t s  suppor t  of t h i s  work, 
f o r  o the rwi se  much of what i s  here  would never have come i n t o  ex- 
i s  tence .  

I n  s p i t e  of  many e f f o r t s  t o  avoid e r r o r s ,  no e d i t o r s  o r  
a u t h o r s  can be s u r e  t h a t  a l 1  e r r o r s  have been e l i m i n a t e d .  Any 
c o r r e c t i o n s ,  comments, o r  sugges t ions  s e n t  t o  t h e  e d i t o r s  w i l l  
be very welcome. 

Informat ion  I n t e r n a t i o n a l  I n c .  

Edmund C .  Berkeley 
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1. INTRODUCTION 

1 .  What i s  LISP? 

Among t h e  new l a n g u a g e s  f o r  i n s t r u c t i n g  computers  i s  a  r e -  
m a r k a b l e  one c a l l e d  LISP. The name cornes from t h e  f i r s t  t h r e e  
l e t t e r s  o f  LIST and t h e  f i r s t  l e t t e r  o f  PROCESSING. Not o n l y  
i s  LISP a  l anguage  f o r  i n s t r u c t i n g  computers  b u t  i t  i s  a l s o  a  
forma1 mathemat ica l  l anguage ,  i n  t h e  same way a s  e l ë m e n t a r y  a l -  
g e b r a  when r i g o r o u s l y  d e f i n e d  and used i s  a  forma1 m a t h e m a t i c a l  
l a n g u a g e  . 

The LISP l a n g u a g e  and i t s  implementa t ion  on t h e  IBM 7090 com- 
p u t e r  were  worked o u t  by a  g roup  i n c l u d i n g  John McCarthy, S tephen  
B. R u s s e l l ,  D a n i e l  J .  Edwards, Paul  W.  Abrahams, Timothy P. H a r t ,  
Michael  1 .  Levin ,  Marvin L.  Minsky, and o t h e r s .  

LISP i s  d e s i g n e d  p r i m a r i l y  f o r  p r o c e s s i n g  d a t a  c o n s i s t i n g  
o f  l i s t s  o f  symbols.  I t  h a s  been used f o r  symbol ic  c a l c u l a t i o n s  
i n  d i f f e r e n t i a l  and i n t e g r a l  c a l c u l u s ,  e l e c t r i c a l  c i r c u i t  theory ,  
m a t h e m a t i c a l  l o g i c ,  game p l a y i n g ,  and o t h e r  f i e l d s  o f  i n t e l l i g e n t  
h a n d l i n g  o f  symbols .  

Much a u t h o r i t a t i v e  i n f o r m a t i o n  a b o u t  LISP can b e  found i n :  
"LISP 1.5 Programmer's Manual" by John McCarthy, Paul  W .  Abrahams, 
D a n i e l  J .  Edwards, Timothy P. H a r t ,  and Michael  1 .  Levin ,  pub- 
l i s h e d  by The M.I.T. P r e s s ,  Mass. I n s t .  o f  Technology,  Cambridge 
39, Mass. ,  d a t e d  August 17, 1962, 105 pp.  Most p e o p l e  approach-  
i n g  LISP f i n d ,  however, t h a t  t h i s  manual i s  r a t h e r  d i f f i c u l t  t o  
comprehend on a  f i r s t  r e a d i n g ,  b e c a u s e  i n  many c a s e s  t h e  i d e a s  
and t e rms  a r e  p r e s e n t e d  from an advanced p o i n t  o f  view assuming  
a  good d e a l  o f  a l r e a d y  known i n f o r m a t i o n  on t h e  p a r t  o f  t h e  r e a -  
d e r .  

The p u r p o s e  o f  t h e  p r e s e n t  a r t i c l e  i s  t o  make a  b r i d g e  be- 
tween t h e  i d e a s  and t e rms  o f  o r d i n a r y  E n g l i s h  and e l e m e n t a r y  
m a t h e m a t i c s ,  and t h e  i d e a s  and t e rms  known and used by LISP pro- 
grammer s  . 

T h i s  b r i d g e  b e g i n s  i n  S e c t i o n  3 below, b u t  b e f o r e  we s t a r t  
on t h e  b r i d g e ,  we need t o  make some remarks  a b o u t  t h e  way t h e  
LISP sys tem o p e r a t e s  i n s i d e  a  compute r .  These  rernarks a r e  i n  
S e c t i o n  2 - which may be  s k i p p e d  on a  f i r s t  r e a d i n g  by sorneone 
who i s  w i l l i n g  t o  t a k e  " t h e  LISP i n t e r p r e t e r "  ( t h e  program on t h e  
computer which i n t e r p r e t s  LISP e x p r e s s i o n s )  on f a i t h  f o r  t h e  t ime  
b e i n g .  



2 .  7090 LISP, and PDP-1 LISP 

a .  Two Forms of  LISP 

We s h a l l  d i s c u s s  two d i s t i n c t  forms of  LISP. One i s  t h e  o r i -  
g i n a l  and f u l l  form o f  LISP f o r  o p e r a t i o n  on t h e  very powerful 
(and expens ive)  IBM 7090 computer made by I n t e r n a t i o n a l  Bus iness  
Machines Corpora t ion .  Th i s  form of  LISP, because o f  t h e  speed and 
c a p a c i t y  of t h e  computer, enab le s  many i n t e r e s t i n g  and impor tan t  
i n v e s t i g a t i o n s  t o  be made. 

The usual  way i n  which LISP exp re s s ions  a r e  given t o  t h e  7090 
computer t o  be e v a l u a t e d  i s  through punch c a r d s  prepared  ahead o f  
time by t h e  human programmer. R e s u l t s  produced by t h e  computer 
a r e  u s u a l l y  pu t  on magnet ic  t a p e ,  which i s  then p r i n t e d  o f f - l i n e .  
But sometimes wi th  a  t ime-shar ing  f a c i l i t y ,  a s  f o r  example a t  Pro- 
j e c t  MAC a t  Mass. I n s t .  of  Technology, t h e  7090 computer i s  d i -  
r e c t l y  a c c e s s i b l e  t o  t h e  human be ing  by means of an e l e c t r i c a l l y  
c o n t r o l l e d  t ypewr i t e r  o r  t e l e t y p e  s t a t i o n .  I n  t h e  c a s e  o f  d i r e c t  
t ime-shar ing  acces s ,  t h e  computer t a k e s  c o n t r o l  o f  t h e  e l e c t r i c  
t y p e w r i t e r  o r  t e l e t y p e ,  and o p e r a t e s  i t .  

The second form of LISP i s  a  somewhat s i m p l i f i e d  and modif ied 
form of  LISP which was worked ou t  by L. P e t e r  Deutsch f o r  opera- 
t i o n  on t h e  PDP-1 computer made by D i g i t a l  Equipment Corp. ,  
Maynard, Mass. Th i s  form of  LISP uses  f o r  t h e  b a s i c  f u n c t i o n s  
about  1500 r e g i s t e r s ,  and f o r  working s t o r a g e  from about  500 t o  
about  14000 r e g i s t e r s  ( t h e  l a t t e r  i n  a  four -core  PDP-1) a s  may be 
chosen.  I n  comparison wi th  7090 LISP, PDP-1 LISP i s  s i g n i f i c a n t l y  
l i m i t e d .  But i t  i s  u s e f u l  because i t  i s  f l e x i b l e ,  permi ts  much 
i n v e s t i g a t i o n ,  and t h e  c o r r e c t i o n  o f  p r e l imina ry  e x p r e s s i o n s .  I n  
PDP-1, beyond t h e  b a s i c  f u n c t i o n s ,  on ly  t h o s e  f u n c t i o n s  chosen 
may be inc luded  i n  t h e  system when p laced  f o r  use on t h e  computer;  
t h i s  cho ice  i s  no t  p o s s i b l e  i n  7090 LISP. Add i t i ona l  t e c h n i c a l  
in format ion  about  PDP-1 LISP i s  given i n  a  l a t e r  appendix i n  t h i s  
book. 

The usual  way i n  which LISP exp re s s ions  a r e  given t o  t h e  
PDP-1 computer t o  be e v a l u a t e d  i s  through t y p i n g  on t h e  keys o f  
t h e  computer-associated t y p e w r i t e r ,  o r  through punched paper  t a p e  
r ead  i n  by t h e  p h o t o e l e c t r i c  t a p e  r e a d e r .  R e s u l t s  produced by t h e  
computer a r e  u s u a l l y  given t o  t h e  human be ing  e i t h e r  by c h a r a c t e r s  
typed a u t o m a t i c a l l y  by t h e  t y p e w r i t e r  o r  punched a u t o m a t i c a l l y  i n  
paper t a p e ,  which may be p r i n t e d  i n  an o f f - l i n e  F l e x o w r i t e r .  

b .  Func t ions  and P r o p e r t i e s  Ava i l ab l e  

The f u n c t i o n s  and p r o p e r t i e s  a v a i l a b l e  f o r  use i n  7090 LISP 
a r e  s t a t e d  i n  t h e  LISP 1.5 Manual. Add i t i ona l  f u n c t i o n s  such a s  



LAST ( i n  t h e  s e n s e  " t h e  l a s t  of"  a  l i s t )  a r e  a l s o  a v a i l a b l e  from 
program l i b r a r i e s  i n  t h e  computer c e n t e r s  where  t h e  LISP sys tem 
h a s  been implemented on t h e  7090 computer .  

The f u n c t i o n s  and p r o p e r t i e s  a v a i l a b l e  f o r  u s e  i n  PDP-1 LISP 
a r e  many fewer  and a r e  s t a t e d  i n  t h e  a p p e n d i x  on PDP-1 LISP. 

A d d i t i o n a l  f u n c t i o n s  f o r  bo th  forms o f  LISP may be  r e a d i l y  
d e f i n e d  and r e a d  i n  t o  t h e  LISP sys tem when d e s i r e d .  

c .  D i f f e r e n c e s  between 7090 LISP and PDP-1 LISP 

The d i f f e r e n c e s  between t h e  two forms o f  LISP a r e  l i k e  t h e  
d i f f e r e n c e s  i n  id iom o r  d i a l e c t  between one  p a r t  o f  a c o u n t r y  and 
a n o t h e r  p a r t  o f  t h e  c o u n t r y .  We w i l l  c o n s i d e r  t h e  form ( o r  id iom) 
o f  LISP f o r  t h e  7090 and t h e  form ( o r  id iom)  o f  LISP f o r  t h e  PDP-1. 

d .  The LISP I n t e r p r e t e r  

F i r s t  o f  a l l ,  when any  c a l c u l a t i o n  wha tever  i s  g i v e n  t o  any 
a p p r o p r i a t e l y  programmed compute r ,  t h e  machine:  

- t a k e s  i n  s i g n a l s  o r  c h a r a c t e r s  e x p r e s s i n g  t h e  
c a l c u l a t i o n  which i s  i n t e n d e d ;  

- per fo rms  i n t e r n a 1  c a l c u l a t i n g  o p e r a t i o n s ;  and 
- p u t s  o u t  t h e  r e s u l t  o f  t h e  c a l c u l a t i o n .  

I n  t h e  c a s e  o f  a  computer programmed w i t h  a  LISP s y s t e m ,  we 
Say t h a t  t h e  machine ( t h e  programmed c o m p u t e r ) :  

- t a k e s  i n  an e x p r e s s i o n  w r i t t e n  i n  LISP;  
- a p p l i e s  t h e  LISP i n t e r p r e t e r  and e v a l u a t e s  t h e  

e x p r e s s i o n ;  and 
- p u t s  o u t  t h e  v a l u e  of  t h e  e x p r e s s i o n  

For  example,  i n  m u l t i p l y i n g  3406 by 6598 on an o r d i n a r y  
F r i d e n  desk c a l c u l a t o r ,  t h e  i n f o r m a t i o n  p u t  i n  c o n s i s t s  o f :  

( 1 )  p r e s s i n g  t h e  keys  3 ,  4 ,  8 ,  6  ( i n  columns 4 ,  3 ,  
2 ,  1 ,  r e s p e c t i v e l y ,  b u t  i n  any  a r b i t r a r y  se -  
quence)  on t h e  main k e y b o a r d ;  

( 2 )  p r e s s i n g  t h e  keys  6 ,  5 ,  9 ,  8 ( i n  t h a t  p a r t i c u l a r  
sequence)  on t h e  m u l t i p l i e r  k e y b o a r d ;  a n d ,  
f i n a l l y ,  

( 3 )  p r e s s i n g  t h e  key "MULT", which c a u s e s  t h e  ma- 
c h i n e  t o  s t a r t  comput ing.  

I n  o t h e r  words ,  t h e  desk  c a l c u l a t o r  t a k e s  i n  an  e x p r e s s i o n  e q u i -  
v a l e n t  t o  3406 x  6590,  e v a l u a t e s  i t ,  and g i v e s  o u t  t h e  v a l u e  



23000628 i n  t h e  d i a l s  o f  t h e  r e s u l t  r e g i s t e r .  

The LISP i n t e r p r e t e r  i s  an e l a b o r a t e  f u n c t i o n  i n s i d e  t h e  
computer which e s s e n t i a l l y  o p e r a t e s  on two arguments  g i v e n  t o  i t .  
The f i r s t  argument i s  t h e  name of  a  f u n c t i o n .  The second argu-  
ment i s  a  l i s t  o f  one o r  more arguments  t o  which t h a t  f u n c t i o n  
i s  t o  b e  a p p l i e d .  Of c o u r s e ,  t h e  7090 LISP i n t e r p r e t e r  can r e s -  
pond p r o p e r l y  t o  s e v e r a l  hundred f u n c t i o n  names; i t  i s  n o t  r e s -  
t r i c t e d  l i k e  t h e  o r d i n a r y  desk c a l c u l a t o r  t o  r e s p o n d i n g  t o  j u s t  
one  of t h e  f o u r  a r i t h m e t i c a l  f u n c t i o n s ,  a d d i t i o n ,  s u b t r a c t i o n ,  
m u l t i p l i c a t i o n ,  and d i v i s i o n .  

e .  The I n t e r n a 1  7090 Form, t h e  E x t e r n a l  7090 Form, and t h e  PDP-1 
Form - 

The 7090 LISP i n t e r p r e t e r  h a n d l e s  e x p r e s s i o n s  i n  two s t y l e s  
o r  id ioms o r  fo rms .  One o f  t h e s e  i s  c a l l e d  t h e  i n t e r n a l  form.  
The i n t e r n a l  form i s  t h e  way i n  which e x p r e s s i o n s  a r e  hand led  
i n s i d e  t h e  7090 computer a l m o s t  a l 1  t h e  t i m e .  Also ,  i t  i s  t h e  
u s u a l  s t a n d a r d  form o f  LISP e x p r e s s i o n s  i n s i d e  a  computer r e g a r d -  
l e s s  o f  what k i n d  o f  computer i t  may b e .  The o t h e r  o f  t h e s e  forms 
i s  c a l l e d  t h e  e x t e r n a l  form, o r  t h e  form on t h e  t o p  l e v e l ;  t h i s  
i s  t h e  form i n  which e x p r e s s i o n s  go i n t o  t h e  7090 computer .  I t  
s a v e s  some t r o u b l e  and time f o r  human b e i n g s ,  t o  have t h i s  second 
s t y l e  o r  form f o r  use  i n  g o i n g  i n t o  t h e  7090 computer.  

The PDP-1 LISP i n t e r p r e t e r  h a n d l e s  e x p r e s s i o n s  o n l y  i n  one  
form. T h i s  form i s  a l m o s t  t h e  same a s  t h e  i n t e r n a l  form o f  ex- 
p r e s s i o n s  f o r  t h e  7090 LISP i n t e r p r e t e r ,  b u t  n o t  q u i t e .  

I n  t h e  f o l l o w i n g  e x p l a n a t i o n  o f  LISP, we s h a l l  n e a r l y  a l 1  
t h e  t i m e  be  d e a l i n g  w i t h  e x p r e s s i o n s  i n  t h e  i n t e r n a l  form f o r  t h e  
7090 LISP i n t e r p r e t e r ,  and t h e  o n l y  form f o r  t h e  PDP-1 LISP i n t e r -  
p r e t e r .  From t i m e  t o  t ime  we s h a l l  d i s c u s s  t h e  r e l a t i o n  between 
t h e  i n t e r n a l  form o f  e x p r e s s i o n s  f o r  t h e  7090 LISP i n t e r p r e t e r  
and t h e  e x t e r n a l  form of  such e x p r e s s i o n s .  

3 .  A Very S imple  Example o f  LISP 

L e t  us now c o n s i d e r  a  v e r y  s i m p l e  example o f  LISP. 

Suppose  t h a t  we t a k e  a  l i s t  c o n s i s t i n g  f o r  example o f  A, B, 
C, D, E i n  t h a t  o r d e r .  Suppose we choose  t h e  problem: 

S e l e c t  t h e  f i r s t  e l ement  i n  t h a t  l i s t .  

The f o l l o w i n g  e x p r e s s i o n :  

(CAR (QUOTE (A B C D E ) ) )  



i f  e v a l u a t e d  by t 'he LISP i n t e r p r e t e r  ( t h e  programmed computer 
which i n t e r p r e t s  t h e  LISP e x p r e s s i o n )  would g i v e  t h e  answer:  

S i n c e  t h e  f i r s t  one of  t h e  l i s t  "A, B ,  C ,  D l  E" i s  "A", the i n -  
t e r p r e t e r  has  o p e r a t e d  c o r r e c t l y .  

The way i n  which t h i s  e x p r e s s i o n  would u s u a l l y  be pu t  i n t o  
t h e  7090 LISP i n t e r p r e t e r  would rnake use  of  t h e  e x t e r n a l  forrn 
( o r  idiom - s e e  S e c t i o n  2)  and would be: 

CAR ((A B C D E l )  

The way i n  which t h i s  e x p r e s s i o n  would be pu t  i n t o  t h e  PDP-1 
LISP i n t e r p r e t e r  would be t h e  sarne a s  the f i r s t  e x p r e s s i o n :  

(CAR (QUOTE ( A  B C D E l ) )  

t o g e t h e r  w i th  one more p r e s s i n g  of t h e  t y p e w r i t e r  space  ba r  f o l -  
lowing t h e  l a s t  p a r e n t h e s i s .  

4 .  Meaning o f  CAR 

I n  o r d e r  t o  unders tand  what has  happened, l e t  us t a k e  a  look 
a t  t h e  v a r i o u s  p a r t s  of  t h e  example. What does  CAR rnean? The 
word CAR i s  a LISP e x p r e s s i o n  which i s  a  f u n c t i o n  name. I t s  mean- 
i n g  i s  " t h e  f i r s t  of".  CAR a p p l i e d  t o  any l i s t  o f  elernents pro- 
duces  t h e  f i r s t  e lement  i n  t h e  l i s t .  The word "CARt1 i s  d e r i v e d  
frorn t h e  i n i t i a l  l e t t e r s  of  t h r e e  words i n  the ph ra se  "Contents  
o f  Address p a r t  o f  Reg i s t e r " ,  and t h i s  p h r a s e  has  t o  do w i th  t h e  
o r g a n i z a t i o n  o f  t h e  cornputer r e g i s t e r s  t o  ho ld  l i s t s .  

5 .  Meaning o f  QUOTE 

What does  QUOTE mean? The e x p r e s s i o n  QUOTE t e l l s  t h e  com- 
p u t e r  t h a t  what f o l l ows  i s  t o  be t r e a t e d  a s  i t s e l f ,  no t  a s  the 
narne f o r  sornething e l s e .  Th is  meaning i s  l i k e  t h e  rneaning i n  
o r d i n a r y  Eng l i sh  when we use  q u o t a t i o n  marks and Say: 

"Pa r i s "  has f i v e  l e t t e r s .  

and rnean: 

The word P a r i s  has  f i v e  l e t t e r s .  

We do no t  Say: 

P a r i s  has  f i v e  l e t t e r s .  



because  P a r i s  i s  a  c i t y  and i t  makes no s e n s e  t o  Say t h a t  a  c i t y  
has  f i v e  l e t t e r s ;  what a  c i t y  has  i s  people,  s t r e e t s ,  b u i l d i n g s ,  
e t c .  

I n  Eng l i sh  one of  t h e  s t a n d a r d  uses  of  q u o t a t i o n  marks i s  
t o  produce a  name f o r  an exp re s s ion ,  i n s t e a d  of  d e s i g n a t i n g  what 
t h e  exp re s s ion  u s u a l l y  r e f e r s  t o .  Th i s  i s  t h e  use o f  QUOTE i n  
LISP. 

6 .  Use of  Pa ren theses  

The express ion :  

(CAR (QUOTE (A B C D E l )  

uses  s i x  pa ren theses .  They a r e  very  impor t an t .  They d e s i g n a t e  
scope o r  e x t e n t  o f  e x p r e s s i o n s  - i . e . ,  where they  begin and 
where t hey  f i n i s h .  Pa ren theses  have t o  be very  p r e c i s e l y  pos i -  
t i o n e d .  I n  o r d e r  t o  understand them, we s h a l l  f i r s t  number them 
i n  a s s o c i a t e d  p a i r s :  

(CAR (QUOTE ( A  B C D E l ) )  
1  2  3 321 

The f i r s t  l e f t  p a r e n t h e s i s  No. 1  t e l l s  t h e  LISP i n t e r p r e t e r  
t h a t  t h i s  i s  t h e  s t a r t  of  a  c a l c u l a t i o n .  The f i n a l  r i g h t  paren- 
t h e s i s  No. 1 t e l l s  t h e  i n t e r p r e t e r  t h a t  t h i s  i s  t h e  f i n i s h  of an 
e x p r e s s i o n .  The i n t e r p r e t e r  e v a l u a t e s  the exp re s s ion  and pro- 
duces t h e  answer.  

The f i r s t  p a r e n t h e s i s  No. 1  marks t h e  beginning of  t h e  scope 
o f  CAR, t h e  e x t e n t  of  t h e  exp re s s ion  t o  which CAR a p p l i e s .  The 
second p a r e n t h e s i s  No. 1 marks t h e  end of  t h e  scope of  CAR. 

The f i r s t  p a r e n t h e s i s  No. 2 marks t h e  beginning  of  t h e  scope 
o f  QUOTE, and the second p a r e n t h e s i s  No. 2  marks t h e  end of  t h e  
scope of QUOTE. 

The f i r s t  p a r e n t h e s i s  No. 3 marks t h e  beginning  of  a  l i s t ,  
and t h e  second p a r e n t h e s i s  No. 3 marks t h e  end o f  t h e  l i s t .  

Always, a l 1  pa ren theses  i n  t h e  exp re s s ions  of  LISP language 
occur  i n  p a i r s  of l e f t  and r i g h t  p a r e n t h e s e s ;  g e n e r a l l y ,  each 
p a i r  of  pa ren theses  marks scope ,  t h e  e x t e n t  t o  which an expres-  
s i o n  a p p l i e s .  The pa ren theses  i n  LISP a r e  never  o p t i o n a l  
a s  they  a r e  sometimes i n  mathematics:  they  a r e  r e q u i r e d  p a r t s  of  
e x p r e s s i o n s .  



7 .  S e p a r a t i o n  of Express ions  

The exp re s s  ion: 

(CAR (QUOTE ( A  B C D E l ) )  

c o n t a i n s  w i t h i n  i t  seven s e p a r a t e  exp re s s ions  CAR, QUOTE, A, B, 
C, D, and E. I t  i s  impor tan t  t h a t  each exp re s s ion  be s e p a r a t e d ,  
marked o f f ,  o r  d e l i m i t e d  from ano the r  e x p r e s s i o n .  

Four c h a r a c t e r s  a r e  used i n  LISP f o r  s e p a r a t i n g  exp re s s ions :  
l e f t  p a r e n t h e s i s ,  r i g h t  p a r e n t h e s i s ,  comma, and space .  I n  LISP 
the comma i s  comple te ly  i n t e r changeab le  wi th  t h e  space ;  a l s o  one 
o r  more spaces  a r e  t r e a t e d  e x a c t l y  a s  a  s i n g l e  space .  

I n  7090 LISP a  l e f t  p a r e n t h e s i s  o r  a  r i g h t  p a r e n t h e s i s  de- 
l i m i t s  an e x p r e s s i o n ,  whether  o r  no t  any spaces  a r e  between t h e  
exp re s s ion  and t h e  p a r e n t h e s i s .  Thus: 

(CAR( 
(CAR ( 

( CAR( 
( CAR ( 

a r e  a l 1  f r e e l y  i n t e r changeab le ,  but  t h e  s t y l e  (CAR ( i s  t h e  
p r e f e r r e d  f o m .  I n  c a s e s  where pa ren theses  do no t  occu r ,  a s  f o r  
example between e lements  i n  t h e  l i s t  A B C D E ,  t h e  spaces  de- 
l i m i t  t h e  exp re s s ions .  

In  PDP-1 LISP, of t h e  f o u r  exp re s s ions  i nvo lv ing  CAR j u s t  
above, t h r e e  a r e  a c c e p t a b l e ,  but  on ly :  

(CAR ( 

i s  p r o p e r l y  d e l i m i t e d .  I n  PDP-1 LISP, t h e  spaces  a r e  impor tan t  
and have t o  be p r e c i s e l y  p o s i t i o n e d .  To t a l k  about  t h e  spaces  
h e r e ,  we s h a l l  number them: 

(CAR (QUOTE ( A  B  C D E l ) )  
1  2  3 3 3 3  4 

The f i r s t  space (No. 1 )  t e l l s  t h e  i n t e r p r e t e r  t h a t  i t  has  
reached t h e  end of t h e  exp re s s ion  CAR. I f  t h e  f i r s t  t h r e e  char- 
a c t e r s  of  an exp re s s ion  were CAR and t h e  f o u r t h  c h a r a c t e r  were 
any c h a r a c t e r  except  a  space ( o r  a p a r e n t h e s i s  o r  a  comma) Say 
X, then the  computer would t r e a t  CARX a s  e i t h e r  p a r t  o r  a l 1  of 
ano the r  exp re s s ion  d i f f e r e n t  from CAR, and no t  t o  be confused 
w i  t h  C A R .  

The second space ,  No. 2 ,  t e rmina t e s  t h e  exp re s s ion  QUOTE, 



i n  t h e  same way a s  t h e  f i r s t  space  No. 1  t e r m i n a t e s  the expres -  
s i o n  CAR. 

The nex t  f o u r  space s  a l 1  numbered 3 and s e p a r a t i n g  A B C D E 
t e l l  t h e  machine t h a t  t h e  e x p r e s s i o n s  s e p a r a t e d  by them a r e  a l 1  
p a r t  o f  t h e  same l i s t .  I n  o r d i n a r y  E n g l i s h ,  we might write "A, 
B, C, D, E" w r i t i n g  commas - b u t  t h e  LISP i n t e r p r e t e r  r e g u l a r l y  
t a k e s  i n  and p u t s  o u t  l i s t s  u s ing  space s  w i t h o u t  commas. 

The l a s t  space  numbered 4 t e l l s  t h e  i n t e r p r e t e r  i n  PDP-1 
LISP t o  proceed t o  t h e  c a l c u l a t i o n ,  and t o  p u t  o u t  t h e  r e s u l t .  
T h i s  s p a c e  i s  n o t  n e c e s s a r y  i n  7090 LISP. 

8.  The Func t ion  CDR 

We have i l l u s t r a t e d  CAR a s  a  f u n c t i o n  i n  LISP. What a r e  
some o t h e r  f u n c t i o n s ?  

One of  t h e m  i s  C D R .  pronounced "could-er" ,  which means " t h e  
r e s t  o f" .  CDR of  t h e  l i s t  A B C D E i s  t h e  l i s t  B C D E. To 
e x p r e s s  t h i s  i n  a  way which i s  a c c e p t a b l e  t o  t h e  LISP i n t e r p r e t e r ,  
t h e  f o l l o w i n g  i s  used: 

and t h e  LISP i n t e r p r e t e r  g i v e s  a s  r e s u l t :  (B C D E l .  The two 
p a r e n t h e s e s  around (B C D E) c ause  t h e  LISP i n t e r p r e t e r  t o  t r e a t  
t h i s  e x p r e s s i o n  a s  a  l i s t  o f  f o u r  e l emen t s .  The f i r s t  pa ren the-  
s i s  marks t h e  beg inn ing  o f  t h e  l i s t ,  and t h e  l a s t  p a r e n t h e s i s  
marks t h e  end of  t h e  l i s t .  

T h i s  r a i s e s  t h e  q u e s t i o n :  1 s  A t h e  same a s  (A)? The answer 
i s  "No". A i s  an e l emen t ,  and ( A )  i s  a  l i s t  c o n t a i n i n g  one e l e -  
ment A .  

The a b b r e v i a t i o n  CDR comes from t h e  p h r a s e  "Conten ts  of  De- 
crement  p a r t  o f  R e g i s t e r . "  

9 .  The Func t ion  CONS 

Another f u n c t i o n  i n  LISP i s  CONS, pronounced w i t h  a  s o f t  
s ,  which r e f e r s  t o  " t h e  c o n s t r u c t  of"  when a p p l i e d  t o  an e lement  
and a  l i s t ,  o r  two l i s t s .  CONS of  t h e  elernent A and t h e  l i s t  
B C D E i s  t h e  l i s t  A B C D E .  

I f  t h e  LISP i n t e r p r e t e r  eva lua t ed :  

(CONS (QUOTE A )  (QUOTE (B C D E ) ) )  



then t h e  r e s u l t  would be: 

The f u n c t i o n  CONS p u t s  back toge the r  what CAR and CDR t a k e  
a p a r t .  For example, suppose we have t h e  l i s t  A ,  B, C ,  D .  CAR 
g ives  t h e  element A .  CDR g ives  t h e  l i s t  B , C , D .  CONS a p p l i e d  t o  
t h e s e  two p o r t i o n s  g ives  t h e  l i s t  A ,  B, C, D .  

Th i s  i s  c o r r e c t l y  w r i t t e n  f o r  t h e  LISP i n t e r p r e t e r  as :  

and t h e  r e s u l t  i s :  

To put  t h e  f i r s t  e lement  of  t h e  l i s t  A B C D t o g e t h e r  w i t h  
t h e  r e s t  of  t h e  l i s t  E  F  G H ,  we use t h e  same f u n c t i o n a l  expres-  
s i o n  w i t h  one change i n  t h e  l a s t  argument: 

and t h e  r e s u l t  i s :  

I n  some cases ,  CONS w i l l  be used t o  o p e r a t e  on two l i s t s ,  
a s  in:  

(CONS (QUOTE (A B I )  (QUOTE ( ( C  D) (E F I ) ) )  
O 1 2  21 1  23 3 3  3210 

The r e s u l t  i n  t h i s  c a s e  i s :  

which i s  a  l i s t  of  t h r e e  l i s t s ,  each of  which i s  a  l i s t  of two 
e lements .  No t i ce  how p a i r s  of  pa ren theses  wi th  t h e  same number 
d e l i m i t  t h e  scope o f  exp re s s ions .  

I I .  CONDITIONS, PREDICATES, AND NUMERICAL FUNCTIONS 

I f  CAR, CDR, and CONS were t h e  on ly  t h r e e  f u n c t i o n s  i n  LISP, 
then of  course  t h e  language would be q u i t e  u n i n t e r e s t i n g ,  and 
h a r d l y  any th ing  of  importance could be accomplished. The f i r s t  
s t e p  towards a  more i n t e r e s t i n g  language and more impor tan t  re-  
s u l t s  i s  t h e  t rea tment  by LISP of what a r e  c a l l e d  c o n d i t i o n a l  
e x p r e s s i o n s .  



1 .  Condi t iona l  Express ions  

I n  LISP language a c o n d i t i o n a l  exp re s s ion  has t he  fo l l owing  
k ind  of p a t t e r n :  

I f  s t a t emen t  P i s  true, t ake  exp re s s ion  E. Otherwise,  
i f  s ta tement  Q i s  t r u e ,  t ake  exp re s s ion  F. Otherwise,  
i f  s t a t emen t  R i s  true, t ake  exp re s s ion  G. 

The t r u t h  va lues  of t h e  s t a t emen t s  a r e  examined i n  sequence by 
t h e  computer, u n t i l  t h e  f i r s t  t r u e  s t a t emen t  i s  found. Then t h e  
exp re s s ion  p a i r e d  w i t h  t h i s  t r u e  s t a t emen t  i s  taken a s  t h e  va lue  
of  t h e  e n t i r e  c o n d i t i o n a l  exp re s s ion .  I f  none of  t h e  s t a t emen t s  
a r e  true, t h e  va lue  of  t h e  e n t i r e  c o n d i t i o n a l  exp re s s ion  i s  un- 
def i ned .  

The cond i t i ona l  exp re s s ion  above would be c o r r e c t l y  w r i t t e n  
f o r  t h e  LISP i n t e r p r e t e r  a s  fo l l ows ,  under t h e  assumption t h a t  
each of  P, Q, R, E, F, and G i s  an exp re s s ion  long enough t o  need 
around i t  paren theses  marking i t s  scope: 

(COND ( ( P )  ( E l )  ( ( Q I  ( F ) )  ( ( R )  ( G l ) )  

I n  t h e  fo l l owing ,  t h e  pa ren theses  a r e  numbered t o  i n d i c a t e  
t h e  scope of  exp re s s ions .  A l e f t  p a r e n t h e s i s  i s  p a i r e d  w i t h  t h e  
f i r s t  r i g h t  p a r e n t h e s i s  fo l l owing  i t ,  bea r ing  t h e  same number. 

(COND ( ( P l  ( E l )  ((QI ( F I )  ((RI (G)) )  
O 12 2 2 21 12  2 2 21 12 2 2 210 

The pa ren theses  numbered 1 mark t h e  s t a r t  and f i n i s h  of  c e r t a i n  
p a i r s  f o r  COND t o  pay a t t e n t i o n  t o ;  t h e  pa ren theses  numbered 2 
mark o f f  t h e  c o n s t i t u e n t s  of  each p a i r ,  t h e  s t a t emen t  and i t s  
cor responding  exp re s s ion .  

The r e s u l t  of  g i v i n g  t h i s  LISP exp re s s ion  t o  t h e  computer 
depends on which of  t h e  s t a t emen t s  P, Q, R i s  t r u e .  The r e s u l t  
i s :  E i f  P i s  t r u e ;  F i f  P i s  f a l s e  and Q i s  t r u e ;  G i f  both P 
and Q a r e  f a l s e  and R i s  t r u e ;  and undefined, i f  a l 1  of P ,  Q ,  and 
R a r e  f a l s e .  

But t h i s  express ion  w i l l  no t  o p e r a t e  i n  t h e  computer un l e s s  
t h e  computer has a way of  de te rmin ing  whether t h e  s t a t emen t s  
marked P, Q, R a r e  t r u e  o r  f a l s e .  And a t  t h i s  po in t ,  we have not  
t o l d  t h e  computer anyth ing  about  s t a t emen t s  P, Q, o r  R ,  and t h e  
computer has no way of  computing t h e  r e s u l t  of  t h e  exp re s s ion .  



I n  o r d e r  t o  i l l u s t r a t e  how t h e  cornputer can cornpute t h e  
r e s u l t  o f  an  e x p r e s s i o n  l i k e  t h i s ,  we rnay pu t  i n  known t r u t h  
v a l u e s  i n  p l a c e  o f  t h e  unknown t r u t h  v a l u e s  o f  t h e  s t a t e r n e n t s  
P, Q, R .  LISP r e c o g n i z e s  two t r u t h  v a l u e s ,  T  f o r  " t r u e "  and NIL 
f o r  " f a l s e " .  These  a r e  s o  b a s i c  t o  t h e  o p e r a t i o n  o f  LISP t h a t  
LISP p r o v i d e s  t h a t  QUOTE does  n o t  have t o  p r e c e d e  thern. T  i s  
t r e a t e d  t h e  sarne a s  (QUOTE T) and NIL i s  t r e a t e d  t h e  sarne a s  
(QUOTE NIL) .  (Note:  - T h i s  i s  b e c a u s e  T  h a s  t h e  c o n s t a n t  v a l u e  
T and NIL t h e  c o n s t a n t  v a l u e  NIL.)  

To p u t  i n  known t r u t h  v a l u e s ,  i n  p l a c e  o f  t h e  c o n d i t i o n s  i n  
COND, i s  o r d i n a r i l y  n o t  u s e f u l  e x c e p t  f o r  i l l u s t r a t i o n ,  w i t h  one 
i m p o r t a n t  e x c e p t i o n ;  i n  t h e  c a s e  o f  t h e  l a s t  c o n d i t i o n  o c c u r r i n g  
i n  t h e  whole c o n d i t i o n a l  e x p r e s s i o n  ( t h e  c o n d i t i o n  which r e f e r s  
t o  a l 1  t h e  r e m a i n i n g  c a s e s ) ,  T  i s  r e g u l a r l y  used.  (Note: T h e r e  
i s  a n  e x c e p t i o n  t o  t h i s  " r e g u l a r  rule"; t h e  e x c e p t i o n  i s  e x p l a i n e d  
below under t h e  t o p i c  "The Prograrn F e a t u r e " . )  

F o r  exarnple, e v a l u a t i n g  t h e  e x p r e s s i o n :  

(COND (NIL (QUOTE Dl )  
O 1 2  21 

(T (QUOTE E l ) )  
1 2  210 

w i l l  g i v e  t h e  r e s u l t  E. The c o n d i t i o n a l  e x p r e s s i o n :  

(COND (T (QUOTE D l )  
O 1 2  2  1 

(NIL (QUOTE E l ) )  
1 2  210 

h a s  t h e  v a l u e  D .  The c o n d i t i o n a l  e x p r e s s i o n :  

a l s o  h a s  t h e  v a l u e  D 

I f  we g i v e  t h e  computer:  

(COND (NIL (QUOTE D l )  
(NIL (QUOTE E l ) )  

t h e n  t h e  cornputer w i l l  r e p o r t  an e r r o r  and p r i n t  o u t  a s  a  
" d i a g n o s t i c "  f o r  t h e  e r r o r ,  a  syrnbol which s t a n d s  f o r  " i l l e g a l  
COND". I t  i s  i l l e g a l  b e c a u s e  no c o n d i t i o n  i s  t r u e .  



2 .  Abso lu t e  Value 

A s p e c i f i c ,  f a m i l i a r  example o f  a  c o n d i t i o n a l  e x p r e s s i o n  i n  
e l emen ta ry  mathemat ics  i s  t h e  o r d i n a r y  d e f i n i t i o n  of  t h e  a b s o l u t e  
v a l u e  o f  a  number. The a b s o l u t e  v a l u e  o f  a  number X  i s  a  number 
which may be d e f i n e d  i n  p r e c i s e  Eng l i sh  ( r e s emb l ing  t h e  LISP con- 
d i t i o n a l  e x p r e s s i o n )  a s :  

I f  X  i s  nega t i ve ,  t a k e  minus X .  Otherwise ,  
t a k e  X .  

L e t ' s  w r i t e  t h i s  i n  LISP. I n  LISP we have a v a i l a b l e  a  func- 
t i o n  GREATERP, which i s  used i n  t h e  e x p r e s s i o n  (GREATERP X  Y ) ,  
s t a n d i n g  f o r  " X  i s  g r e a t e r  than Y " .  I t  i s  t r u e  i f  X  i s  g r e a t e r  
than  Y ,  and f a l s e  i f  X  i s  n o t  g r e a t e r  than  Y .  I n  LISP we a l s o  
have a v a i l a b l e  t h e  f u n c t i o n  (MINUS X )  s t a n d i n g  f o r  " t h e  n e g a t i v e  
o f  X " .  

So t h e  a b s o l u t e  v a l u e  o f  X  cou ld  be computed i n  LISP from: 

(COND ((GREATERP O X) (MINUS X I )  
O 12  2  2 2 1 

(T XI 
1 10 

T h i s  e x p r e s s i o n  a s  i t  s t a n d s  would however no t  be  accep t ed  
by t h e  computer, because  LISP would no t  "know" what number X  
s t o o d  f o r ,  and s o  i t  cou ld  no t  compute t h e  r e s u l t .  I n  o r d e r  
f o r  t h i s  e x p r e s s i o n  t o  be  accep t ed  by t h e  computer, X  would have 
t o  be  r e p l a c e d  by a  s p e c i f i c  number, such a s  36, o r  (MINUS 131, 
o r  999975, e t c .  

Another po in t :  i n  t h e  c a s e  o f  a  number we do n o t  have t o  
u se  QUOTE, because  a  number i s  a ccep t ed  a s  i t s e l f .  For  example, 
we do no t  have t o  w r i t e  (MINUS (QUOTE 3 6 ) ) ;  t h i s  we can write 
s imply  a s  (MINUS 3 6 ) .  The computer w i l l  however a c c e p t  both 
(MINUS 36) and (MINUS (QUOTE 3 6 ) ) .  

3 .  P r e d i c a t e s  

I n  o r d e r  t o  make u se  o f  COND i n  LISP, t h e r e  have t o  be  ex- 
p r e s s i o n s  which can be true o r  f a l s e ,  and t h e s e  a r e  c a l l e d  "pred i -  
c a t e s " .  We s h a l l  c o n s i d e r  some examples: 

EQ, NULL, NUMBERP, and GREATERP 

These a r e  a v a i l a b l e  i n  PDP-1 LISP and i n  7090 LISP. I n  f a c t ,  we 
have a l r e a d y  used t h e  p r e d i c a t e  GREATERP. 



4. The Predicate EO 

EQ i s  a predicate which accepts two atomic symbols (we sha l l  
define t h i s  term a l i t t  l e  l a t e r )  such as "B1' or "CONS" or 11367", 
and compares them character by character. If  the t w o  atomic sym- 
bols are precisely the same character by character,  then EQ i s  
t rue .  otherwise not . For example, i t  i s  t rue  that "the atomic 
symbol A equals the atomic symbol A". So: 

gives as the resu l t  T standing for the t r u t h  value t rue .  

It i s  f a l se  that  "the atomic symbol A equals the atomic sym- 
bol B". So: 

gives as the resu l t  NIL, standing for  the t r u t h  value fa l se .  

I n  7090 LISP, EQ i s  not defined for numbers ; another predi- 
eate EQUAL i s  used instead. This i s  because i n  7090 LISP numbers 
are  not stored as characters. I n  PDP-1 LISP, however, EQ i s  de- 
fined fo r  numbers; and, for  example, the expression 

i s  accepted and has the value T . 
5. The Predicate NULL and the Eapt y List  

The predicate NULL accepts a single argument X ,  which may be 
any LISP expression. I f  t h i s  argument X when evaluated i s  equal 
t o  NIL, then (NULL XI i s  t rue,  and has the value T. If the argu- 
ment X when evaluated i s  n o t  equal t o  NIL, then (NULL X) i s  f a l s e ,  
and has the value NIL. 

By convention, there i s  only one empty l i s t  i n  LISP; t h i s  i s  
a l i s t  (or the l i s t )  containing no elements. It i s  denoted by 
( ) or by NIL; these representat ions are equivalent . Thus, i f  L 
i s  a l i s t ,  then (NüLL L) i s  t rue  i f  L i s  empty, and i s  f a l se  
otherwise. 

For example, : 

i s  ( 1 ,  or NIL, the empty l i s t .  Therefore: 

(NULL (COR (QUOTE (A) 1 )  



i~ t r u e ,  and has t h e  va lue  T. 

S ince  NIL i s  a l s o  used a s  t h e  t r u t h  va lue  f o r  " f a l s e " ,  i f  P  
i s  a  s ta tement  which can be t r u e  o r  f a l s e ,  t h e n  (NULL P) has  t h e  
va lue  T i f  P  i s  t r u e ,  and t h e  v a l u e  NIL i f  P  i s  f a l s e .  So, i n  
t h i s  c a s e  (NULL P )  i s  e q u i v a l e n t  t o  NOT-P. 

For example, it i s  t r u e  t h a t  " t h e  atomic symbol A i s  not 
equa l  t o  t h e  atomic symbol B". So:  

has  t h e  va lue  T. 

I n  7090 LISP, t he re  is a  s e p a r a t e  f u n c t i o n  NOT e q u i v a l e n t  
t o  NULL, and F i s  used a s  we l l  a s  NIL t o  deno te  t h e  t r u t h  v a l u e  
f a l s e .  

6 .  The P r e d i c a t e  NUMBERP 

Th i s  p r e d i c a t e  s t a n d s  f o r  " i s  a  number". "36 i s  a  number" 
becomes : 

(NUMBERP 36) 

Put  i n t o  t h e  computer, i t  w i l l  g i v e  a s  a  r e s u l t :  T. 

7 .  The P r e d i c a t e  GREATERP 

As mentioned be fo re ,  t h i s  p r e d i c a t e  s t a n d s  f o r  " i s  g r e a t e r  
than".  "36 i s  g r e a t e r  than 34" becomes " t h e  t r u t h  va lue  o f  36 
being  g r e a t e r  than 34"; 

(GREATERP 36 34) 

w i l l  g i v e  a s  t h e  r e s u l t  T. 

8. Numerical Funct ions  

P r e d i c a t e s  a r e  f u n c t i o n s  t h a t  have f o r  va lues  e i t h e r  t r u e  
(TI o r  f a l s e  (NIL). There e x i s t  i n  LISP many k inds  of  f u n c t i o n s  
b e s i d e s  p r e d i c a t e s ,  i n c l u d i n g  f u n c t i o n s  which may have numbers, 
l e t t e r s ,  l i s t s ,  e t c . ,  f o r  t h e i r  va lues .  

We s h a l l  cons ide r  f i r s t  some o f  t h e  f u n c t i o n s  o f  numbers 



Among t h e  numerical f u n c t i o n s  d e f i n e d  i n  LISP a r e  PLUS, 
MINUS, TIMES, and QUOTIENT. PLUS t akes  any number of arguments .  
MINUS t a k e s  on ly  one argument (producing  the n e g a t i v e  of  a  num- 
b e r ) ,  s o  t h a t  s u b t r a c t i o n  has  t o  be performed us ing  both K.US and 
MINUS. TIMES t a k e s  any number o f  arguments.  QUOTIENT t a k e s  two 
arguments,  t h e  f i r s t  one being the d iv idend  and t h e  second one 
be ing  t h e  d i v i s o r .  

For example: 
Resul  t i n  Resul t i n  

Example of LISP Express ion  Decimal (7090) Octa l  (PDP-1) 

(PLUS 2 3 5 )  
(MINUS 5) 
(TIMES 2 3 6 )  
(QUOTIENT 6 3 
(QUOTIENT 334 333) 
(QUOTIENT 333 334) 



I I I .  DEFINING AND USING NEW TERMS AND EXPRESSIONS 

One o f  t h e  f e a t u r e s  o f  LISP i s  t h e  power t o  d e f i n e  new terms 
and exp re s s ions ,  a s  may be d e s i r e d ,  and then t o  make use of  them. 
Th i s  i s  l i k e  t h e  power i n  mathematics when s o l v i n g  a  problem t o  
Say "Let x  equal" o r  "Let F(x)  be a  func t ion  such t h a t  ...." 

The express ion  CSET i n  LISP e s t a b l i s h e s  ( o r  "se t s" )  a  name 
which w i l l  have a  s iven  c o n s t a n t  value.  (The l e t t e r  C i n  CSET re- 
f e r s  t o  t h e  f i r s t  l e t t e r  of  "Constant".)  The c o n s t a n t  va lue  may 
be determined a s  a  number, o r  a  l i s t ,  o r  t h e  r e s u l t  of e v a l u a t i n g  
ano the r  exp re s s ion .  Then, whenever you may make use of t h e  name, 
t h e  computer w i l l  s u b s t i t u t e  t h e  value.  You make use of  CSET 
w i t h  t h e  LISP idiom: 

(CSET (QUOTE ..... (QUOTE ..... 1) 
1 2 

where Blank 1 i s  f i l l e d  wi th  t h e  name you have chosen, and Blank 
2 i s  f i l l e d  with t h e  exp re s s ion .  I f  Blank 2 i s  f i l l e d  wi th  a  
number, t h e  paren theses  and t h e  QUOTE may be dropped. 

For example, i f  t h e  LISP i n t e r p r e t e r  eva lua t e s :  

(CSET (QUOTE DAN) 314) 

t h e  name DAN i s  given a  permanent va lue  314, and you may use DAN 
a t  any t ime,  meaning t h e  number 314. For  example you can use DAN 
i n  an express ion  l i k e  t h e  fo l l owing :  

(PLUS DAN DAN DAN) 

The i n t e r p r e t e r  w i l l  produce: 

942 ( i n  decimal,  wi th  t h e  IBM 70901, o r  
1144 ( i n  o c t a l ,  wi th  t h e  PDP-1) 

To g ive  t o  t h e  computer t h e  i n s t r u c t i o n  t o  s e t  t h e  name DAN 
a t  314, you would i n s t r u c t  t h e  IBM 7090 LISP system a t  t h e  t o p  
1 eve l  : 

CSET (DAN 314) 

bu t  t o  i n s t r u c t  t h e  PDP-1 LISP system you would use: 

(CSET (QUOTE DAN) 314) 

I f  you wish t o  look up t h e  express ion  a t  which DAN has  been 
s e t ,  you may g ive  t h e  LISP i n t e r p r e t e r :  
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and t h e  i n t e r p r e t e r  w i l l  g i v e  t h e  va lue :  

2 .  CSETQ 

The e x p r e s s i o n  CSETQ i n  LISP, l i k e  t h e  e x p r e s s i o n  CSET, es -  
t a b l i s h e s  o r  " s e t s "  a  name which w i l l  have  a s  i t s  v a l u e  a  g iven 
c o n s t a n t ,  o r  t h e  r e s u l t  o f  e v a l u a t i n g  a n o t h e r  e x p r e s s i o n .  You 
make u s e  o f  CSETQ w i t h  t h e  LISP idiom: 

(CSETQ ..... (QUOTE ..... 1) 
1 2 

where  Blank 1 i s  f i l l e d  w i t h  t h e  name you have chosen ,  and Blank 
2 i s  f i l l e d  w i t h  t h e  e x p r e s s i o n .  

For  example ,  you may d e s i g n a t e  t h e  meaning o f  JILL by put-  
t i n g  i n :  

(CSETQ J I L L  (CAR (QUOTE (D E F G ) ) ) )  

I f  t h e  LISP i n t e r p r e t e r  r e c e i v e s  t h i s  e x p r e s s i o n ,  i t  s e t s  t h e  
v a l u e  o f  JILL t o  t h e  v a l u e  o f  t h e  second e x p r e s s i o n .  

I f  i n  PDP-1 LISP you wished t o  v e r i f y  what JILL s t a n d s  f o r ,  
you would p u t  i n :  

JILL 

and t h e  PDP-1 would respond  by t y p i n g  ou t :  

which i s  c o r r e c t ,  s i n c e  D i s  t h e  f i r s t  one  o f  t h e  l i s t  D E F G .  
On t h e  7090, you c o u l d  have t h e  i n t e r p r e t e r  f i n d  t h e  v a l u e  o f  
JILL by h a v i n g  i t  e v a l u a t e :  

( PRINT JILL) 

CSET and CSETQ a r e  i d e n t i c a l  e x c e p t  t h a t  w i t h  CSET you must 
write QUOTE i n  f r o n t  o f  t h e  f i r s t  a rgument ,  and w i t h  CSETQ you 
must n o t .  



3. DEFINE and LAMBDA 

DEFINE and LAMBDA a r e  two of  t h e  exp re s s ions  i n  7090 LISP 
which e n a b l e  us t o  d e f i n e  new f u n c t i o n s ,  g i v e  t h e m  names, and 
make use o f  them. 

For example, suppose you have PLUS and you would l i k e  t o  
d e f i n e  DOUBLE. The DOUBLE of  m o f  course  i s  m p lu s  m; t h e  DOUBLE 
of  y i s  y p lu s  y ;  t h e  double  of  213 i s  213 p l u s  213 o r  426. What 
we want t o  accomplish i s  t o  l a y  down a r u l e  l i k e  t h i s :  For any 
x, t h e  double  of  x i s  x p l u s  x. 

We can e s t a b l i s h  t h i s  s o r t  of  d e f i n i t i o n  i n  LISP and make 
use o f  i t .  In 7090 LISP, we put in the expression: 

DEFINE(((D0UBLE (LAMBDA (XI (PLUS X X))))) 

The computer w i l l  respond: 

(DOUBLE) 

t e l l i n g  us t h a t  t h i s  f u n c t i o n  i s  now a v a i l a b l e  t o  us .  

To DOUBLE t h e  number t h r e e ,  f o r  example, i f  t h e  LISP i n t e r -  
p r e t e r  i s  given:  

(DOUBLE 3 )  

it will give the value: 

DEFINE i s  s h o r t  f o r  DEFINE THE EXPRESSION. LAMBDA i s  t o  
some e x t e n t  e q u i v a l e n t  t o  t h e  Engl i sh  ph ra se  "FOR ANY". Thus t h e  
LISP s ta tement:  

DEFINE(((D0UBLE (LAMBDA (XI (PLUS X X))))) 

i s  i n  e f f e c t  something l i k e  t h e  s t a t emen t  

DEFINE THE EXPRESSION: DOUBLE (FOR ANY X) (PLUS X X) 

What i s  t h e  meaning of  a l 1  t h i s ?  The gene ra l  form of  t h e  
LISP idiom which we a r e  u s i n g  i s :  

DEFINE((( ..... (LAMBDA (.....) ( . . . . . ) ) ) ) )  
1 2 3 



The word "lambda" ( t h e  Greek name f o r  t h e  l e t t e r  L) i s  a  
s i g n  used  by t h e  symbol ic  l o g i c i a n  Alonzo Church who i n  t h e  1940's 
p o i n t e d  o u t  t h e  need f o r  naming a  f u n c t i o n  i n  m a t h e m a t i c s  ( s u c h  
a s  y  = x2 ( a  c e r t a i n  p a r a b o l a )  o r  z = u2 ( t h e  same p a r a b o l a ) )  i n -  
d e p e n d e n t l y  o f  t h e  a l g e b r a i c  l e t t e r s  b e i n g  used t o  t a l k  a b o u t  i t ) .  

Blank 1  above i s  f i l l e d  w i t h  any name t h a t  we wish t o  u s e  
f o r  a  f u n c t i o n  b e i n g  d e f i n e d .  Blank 3 i s  f i l l e d  w i t h  a  d e f i n i n g  
e x p r e s s i o n ,  o f t e n  a  c o n d i t i o n a l  exp res s ion .  Blank 2 i s  f i l l e d  

w i t h  a  l i s t  of v a r i a b l e s  which we may c a l 1  t h e  "lambda l i s t " .  

The o r d e r  o f  t h e  v a r i a b l e s  i n  t h e  lambda l i s t  i s  t h e  p r e c i s e  
o r d e r  i n  which va lues  f o r  t hose  v a r i a b l e s  have t o  be mentioned when 
t h e  d e f i n e d  e x p r e s s i o n  is  used. Most of t h e  time these  v a r i a b l e s  
a r e  s p e c i f i e d  o r  l i m i t e d  o r  bound i n  t h e  d e f i n i n g  expres s ion  t h a t  
o c c u p i e s  Blank 3. Some o f  t h e  time however t h e  v a r i a b l e s  a r e  no t  
s p e c i f i e d  o r  l i m i t e d  o r  bound c u r r e n t l y  i n  t h e  d e f i n i n g  e x p r e s s i o n  
t h a t  f i l l s  Blank 3 ,  b u t  i n s t e a d  a t  some o t h e r  p o i n t  i n  a n o t h e r  
d e f i n i t i o n .  Such v a r i a b l e s  a r e  c a l l e d  f r e e  v a r i a b l e s  o r  parame- 
t e r s .  However, b e f o r e  t h e  computer w i l l  cornpute a  r e s u l t ,  any 
f r e e  v a r i a b l e  must  b e  bound t o  a  va lue .  

DEFINE i n  7090 LISP h a s  a  f u r t h e r  u s e f u l  p r o p e r t y .  Suppose  
you have more than  o n e  d e f i n i t i o n  - Say t h r e e  - t h a t  you wish 
t o  e x p r e s s ;  you can then  p u t  a l 1  o f  them i n s i d e  t h e  DEFINE, writ- 
i n g  a s  f o l l o w s :  

DEFINE ( 
1 s t  d e f . :  ( . . . . .  (LAMBDA ( . . . . . )  . . . . .)  ) 
2nd d e f . :  ( . . . . .  (LAMBDA ( . . . . . )  . . . . .  ) )  
3 r d  d e f . :  ( . . . . .  (UMBDA ( . . . . . )  . . . . .  1 )  

) 

The o u t e r  l e f t  p a r e n t h e s i s  a f t e r  DEFINE i n d i c a t e s  t h a t  t h e  
argument  o f  DEFINE w i l l  f o l l o w .  The i n n e r  l e f t  p a r e n t h e s i s  a f t e r  
DEFINE i n d i c a t e s  t h a t  t h e  argument i s  a  l i s t .  The two r i g h t  paren-  
t h e s e s  a t  t h e  end c l o s e  t h e  two e x p r e s s i o n s .  When o n l y  one  ex- 
p r e s s i o n  i s  b e i n g  d e f i n e d ,  t h e  l i s t  i s  a  l i s t  o f  one member, con- 
s i s t i n g  of  t h e  s i n g l e  e x p r e s s i o n  b e i n g  d e f i n e d .  

4 .  The E x p r e s s i o n  DEX 

I n  LISP on t h e  PDP-1, LAMBDA i s  used i n  j u s t  t h e  same way 
b u t  DEFINE i s  n o t  u s e d .  What i s  used i n s t e a d  o f  DEFINE i s  t h e  ex- 
p r e s s i o n  DEX, and t h e  idiorn i s :  

(DEX . . . . .  (LAMBDA ( . . . . . )  ..... 11 
1 2 3 



Blanks 1 ,  2,  and 3 a r e  f i l l e d  i n  j u s t  t h e  same way. 

I n  PDP-1 LISP, i f  you wish t o  d e f i n e  t h r e e  e x p r e s s i o n s ,  you 
need t o  w r i t e  t h e  DEX idiom comple te ly  t h r e e  t imes .  

5 .  The Func t i on  SQUARE 

"The squa re  of  any number X i s  X t imes  X . "  I n  7090 LISP, 
we p u t  t h i s  d e f i n i t i o n  i n t o  t h e  computer a s  f o l l ows :  

DEFINE(((SQUARE (LAMBDA ( X )  (TIMES X X I ) )  1 )  
012 3 4 4 4  432 10 

The computer responds:  

(SQUARE) 

i n d i c a t i n g  t h a t  t h e  f u n c t i o n  SQUARE i s  a v a i l a b l e .  

To t e s t  t h e  o p e r a t i o n  of  t h i s  d e f i n i t i o n ,  we p u t  i n t o  t h e  
7090 LISP i n t e r p r e t e r  ( u s i n g  t h e  7090 e x t e r n a l  form of  t h e  LISP 
i n t e r p r e t e r ) :  

SQUARE ( 3 )  

and t h e  computer responds:  9  

The i n t e r n a 1  form f o r  t h i s  i n s t r u c t i o n  f o r  c a l c u l a t i o n  i s :  

(SQUARE 3) 

I n  PDP-1 LISP on ly  t h e r e  must be i n  a d d i t i o n  a  space  a t  t h e  end,  
which means "go" o r  " f i n i s h e d " .  

T h i s  i s  t h e  form f o r  commanding the PDP-1 LISP i n t e r -  
p r e t e r  t o  c a l c u l a t e .  S i n c e  t h e  PDP-1 LlSP i n t e r p r e t e r  r e g u l a r l y  
u se s  o c t a l  numbers, t h e  computer responds  w i t h  11 ,  which i s  n i n e  
i n  o c t a l .  The 7090 g ives  t h e  r e s u l t  9,  i n  decimal.  

6 .  The Funct ion CUBE 

S i m i l a r l y ,  "the cube o f  any number X i s  X t imes  X t imes  X" .  

DEFINE(((CUBE (LAMBDA ( X I  (TIMES X X X ) ) ) ) )  
O1 2 3 4 4 4  43210 

7 .  The Func t ion  TRIPLE 

DEFINE(((TR1PLE (LAMBDA ( X I  (PLUS X X X I )  1) 



From t h i s  p o i n t  on we s h a l l  assume DEFINE ( (  . . . . . ) o r  
(DEX . . . . .) and simply m i t e  t he  i n t e r n a l  p a r t  of t h e  d e f i n i n g  
express  ion.  

8. The Funct ion  SMALlER 

"The sma l l e r  of two numbers X and Y i s  Y i f  X i s  g r e a t e r  
than  Y ,  o the rwi se  X."  I n  p r e c i s e  English:  

The sma l l e r  of two numbers X and Y is  computed from: 

I f  X is g r e a t e r  than Y ,  t ake  Y .  Otherwise,  
t ake  X. 

I n  LISP we mite f o r  t he  d e f i n i n g  express ion:  

(SMALLER (LAMBDA U( Y) (COND 
( (GREATERP X Y) Y) 
(T X) 1) 

Test ing:  SMALLER (11 15) ( fo r  t h e  7090 - e x t e r n a l  form) 
or :  CSMALiER 11 15) ( fo r  t h e  PDP-1 and t h e  7090 

i n t e r n a l  forml 

and t h e  computer responds: 11 

9. The P r e d i c a t e  ZEROP 

Let us now e x p r e s s  i n  LISP t h e  c o n d i t i o n  "x i s  equa l  t o  
zero"  where x  is  a  number. Of ten  i n  c a l c u l a t i o n s ,  t h i s  i s  a  use- 
f u l  condi t ion .  We g ive  t h e  p r e d i c a t e  "is e q u a l  t o  zero"  t h e  name 
ZEROP. Quote: Of ten  i n  LISP, t h e  l e t t e r  P  a t t a c h e d  t o  t h e  end of 
a  word o r  name s i g n i f i e s  t h a t  i t  d e s i g n a t e s  a  p r e d i c a t e . )  We 
t r a n s l a t e  e v a l u a t i o n  of t h e  c o n d i t i o n  "x i s  e q u a l  t o  O" i n t o  t h e  
t a s k  of computing t h e  t r u t h  va lue  of t h e  p r e d i c a t e  " i s  equa l  t o  
zero".  Th i s  is  computed from: 

I f  x i s  equa l  t o  - O ,  t ake  t r u e ,  E l s e  
t ake  f a l s e .  

This  i s  w r i t t e n  i n  PDP-1 LISP a s  fol lows:  

(ZEROP (LAMBDA O0 (COND 
((EQ X O) T) 
(T N I L ) ) ) )  

We g ive  t h i s  t o  t h e  PDP-1 w i t h i n  a  DEX s t a t e m e n t .  The computer 
accep t s  it and types  back: 

ZEROP 



I n  PDP-1 LISP, i n  t h e  def i n i t i o n  above, we can use t h e  pre- 
d i c a t e  EQ f o r  r e l a t i n g  X and O because numbers a r e  t r e a t e d  a s  
atomic symbols. I n  7090 LISP we would need t o  r e p l a c e  t h e  predi -  
c a t e  EQ by t h e  p r e d i c a t e  EQUAL (see  d e f i n i t i o n  below) , s i n c e  t h e  
p r e d i c a t e  EQ w i l l  no t  o p e r a t e  c o r r e c t l y  f o r  numbers. (Note: I n  
7090 USP t h e  d e f i n i n g  of  ZEROP is  not  necessary  s i n c e  it i s  a l -  
ready  a v a i l a b l e  i n  t h e  LISP system wi th  a sub rou t ine  expressed  i n  
machine language.) 

To test  t h i s  de f ined  p r e d i c a t e ,  we may t r y  va r ious  numbers: 

Express i on  
(ZEROP O) 
(ZEROP 7) 
(ZEROP 1234) 
(ZEROP 777776) 

Res u l  t 
T 
N I  L 
NIL 
NIL 

I n  PDP-1 LISP, minus z e r o  i s  no t  z e r o  and is  no t  equa l  t o  ze ro .  
If i n  PDP-1 USP we type  in: (ZEROP 7777771, t h e  r e s u l t  is: NIL 

10. A v a i l a b i l i t v  of  Express ions  f o r  D e f i n i t i o n s  

For  7090 LISP, i t  is  s t a t e d  t h a t  a l 1  t h e  exp res s ions  appear- 
i ng  i n  t h e  "USP 1.5 Programmer's Manual" a r e  a v a i l a b l e  i n  t h e  
LISP system, and can be used by anyone who wishes.  

Fo r  t h e  b a s i c  PDP-1 LISP system a s  of March, 1964, Table 1 
is a complete l i s t  of exp res s ions  a v a i l a b l e .  (Many of t h e s e  ex- 
p r e s s i o n s  a r e  not  d e f i n e d  i n  t h i s  paper because they  a r e  o u t s i d e  
of t h e  province  of t h e  p r e s e n t  exp lana t ion ;  however, many of them 
a r e  de f ined  i n  a l a t e r  appendix i n  t h i s  volume.) 

This  l i s t  i s  named t h e  OBLIST. When OBLIST i s  typed,  and 
t h e  space bar  pressed ,  t h e  PDP-1 w i l l  immediately p r i n t  o u t  t h e  
e n t i r e  l i s t  of exp res s ions ;  t h e  p r i n t i n g  i s  i n  rows, wi th  a s in-  
g l e  space  between t h e  end of  one name and t h e  beginning of t h e  
next  name, The word " o b l i s t "  comes from "object"  and "list". 

During t h e  course of any computation us ing  LISP t h e  computer 
adds t o  t h e  OBLIST any o t h e r  terms t h a t  may be def  i ned  o r  used i n  
t h e  computation. 



Table 1 

THE LIST OF EXPRSSIONS AVAILABLE I N  BASIC PDP-1 
LISP: - THE "OBLIST" 

APV AL 
ATOM 
CAR 
CDR 
COND 
c o s  
EQ 
EV AL 
EXPR 
FEXPR 
FS UBR 
GENS YM 
GO 
GREATERP 

LAMBDA 
LIST 
IM; 
LOG AND 
LOGOR 
M I N E  
NIL 
NU LL 
NUYIBERP 
OBLIST 
PL16 
PRINT 
PRINl ( the  l a s t  char- 

a c t e r  is  one) 
PR OG 

QUOTE 
QUOTIENT 
READ 
RETURN 
RPLACA 
R PLACD 
SASSOC 
S ETQ 
STOP 
SUBR 
T 
TERPRI 
TI MES 
XEQ 

I f  you wish t o  d e f i n e  a  new expres s ion ,  then  i n  o r d e r  t o  
avoid confus ion ,  you should r e g u l a r l y  use a s  a  name one which d i f -  
f e r s  from eve ry  one of t h e  exp res s ions  i n  t h e  e x i s t i n g  OBLIST. 
There a r e  excep t ions  t o  t h i s  r u l e :  (U i f  you w i s h  t o  use f o r  t he  
same name, a  d e f i n i t i o n  d i f f e r e n t  from t h e  one i n  t he  OBLIST, you 
can "wr i t e  over" t h e  def i n i t i o n ,  producing a  new one t o  be used, 
and your d e f i n i t i o n  w i l l  govern; (2 i f  you remove an expres s ion  
from t h e  OBLIST e n t i r e l y  (which i s  p o s s i b l e ,  though the  method 
f o r  doing s o  i s  not  exp la ined  here) , you may use t h e  r e l e a s e d  name 
i n  any way you w i s h .  

11. A l t e r n a t i v e  D e f i n i t i o n s  

Many f u n c t i o n s  of course  can be de f ined  i n  a l t e r n a t i v e  ways. 
There a r e  o t h e r  ways of d e f i n i n g  ZEROP, f o r  example. I n  Engl i sh :  

x is  equa l  t o  O i f  and only  i f  x i s  not  g r e a t e r  than  
O and x i s  no t  l e s s  than  O. 

Th i s  may be expressed  i n  more p r e c i s e  Eng l i sh ,  i n  a  LISP s t y l e  
a s  fo l lows:  

x i s  equa l  t o  O: 

If x i s  not g r e a t e r  than  0 ,  and 
i f  x  i s  not l e s s  than  O ,  t ake  t r u e .  E l s e  take  f a l s e .  



Now t h e  e x p r e s s i o n  GREATERP i s  i n  t h e  OBLIST; s o  i t  can be used. 
The e x p r e s s i o n  AND has a d e f i n i t i o n  (see Appendix 4) by means of 
which i t  can be p u t  i n t o  t h e  OBUST, and used. But an e x p r e s s i o n  
LESSP is  not  i n  t h e  OBLIST ( f o r  t h e  PDP-U. The e a s i e s t  t h i n g  t o  
do i s  t o  r e p l a c e  t h e  E n g l i s h  "x i s  no t  less than  O" by t h e  Eng- 
l i s h  "O is  not  g r e a t e r  t han  x", and then  t r a n s l a t e  i n t o  LISP: 

(ZEROP (LAMBDA 0 (COND 
O 1 2 2 2  

( (AND (NOT (GREATERP X O) 
34 5 6 65 

OVOT (GREATERP O X) 1) Tl 
5 6 654 3 

(T N I L ) ) ) )  
3 3210 

ZEROP can a l s o  be expres sed  i n  ano the r  way i n  LISP-style 
Eng l i sh ,  avoid ing  AND: 

I f  O is  not  g r e a t e r  t h a n  x ,  t hen  

I f  x i s  n o t  g r e a t e r  t han  O ,  t h e n  t r u e .  E l s e  
F a l s e .  E l s e  

F a l s e .  

T r a n s l a t i n g  i n t o  USP: 

(ZEROP (LAMBDA (XI (COND 
O 1 2 2 2  

( NULL (GREATERP O X) 
34 5 54 

(COND ( (NULL (GREATERP X O) Tl 
4 5 6  7 76 5 

(T N I L ) ) )  
5 543 

(T NIL)))) 
3 3210 

Th i s  d e f i n i t i o n  w i l l  g ive  r e s u l t s  no d i f f e r e n t  from any o t h e r  
d e f i n i t i o n  of ZEROP. 



I V .  ATOMIC EXPRESSIONS 

For a  l ong  time we have avoided d i s c u s s i n g  what a r e  c a l l e d  
atomic e x p r e s s i o n s  o r  a tomic symbols o r  a toms.  But we have used 
them, both i n d i v i d u a l l y  and a s  e lements  o f  l i s t s .  Examples a r e :  

- s i n g l e  l e t t e r s  such a s :  A, B. Cl D ,  E l  F I  . . . .  
- numbers such a s :  5, 314,  777772, . . . .  
- names of exp re s s ions  i n  LISP such a s  CAR, CDR, 

PLUS, . . . .  

We now s t a t e  a  d e f i n i t i o n :  I n  7090 LISP an atomic symbol 
( o r  a tomic  exp re s s ion  o r  atom) i s  ( 1 )  a  s t r i n g  of  numerals and 
c a p i t a l  l e t t e r s  of  no t  more than 30 c h a r a c t e r s ,  i n  which t h e  
f i r s t  c h a r a c t e r  i s  a  l e t t e r ,  o r  ( 2 )  a  number, c o n s i s t i n g  of a  
s t r i n g  o f  numerals,  o p t i o n a l l y  s t a r t i n g  wi th  + o r  -, and wi th  o r  
w i thou t  a  p e r i o d  (which i n d i c a t e s  t h e  "poin t"  i n  t h e  s c a l e  of  nota-  
t i o n ) .  S i n c e  7090 LISP r e g u l a r l y  uses  decimal  n o t a t i o n  f o r  numbers, 
t h e  d i g i t s  8 and 9 w i l l  be accep ted  a s  numerals .  Ne i the r  spaces  
nor p a r e n t h e s e s  may be used i n s i d e  an atomic symbol. I n  PDP-1 LISP 
an atomic symbol i s  (1) a  s t r i n g  ( o f  i n d e f i n i t e  l e n g t h )  of lower 
c a s e  l e t te rs ,  upper c a s e  l e t t e r s ,  numerals ,  o r  o t h e r  c h a r a c t e r s  
(except :  space ,  t a b ,  comma, c a r r i a g e  r e t u r n ,  pe r iod ,  l e f t  paren- 
t h e s i s ,  r i g h t  p a r e n t h e s i s ,  over-bar ,  v e r t i c a l  b a r )  o r  ( 2 )  an i n t e g e r  
c o n s i s t i n g  of  a  s t r i n g  o f  numerals .  S ince  PDP-1 LISP uses  t h e  o c t a l  
system, t h e  d i g i t s  8 and 9 w i l l  no t  be accep ted  a s  numerals.  The 
two c h a r a c t e r s  over-bar  and v e r t i c a l  bar  (which a r e  completely 
e q u i v a l e n t )  a l l o w  c o n s t r u c t i o n  of  s p e c i a l  a tomic symbols us ing  fo r -  
bidden c h a r a c t e r s ;  when one o f  t h e s e  i s  used, t h e  next  c h a r a c t e r  i s  
pu t  i n t o  t h e  symbol name i r r e s p e c t i v e  of  whether i t  i s  forb idden  o r  
n o t .  

The marker which precedes  an atomic symbol i s  e i t h e r  a  paren- 
t h e s i s  o r  a  space .  The marker which ends an atomic symbol i s  e i t h e r  
a  space  o r  a  p a r e n t h e s i s .  I f  by mi s t ake  we seek t o  make an atomic 
symbol c o n t a i n i n g  one o r  more spaces  o r  pa ren theses ,  t h e  LISP pro- 
gram i n s i d e  t h e  computer w i l l  r e cogn ize  t h e  exp re s s ion  a s  two o r  
more atomic symbols. 

These symbols a r e  c a l l e d  atomic because t hey  a r e  t r e a t e d  i n  
LISP a s  wholes and w i t h i n  LISP a r e  no t  s p l i t  i n t o  i n d i v i d u a l  char- 
a c t e r s .  

For example, A, C, R, CAR, CDR have no r e l a t i o n  t o  each o t h e r  
i n  LISP because no p a r t  of LISP can r e g u l a r l y  e i t h e r  observe  o r  
r e p o r t  t h a t  t h e s e  f i v e  exp re s s ions  have some c h a r a c t e r s  i n  common. 

The p r e d i c a t e  EQ r e p o r t s  on t h e  e q u a l i t y  of  two atomic sym- 
b o l s ;  i t  i s  no t  de f ined  f o r  exp re s s ions  t h a t  a r e  no t  a tomic .  



The p r e d i c a t e  ATOM i s  t r u e  i f  i t s  argument i s  an atomic 
symbol; i t  i s  f a l s e  i f  i t s  argument i s  no t  an atomic symbol. 

V .  RECURSIVE DEFINITIONS 

A most important  f e a t u r e  of  LISP i s  the a b i l i t y  t o  make use 
of  r e c u r s i v e  d e f i n i t i o n s  of  f u n c t i o n s .  These a r e  d e f i n i t i o n s  
which f i r s t  d e f i n e  an idea  i n  one o r  more s p e c i a l  s t a r t i n g  o r  
f i n i s h i n g  cases ,  and then  d e f i n e  t h e  idea  i n  t h e  gene ra l  c a s e  i n  
terms of a  preceding o r  a d j a c e n t  ca se .  

F o r  example, i n  a r i t h m e t i c  a  geomet r ic  s e r i e s  can be de f ined  
making use of  a  r e c u r s i v e  d e f i n i t i o n :  

( i )  A geomet r ic  s e r i e s  i s  a  s e r i e s  wi th  a  f i r s t  term 
equal  t o  2, and wi th  any term equal  t o  t h e  pre- 
ced ing  term m u l t i p l i e d  by a   constant^. 

Also, an a r i t h m e t i c  s e r i e s  can be d e f i n e d  r e c u r s i v e l y :  

( i i )  An a r i t h m e t i c  s e r i e s  i s  a  s e r i e s  w i th  a  f i r s t  
term equal  t o  2,  and w i t h  any term equal  t o  t h e  
preceding term p lus  a  c o n s t a n t  d i f f e r e n c e  - d .  

1.  The P r e d i c a t e  EQUAL 

An example of  a  r e c u r s i v e  d e f i n i t i o n  i s  LISP i s  t h e  d e f i n i -  
t i o n  of  t h e  p r e d i c a t e  EQUAL. The d e f i n i t i o n  makes use o f  EQ f o r  
a  s p e c i a l  c a s e  and then makes use o f  EQUAL t o  d e f i n e  t h e  gene ra l  
c a s e  i n  terms of t h e  preceding  c a s e .  

Two exp re s s ions  i n  LTSP a r e  EQUAL, i f  t hey  a r e  made up o f  
equa l  a tomic symbols, i n  p r e c i s e l y  t h e  same s t r u c t u r e .  More pre- 
c i s e l y ,  t h e  express ion  X i n  LISP i s  EQUAL t o  ano the r  exp re s s ion  
Y i n  LISP i f  and only  i f :  

( i )  X i s  an a tomic  symbol and Y i s  an atomic symbol, 
and X EQ Y; e l s e ,  

( i i )  i f  CAR X i s  EQUAL t o  CAR Y, and CDR X i s  EQUAL t o  
CDR Y .  

How does t h e  d e f i n i t i o n  o p e r a t e ?  L e t ' s  t a k e  an example. Sup- 
pose X i s  ( A  B  C )  and Y i s  ( A  B  C l .  Here a r e  t h e  s teps :  

F i r s t  Appl ica t ion  of  t h e  D e f i n i t i o n , t o  (A B  C l .  X i s  (A B C) 
and Y i s  (A B C l .  But c o n d i t i o n  ( i l  i s  not  t r u e ,  because  (A B C) 
i s  no t  an atomic symbol. Go t o  c o n d i t i o n  ( i i l .  C a l c u l a t e  CAR X 



and CAR Y, CDR X and CDR Y .  CAR X i s  A ;  CAR Y i s  A .  CDR X i s  t h e  
l i s t  ( B  C) and CDR Y i s  t h e  l i s t  (B C ) .  

Second A p p l i c a t i o n  of t h e  D e f i n i t i o n ,  t o  A. The new X i s  t h e  
o l d  CAR X, which i s  A ;  t h e  new Y i s  t h e  o l d  CAR Y, which i s  A .  
These  a r e  a t o m i c .  Apply ( i l .  The two atoms A s a t i s f y  EQ; and s o  
c o n d i t i o n  ( i l  i s  met. 

T h i r d  A p p l i c a t i o n  o f  t h e  n 0 f i n i t i o n . t . o  (B C I .  (B C) i s  CDR 
o f  t h e  o r i g i n a l  X and CDR o f  t h e  o r i g i n a l  Y .  These  a r e  n o t  atom- 
i c .  So c o n d i t i o n  ( i )  i s  n o t  met.  Go t o  c o n d i t i o n  ( i i ) .  Calcu- 
l a t e  CAR X, CAR Y, CDR X, and CDR Y, where X and Y a r e  now e q u a l  
t o  t h e  l i s t  (B C l .  These  a r e  B  and ( C l .  

F o u r t h  A p p l i c a t i o n  o f  t h e  D e f i n i t i o n ,  t o  B. C o n d i t i o n  ( i )  
i s  true f o r  t h e  two atoms B. 

F i f t h  A p p l i c a t i o n  o f  t h e  D e f i n i t i o n ,  t o  ( C l .  (C)  i s  CDR o f  
(B C ) ,  and i s  n o t  a t o m i c .  So c o n d i t i o n  ( i )  i s  n o t  me t .  Go t o  
c o n d i t i o n  ( i i ) .  C a l c u l a t e  CAR X ,  CAR Y, CDR X, and CDR Y, 
where  X and Y a r e  now e q u a l  t o  t h e  l i s t  ( C l .  The r e s u l t s  a r e  C  
and NIL. 

S i x t h  A p p l i c a t i o n  o f . t h e  D e f i n i t i o n ,  t o  C. C o n d i t i o n  ( i )  i s  
t r u e  f o r  t h e  two atoms C. 

Seven th  A p p l i c a t i o n  o f  t h e  D e f i n i t i o n ,  t o  NIL. The end o f  
e v e r y  l i s t  i s  t h e  e x p r e s s i o n  NIL, which i s  c a l l e d  t h e  t e r r n i n a t o r .  
C o n d i t i o n  ( i l  i s  t r u e  s i n c e  CDR (C) i s  NIL, i n  bo th  c a s e s ,  and 
(EQ NIL NIL) i s  t r u e .  

2 .  I t s  D e f i n i t i o n  i n  LISP 

Now how do we e x p r e s s  t h i s  d e f i n i t i o n  i n  LISP? 

T h e r e  a r e  s e v e r a l  s t e p s  which we have t o  t a k e ,  i n c l u d i n g :  

( 1 )  r e c o g n i t i o n  of t h e  o c c u r r e n c e  o f  t h e  name o f  t h e  
f u n c t i o n  i n  i t s  own d e f i n i t i o n ;  

( 2 )  t r a n s l a t i o n  o f  t h e  r e l a t i o n s  i n  t h e  d e f i n i t i o n  
i n t o  r e l a t i o n s  r e c o g n i z e d  i n  LISP. 

( 3 )  a d j u s t m e n t  of  t h e  d e f i n i t i o n  t o  t h e  n a t u r e  of  
t h e  c o n d i t i o n a l  e x p r e s s i o n  i n  LISP. 



S u p ~ o s e  we t r y  t o  t r a n s l a t e  s t r a i g h t f o r w a r d l y  i n t o  LISP: 

(EQUAL (LAMBDA ( X  Y )  (COND 
O 1  2  2 2  

((AND (ATOM X I  (ATOM Y) (EQ X Y)) T) 
34 5 5 5 5 5 54 3 
((AND (EQUAL (CAR X) (CAR Y)) (EQUAL (CDR X) 
34 5 6 6 6 65 5 6 6 

(CDR Y ) ) )  TI 
6 654 3 

( T  NIL) 1) )  
3 3 210 

1 s  t h e r e  any th ing  wrong w i t h  t h i s  d e f i n i n g  exp re s s ion?  L e t ' s  
r e f e r  aga in  t o  t h e  rneaning of t h e  c o n d i t i o n a l  exp re s s ion  i n  LISP. 
Applying t h i s  rneaning, we can s e e  t h a t  a s  soon a s  t h e  p r e d i c a t e  

(AND (ATOM X) (ATOM Y )  (EQ X Y)) 

f a i l s ,  t h e  c o n d i t i o n a l  e x p r e s s i o n  w i l l  be r e f e r r e d  t o  

(AND (EQUAL (CAR X I  (CAR Y ) )  . . . . .  

So t h e  c a s e  where on ly  one o f  X and Y i s  a tomic  w i l l  n o t  be cov- 
e r ed ,  and t h e  d e f i n i t i o n  w i l l  n o t  f u n c t i o n  p r o p e r l y .  

A c o r r e c t e d  s t a t emen t  o f  t h e  d e f i n i n g  e x p r e s s i o n  i s  a s  
f o l l ows :  

(EQUAL (LAMBDA ( X  Y) (COND 
O 1  2  2 2  

((ATOM X) (EQ X Y) 
34 4 4  4 3  
((ATOM Y) NIL) 
34 4  3 
((EQUAL (CAR X) (CAR Y)) (EQUAL (CDR X) (CDR Y)))  
3  4  5 5 5 54 4 5 5 5 543 
(T NIL) ) ) )  
3 3210 

3 .  The ~ u n c t i o n  REMAINDER 

I n  e lementa ry  school  we a l 1  l e a r n e d  what t h e  remainder  i s  
when we d i v i d e  one number by a n o t h e r .  I f  we d i v i d e  26 by 7, f o r  
example, t h e  7 goes i n  t h r e e  t imes,  and s i n c e  7 t h r e e s  a r e  21, we 
s u b t r a c t  21 from 26, and t h e  remainder  i s  5. Now how do we ex- 
p r e s s  remainder  i n  Eng l i sh  t h a t  can be t r a n s l a t e d  i n t o  LISP? 



Stated in precise English, and using a recursive definition 
(without making use of division), the remainder when the dividend 
Y is divided by the divisor X, is determined as follows: 

(i) If Y equals X, the remainder is 0; otherwise, 
(ii) If Y is less than X, the remainder is Y; otherwise, 
(iii) The remainder is the same as the remainder we would 

get if the result of Y minus X were divided by the 
divisor X. 

For exarnple, consider the following series of operations: 

In Decimal (7090) Equivalent in Octal (PDP-1) 
26 32  

To Say this in LISP we again make use of the defining expres- 
sion: 

(..... (LAMBDA (.....) ..... 1) 

The expression "y equals x" is translated into (EQUAL Y XI. The 
expression "y is less than x" is translated into (GREATERP X Y). 
Since there is no condition for the third case, we use T. The 
expression "y minus x" is translated into (PLUS Y (MINUS X)). 

The entire definition is therefore translated into: 

(REM (LAMBDA (Y X) (COND 
O 1 2  2 2  

((EQUAL Y X) O) 
34 4 3 
((GREATERP X Y) Y) 
3 4 4 3 
( T  (REM (PLUS Y (MINUS X) X) 1 )  ) )  

3 4  5 6 65 4 3210 

If the interpreter evaluates this expression, it responds REM. 

Testing with examples, we get the following: 

Expression Expression 
(dec ima 1 , 7090) Value (octal, PDP-1) Value - 
(REM 2 2)  O (REM 2  2 )  O 
(REM 5 7) 5 (REM 5 7) 5 
(REM 12  7) 5 (REM 14 7) 5 
(REM 26 7 5 (REM 32 7) 5 



The Function GREATEST COMMON DIVISOR 

The greatest common divisor (G.C.D.) of two whole numbers 
is the largest number which will exactly divide both of them. 
There is an arithmetical process (or algorithm) given by Euclid 
which quickly finishes and which quickly finds the greatest com- 
mon divisor. The process is often learned in school and is il- 
lustrated in the following arithmetic, which finds the greatest 
common divisor of 28 and 91 (in decimal): 

(In English, condensed) 28 divided into 91 goes 3 times with 7 
over; 7 divided into 28 goes 4 times exactly.) This yields 7 
as the G.C.D. 

Since the PDP-1 computer sometimes does not have built-in 
multiplication and division, suppose we change the arithmetical 
process to successive subtraction, and find the last remainder 
which is not zero: 

Stated in precise English: 

The greatest common divisor of X and Y is found from: 

If X is greater than Y, take the G.C.D. of Y and 
X. Else 

If the remainder of Y divided by X is zero, take 
X. Else 

Take the G.C.D. of X and the remainder of Y 
divided by X. 

This is translated into LISP as follows: 

(GCD (LAMBDA (X Y) (COND 
O 1 2 2 2  



((GREATERP X Y )  (GCD Y XI) 
34 4  4 4 3  
((ZEROP (REM Y XI) X I  
34 5 54 3 
(T (GCD (REM Y X) X ) ) ) ) )  
3 4 5  5 43210 

I f  t h i s  i s  p u t  i n t o  t h e  computer ,  i t  r e s p o n d s  by p u t t i n g  o u t :  

GCD 

T e s t i n g  examples  o f  GCD, we have: 

E x p r e s s i o n  i n  Decimal Va lue  E x p r e s s i o n  i n  O c t a l  Value  
(GCD 7 7 )  7 (GCD 7 7 )  7 

V I .  THE PROGRAM FEATURE 

T h e r e  i s  a n o t h e r  f e a t u r e  i n  LISP which a l l o w s  a  s t i l l  w i d e r  
v a r i e t y  o f  u s e f u l  i n s t r u c t i o n s  t o  t h e  compute r .  T h i s  i s  t h e  
f e a t u r e  named t h e  "program f e a t u r e " ,  which i s  c a l l e d  by t h e  LISP 
e x p r e s s i o n  PROG, pronounced "prog" rhyming w i t h  "rogue".  

I n  u s i n g  t h e  program f e a t u r e ,  we make u s e  o f  a u x i l i a r y  v a r i -  
a b l e s  t h a t  k e e p  t r a c k  d u r i n g  s u c c e s s i v e  c y c l e s  o r  l o o p s  o f  any  
t empora ry  r e s u l t s  w i t h i n  a program. 

1 .  The F u n c t i o n  QUOTIENT 

F o r  a  s i m p l e  i l l u s t r a t i o n ,  l e t  us use a PROG f o r  t h e  p r o c e s s  
o f  comput ing a  q u o t i e n t ,  s u p p o s i n g  t h a t  we have a  computer wi th -  
o u t  b u i l t - i n  d i v i s i o n .  To s e e  t h e  p r o c e s s  c l e a r l y ,  l e t  us t a k e  
a s  a n  example 22 ( i n  d e c i m a l )  d i v i d e d  by 7 .  The answer i s  3 ,  o f  
c o u r s e ,  s i n c e  7 d i v i d e s  i n t o  22 t h r e e  t i m e s  w i t h  remainder  1 .  We 
c o u l d  employ a  p r o c e s s  u s i n g  s u c c e s s i v e  s u b t r a c t i o n ,  and i n  t h i s  
c a s e  i t  would be:  

1 s t  c y c l e :  22 minus 7 g i v e s  15 c o u n t  1  
2nd c y c l e :  1 5  minus 7 g i v e s  8 c o u n t  1  more;  t o t a l  

c o u n t  i s  2 
3 r d  c y c l e :  8 minus 7 g i v e s  1 t o t a l  coun t  3 



4 t h  c y c l e  a t tempted:  1  minus 7 ,  r e s u l t  nega t ive ;  
s t o p ;  t a k e  3 a s  t h e  q u o t i e n t  

We can o rgan ize  t h i s  p rocess  w i t h  two a u x i l i a r y  v a r i a b l e s ,  which 
we can c a l 1  U and V: U s t a r t s  wi th  t h e  d iv idend  22 and i n  t h i s  
c a s e  i s  s u c c e s s i v e l y  22, 15, 8. Y s t a r t s  w i t h  0, and i n  t h i s  
c a s e  i s  s u c c e s s i v e l y  O, 1, 2, 3, f i n i s h i n g  wi th  t h e  d e s i r e d  quo- 
t i e n t  3 .  

I n  Engl i sh ,  t h e  d i r e c t i o n s  w r i t t e n  o u t  would be about  a s  
fo l lows:  

S e t  U a t  t h e  d iv idend  ( i n  t h i s  case,  2 2 ) .  
S e t  V a t  O .  
Mark t h i s  p o i n t  i n  t h e  process  wi th  a  l a b e l  K. 
I f  t h e  d i v i s o r  ( i n  t h i s  case,  7)  i s  g r e a t e r  than U, 

s t o p  and g i v e  a s  t h e  r e s u l t  o f  t h e  computation 
( i . e . ,  t h e  q u o t i e n t )  t h e  va lue  of  V .  

Otherwise,  
S e t  U a t  t h e  o l d  U minus 7 .  
S e t  V a t  t h e  o l d  V p lu s  1 .  
Go back t o  K and r e p e a t  . 

I n  LISP, t h e  s u c c e s s i v e  d i r e c t i o n s  become t h e  fo l lowing:  

(SETQ U 22) 
(SETQ V O )  

K 
(COND ((GREATERP 7 U )  (RETURN V ) ) )  
(SETQ U (PLUS U (MINUS 7 )  1) 
(SETQ V (PLUS 1  V I )  
(GO K )  

Now l e t  us g e n e r a l i z e  so  t h a t  t h e  p roces s  a p p l i e s  t o  any 
number N a s  d iv idend  and any d i v i s o r  D ;  l e t  us a l s o  pu t  i n  t h e  
r e s t  of  t h e  idiom of LISP so  t h a t  t h e  command w i l l  a c t u a l l y  be  
accepted  a s  a  d e f i n i n g  c o n d i t i o n .  

(QUOTIENT (LAMBDA ( N  D )  (PROG ( U  V) 
O 1  2 2 2  3 3 

(SETQ U N) 



(GOND ((GREATERP D U) (RETURN V ) ) )  
3 45 5 5 543 
(SETQ U (PLUS U (MINUS D ) ) )  
3 4 5 543 
(SETQ U (PLUS 1  V I )  
3 4 4 3 
(GO K)))) 
3 3210 

Then we can test  t h e  o p e r a t i o n  o f  t h i s  d e f i n i t i o n ,  and have 
t h e  i n t e r p r e t e r  e v a l u a t e ;  

(QUOTIENT 22 7) 

The v a l u e  o f  t h i s  e x p r e s s i o n  i s  3.  

N o t i c e  t h a t  when u s i n g  t h e  program f e a t u r e  i t  i s  n o t  neces-  
s a r y  t o  make t h e  COND comple te  w i t h  T f o r  t h e  l a s t  case ,  t h e  f i -  
n a l  ELSE o r  OTHERWISE. 

The f u n c t i o n  QUOTIENT can a l s o  b e  d e f i n e d  r e c u r s i v e l y .  Using 
p r e c i s e  E n g l i s h  we w r i t e :  

To f i n d  t h e  q u o t i e n t  o f  N d i v i d e d  by D: 

I f  D i s  g r e a t e r  t h a n  N, t a k e  O .  E l s e ,  
I f  D i s  e q u a l  t o  N, t a k e  1.  E l s e ,  
I f  D i s  l e s s  than  N ,  add 1 t o  t h e  q u o t i e n t  

o f  N-D d i v i d e d  by N .  

T h i s  t r a n s l a t e s  i n t o  t h e  f o l l o w i n g  d e f i n i n g  c o n d i t i o n  f o r  
QUOTIENT: 

(QUOTIENT (LAMBDA (X Y) (COND 
O 1  2 2 2  

((GREATERP X Y) O) 
34 4 3 
((EQUAL X Y) 1 )  
34 4 3 
((GREATERP Y X )  (PLUS 1  (QUOTIENT (PLUS Y (MINUS XI) 
34 4 4 5 6 7 76 

X ) ) ) ) ) )  
543210 

I n  g e n e r a l  t h e  program f e a t u r e  can b e  r e p l a c e d  by r e c u r s i o n ,  
and v i c e  v e r s a .  But u s e  o f  t h e  program f e a t u r e  o f t e n  s a v e s  a  
good d e a l  o f  computer t i m e  and s t o r a g e  s p a c e .  



VII. FUNCTIONS OF LISTS 

We have paid some a t t e n t i o n  t o  f u n c t i o n s  of  numbers, and w e  
have i l l u s t r a t e d  r e c u r s i o n  and t h e  program f e a t u r e  us ing  numbers. 
But LISP i s  more u se fu l  f o r  d e a l i n g  with f u n c t i o n s  of  l i s t s  than  
f o r  d e a l i n g  with f u n c t i o n s  of numbers. So l e t  us now look care-  
f u l l y  a t  some more f u n c t i o n s  of l i s t s .  

The l i s t  f u n c t i o n s  which we have so  f a r  de f ined  a r e  CAR, CDR, 
CONS, COND, and EQUAL. 

COND i s  a  l i s t  f u n c t i o n  because i t  o p e r a t e s  on a  l i s t ,  each 
element  of  which i s  a  l i s t  of  two elements .  There i s  a l s o  t h e  
a d d i t i o n a l  requirement  t h a t  t h e  f i r s t  e lement  of  each of  t h e  doub- 
l e t s  on which COND o p e r a t e s  needs t o  be a  p r e d i c a t e ,  which has  a  
t r u t h  va lue  of  e i t h e r  true o r  f a l s e .  

I n  r ega rd  t o  EQUAL, i t  should be noted t h a t  one l i s t  i s  o n l y  
equal  t o  another  l i s t  provided t h e  elements  of  t h e  l i s t  a r e  equa l ,  
and t h e  o rde r  of  each l i s t  of e lements  i s  t h e  same. This  means 
t h a t  a  l i s t  i s  & a c l a s s ,  because one c l a s s  i s  equal  t o  ano the r  
c l a s s  i f  t h e  members a r e  t h e  same r e g a r d l e s s  of  any o rde r  i n  which 
t h e  members may be  p re sen t ed .  

1 .  The Funct ion APPEND 

A u s e f u l  l i s t  f u n c t i o n  i s  APPEND, which appends two l i s t s ,  
f a s t e n i n g  them t o g e t h e r  i n t o  one l i s t .  APPEND of  t h e  l i s t  A B C 
and t h e  l i s t  D E F G i s  t h e  l i s t  A B C D E F G .  

I f  t h e  LISP i n t e r p r e t e r  were given t h e  express ion :  

(APPEND (QUOTE ( A  B C) (QUOTE ( D  E F G)  1) 

i t  would respond: 

I f  j u s t  one element i s  t o  be a t t a c h e d  t o  a  l i s t ,  and t h e  
element i s  changed i n t o  a  l i s t  by p u t t i n g  pa ren theses  around i t ,  
and then APPEND i s  app l i ed :  

(APPEND (QUOTE ( A ) )  (QUOTE (B C D E ) ) )  

t h e  r e s u l t  i s  t h e  l i s t :  ( A  B C D E l .  

To produce t h e  same e f f e c t  wi th  CONS, paren theses  a r e =  



put around the element. Thus the value of the expression: 

(CONS (QUOTE A )  (QUOTE (B C D E l ) )  

i s  the  same l i s t :  ( A  B C D E l .  

The LISP de f i n i t i on  of APPEND makes use of recursion:  

(APPEND (LAMBDA ( X  Y )  (COND 
O 1  2  2 2  

((NULL X I  Y )  
34 4 3  
(T (CONS (CAR X I  (APPEND (CDR X )  Y ) ) ) ) ) )  
3  4  5 5 5 6 6 543210 

2 .  The Function LENGTH defined w i t h  the  Program Feature 

The number of elernents i n  a l i s t  i s  ca l l ed  i t s  "length". 
Here i s  a  LISP expression fo r  determining the  length of a  l i s t  
using the program feature :  

(LENGTH (LAMBDA (L) (PROG ( V  V )  
(SETQ V O )  
(SETQ U L )  
K 
(COND ((NULL U) (RETURN V))) 
(SETQ U (CDR U) ) 
(SETQ V (PLUS 1 VI) 
(GO K)))) 

For example, (LENGïTi (QUOTE ( 2  3 4  6 7 ) ) )  w i l l  be 5 .  

3 .  The Function LENGTH, defined Recursively 

I f  we want t o  def ine  LENGTH recurs ively ,  the expression i s  
even simpler and eas ie r :  

To f ind  the LENGTH of a  l i s t  M :  

I f  the l i s t  i s  nul l ,  take O. Else,  
Add 1  t o  the length of CDR M .  

The LISP defining expression i s :  

(LENGTH (LAMBDA (Ml (COND 
O 1  2 2 2  

((NULL M )  O) 
34 4  3  



(T  (PLUS 1 (LENGTH (CDR M ) ) ) ) ) ) )  
3 4 5 6 6543210 

4 .  T h e  P r e d i c a t e  MEMBER 

An e l e m e n t  i s  a  member o f  a l i s t  i f  i t  c a n  b e  f o u n d  among 
t h e  e l e m e n t s  o f  t h e  l i s t .  

I n  p r e c i s e  E n g l i s h :  

T h e  t r u t h  o f  " e l e m e n t  A i s  a MEMBER o f  t h e  l i s t  X" i s  
f o u n d  f r o m :  

If X i s  e m p t y ,  t a k e  NIL.  E l s e ,  
If A i s  e q u a l  t o  CAR X, t a k e  t r u e .  E l s e  
T a k e  t h e  t r u t h  o f  "A i s  a  MEMBER o f  CDR x." 

I n  LISP ,  w e  e x p r e s s  t h i s  a s :  

(MEMBER (LAMBDA (A X) (COND 
O 1 2 2 2  

((NULL X) NIL)  
34 4 3 
( (EQ A (CAR X I )  T)  
34 5 54 3 
( T  (MEMBER A (CDR X ) ) ) ) ) )  
3 4 5 543210 

F o r  e x a m p l e s ,  we c a n  p u t  t h e  f o l l o w i n g  o p e r a t i o n s  o n  t h e  
PDP-1 c o m p u t e r :  

E x p r e s s i o n  E x p l a n a  t i o n  V a l u e  
(CSETQ J I L L  (QUOTE (A  B C D))) T h i s  names t h e  l i s t  J I L L  

(A B C D) a s  J I L L .  

J I L L  V e r i f y i n g m e a n i n g  ( A B C D )  
o f  " J I L L . "  

(MEMBER (QUOTE A) J I L L )  C o m p u t i n g  t h e  t r u t h  T 
o f  "A i s  a member o f  
J I L L  . " 

(MEMBER (QUOTE K )  J I L L )  C o m p u t i n g  t h e  t r u t h  NIL 
o f  "K i s  a member o f  
J I L L  . " 



5.  The Func t i on  LAST 

Another l i s t  f u n c t i o n  i s  LAST. The LAST element  o f  a  l i s t  
i s  found from t h e  o p e r a t i o n :  

I f  t h e  l i s t  i s  empty, t a k e  NIL. E l s e  
I f  CDR of  t h e  l i s t  i s  empty, t a k e  CAR o f  t h e  l i s t .  Other- 
wise, t a k e  LAST of  CDR o f  t h e  l i s t .  

I n  LISP: 

(LAST (LAMBDA (LI (COND 
O 1  2 2 2  

((NULL L) NIL) 
34 4  3 
((NULL (CDR L I )  (CAR L I )  
34 5 54 4  4  3 
(T (LAST (CDR L ) ) ) ) ) )  
3 4  5 543210 

6 .  The Func t i on  U N I O N  

Another  f u n c t i o n  o f  l i s t s  i s  U N I O N .  The union of  two l i s t s  
X and Y i s  a  l i s t  which c o n t a i n s  eve ry  e lement  which i s  i n  one 
l i s t  o r  t h e  o t h e r  o r  b o t h .  But t h e  o r d e r  i n  which t h e  e l emen t s  
i s  p r e s e n t e d  i s  f i r s t ,  a l 1  e lements  which a r e  i n  t h e  f i r s t  l i s t  
X and n o t  i n  the second l i s t  Y, and second,  a l 1  e lements  i n  t h e  
second l i s t  Y whether  o r  n o t  they  a r e  i n  l i s t  X .  

I n  p r e c i s e  Eng l i sh :  

The UNION of  two l i s t s  X and Y i s :  

I f  X i s  n u l l ,  t a k e  Y .  E l s e ,  
I f  CAR X i s  a  member of  Y, t a k e  t h e  UNION o f  

CDR X and Y.  E l s e ,  
Take CONS o f  CAR X and t h e  U N I O N  o f  CDR X and Y .  

I n  LISP: 

( U N I O N  (LAMBDA ( X  Y )  (COND 
O 1  2  2 2  

((NULL X )  Y )  
3 4  4 3 
((MEMBER (CAR X I  Y) (UNION (CDR X I  Y )  
34 5  5 4 4  5  5 4 3  
(T (CONS (CAR X) (UNION (CDR X I  Y ) ) ) ) ) )  
3  4 5 5 5 6 6 543210 

For an example,  i f  t h e  LISP i n t e r p r e t e r  r e c e i v e s  t h e  fo l low-  
ing  e x p r e s s i o n s ,  t h e  v a l u e s  w i l l  be a s  shown: 



Expression - Value 
(UNION (QUOTE (E B C D A F I )  (QUOTE (A B C D l ) )  (E F A B C D) 
(CSETQ JAIN (QUOTE (A  B c D I ) )  
(CSETQ JASS (QUOTE ( D  A B C l ) )  
(UNION JASS JAIN) 
(UNION J A I N  JASS) 

J A I N  (on PDP-1) 
JASS (on PDP-1) 
(A B C D) 
(D A B C )  

The Func t i o n  DIFFLIST 

The f u n c t i o n  DIFFLIST o p e r a t e s  on an element  A and a l i s t  X, 
and removes from l i s t  X any element which i s  equa l  t o  A .  

I n  p r e c i s e  Engl i sh :  

The r e s u l t  of DIFFLIST on element  A and l i s t  X equa l s :  

I f  X i s  empty, then NIL. E l se ,  
I f  A i s  equa l  t o  CAR X ,  t a k e  t h e  r e s u l t  of  

DIFFLIST on A and CDR X .  E l s e ,  
Take t h e  CONS of  CAR X and t h e  r e s u l t  of  

DIFFLIST on A and CDR X .  

I n  LISP: 

(DIFFLIST (LAMBDA ( A  X) (COND 
O 1 2 2 2  

((NULL X) NIL) 
34 4 3 
((EQUAL A (CAR XI) (DIFFLIST A (CDR XI ) )  
34 5 54 4 5 543 
(T (CONS (CAR X) (DIFFLIST A (CDR X ) ) ) ) ) ) )  
3 4 5 5 5 6 6543210 

Example: 
Expression 

(DIFFLIST 7 (QUOTE (11 13 7 1 6 ) ) )  
Value 

(11 13  16)  

8.  The Funct ion SUBST 

Th i s  f u n c t i o n  s u b s t i t u t e s  a given element  f o r  ano the r  e lement  
i f  the l a t t e r  i s  found i n  a l i s t .  For example we may have t h e  
l i s t  ( 2  4 6 101, and we wish t o  pu t  7 i n  p l a c e  of  6 .  

We d i r e c t  t h e  PDP-1 t o  do t h i s ,  by typing:  

(SUBST 7 6 (QUOTE ( 2  4 6 1 0 ) ) )  
O 1 2 210 



and t h e  r e s u l t  i s :  ( 2  4  7 10)  

The d e f i n i t i o n  o f  SUBST t h a t  must be p laced  p rev ious ly  i n  
t h e  computer i s :  

(SUBST (LAMBDA ( X  Y Z) (COND 
O 1  2  2  2  

((EQUAL Y Z) X) 
34 4 3 
((ATOM Z) 2) 
34 4  3 
(T (CONS (SUBST X Y (CAR 2 ) )  (SUBST X Y (CDR Z  
3 4  5 6 65 5 6 

) ) ) ) ) ) )  
6543210 

The meaning of  t h i s  d e f i n i n g  cond i t i on  i s :  

I f  Y i s  equa l  t o  Z, t ake  X .  E l s e ,  
I f  Z i s  an atom, t a k e  Z. E l se ,  
Take t h e  r e s u l t  of apply ing  CONS t o  t h e  

SUBST of  X ,  Y ,  and CAR of Z, and t h e  
SUBST o f  X, Y ,  and CDR o f  Z.  

9 .  The Funct ion ASSOC 

The l i s t  f u n c t i o n  ASSOC i s  given an element and a  l i s t  con- 
s i s t i n g  of p a i r s  of  e lements .  The f u n c t i o n  looks through t h e  
l i s t ,  and f i n d s  t h e  "a s soc i a t ed"  p a i r  which has t h e  given element 
a s  i t s  f i r s t  member. For example, suppose 513 i s  t h e  name of  a  
l i s t :  ( ( 1  3) ( 2  6 )  ( 3  11)  ( 4  1 4 ) )  and suppose t h e  given element 
i s  3. Then ASSOC w i l l  f i n d  and r e p o r t  (3 11)  a s  t h e  a s s o c i a t e d  
p a i r  of  3 i n  t h e  l i s t  313. 

F i r s t , J 1 3  i s  e s t a b l i s h e d  a s  a  name: 

(CSETQ 513 (QUOTE ( ( 1  3 )  ( 2  6 )  ( 3  11) ( 4  1 4 ) ) ) )  
O 1  23 3210 

The d e f i n i n g  cond i t i on  f o r  ASSOC i s :  

(ASSOC (LAMBDA ( X  Y )  (COND 
O 1  2  2 2  

((EQUAL (CAR (CAR Y ) )  X I  (CAR Y ) )  
34 5  6  65 4 4  4 3 
( T  (ASSOC X (CDR Y ) ) )  1 ) )  
3 4  5 543210 



The associated pair of 3 i n  the l i s t  513 i s  the value of the ex- 
pression: 

(ASSOC 3 513) 

The result  from the computer is:  ( 3  11) 

10. The Function MINIMUM 

Another l i s t  function we can define i s  the m i n i m u m  of al1 
the elements of a l i s t  ( i f  the elements are numbers). I n  order 
t o  define this function we make use of the function of two num- 
bers, SMALLER, defined ear l ier .  

To define m i n i m u m ,  we use recursion and precise English: 

The M I N I M U M  of the l i s t  X i s  computed from: 

If X i s  empty, take NIL. Else, 
I f  CDR X i s  empty, take CAR of X .  Else, 
Take the M I N I M U M  of the SMALLER of CAR of X 

and the MINIMUM of CDR of X .  

I n  LISP this  becomes: 

(MINIMUM (LAMBDA ( X I  (COND 
O 1 2 2 2 

( ( N U L  X )  NIL) 
34 4 3 
((NULL (CDR X I )  (CAR XI )  
34 5 54 4 43 
( T  (SMALLER (CAR X )  ( M I N I M U M  (CDR X ) ) ) ) ) ) )  
3 4 5 5 5 6 6543210 

As a test :  

(MINIMUM (QUOTE (11 10 15 7 3 6 ) ) )  gives 3. 

I n  7090 LISP the function m i n i m u m  i s  available as MIN. 

11. The Function SEQUENCE 

Another function of l i s t s  t h a t  we can define i s  the operation 
"to sequence" meaning "to put the (numerical) elements of a l i s t  
into sequence". What we have to do i s  to find successive minimums 
and put them into a new l i s t  i n  the proper order. 

To visualize the process and see w h a t  operations need to be 



done i n  what o r d e r ,  l e t  us t a k e  a  sample i l l u s t r a t i o n  and n o t i c e  
p r e c i s e l y  t h e  p a t t e r n  of t h e  o p e r a t i o n s  performed. 

Suppose we t a k e  t h e  l i s t  (11 10 7 15 3) and s e e  what needs 
t o  be done t o  produce t h e  l i s t  (3 7 10 11 1 5 ) .  The s u c c e s s i v e  
o p e r a t i o n s  a r e  shown i n  t h e  fo l lowing  t a b l e :  

Cycle  
O 
1  
2  
3 
4 
5 
6 

( 2 )  
L i s t  Being 
Worked On 
- 

(11 7 10 15 3) 
(11 7 10 15) 

(11  10 15) 
( i l  15)  

(15)  
NIL 

( 3  
Minimum 

Found 

( 4 )  
L i s t  

Being Assembled 
NIL 
( 3 )  

(3 7)  
( 3  7  10) 

( 3  7  10 11)  
(3 7 10 11 15)  

L e t  us c a l l  Column ( 2 )  t h e  v a r i a b l e  U; i t  s t a r t s  wi th  t h e  o r i g i n a l  
l i s t ,  and each s u c c e s s i v e  e n t r y  equa l s  t h e  preceding  e n t r y  l e s s  
t h e  element removed. Le t  us c a l l  Column ( 3 )  V ;  i t  i s  the m i n i m u m  
of t h e  e n t r y  i n  column ( 2 ) ,  an element and not  a  l i s t .  L e t  us 
c a l l  Column (4 )  W; i t  i s  t h e  r e s u l t  of  "appending" the e n t r y  i n  
Column (3 )  changed i n t o  a  l i s t  of  one element t o  t h e  prev ious  en- 
t r y  i n  Column ( 4 ) .  

S ince  we now understand t h e  process ,  we can exp re s s  i t  i n  
LISP language us ing  the program f e a t u r e :  

(SEQUENCE (LAMBDA (LI (PROG ( U  V W) 
O 1 2 2 2 3 3 

(SETQ U L) 
3 3 
(SETQ V (MINIMUM LI )  
3 4 4 3 
(SETQ W NIL) 
3 3 

K (COND ((NULLU) (RETURNW))) 
3 45  5 5 543 
(SETQ V ( M I N I M U M  U ) )  
3 4 43 
(SETQ U (DIFFLIST V U ) )  
3 4 43 
(SETQ W (APPEND W (LIST V I ) )  
3 4 5 543 
(GO K ) ) ) )  
3 3210 



(Note: - The LISP e x p r e s s i o n  LIST i n  t h e  n e x t - t o - t h e - l a s t  l i n e  
changes  t h e  e lement  V i n t o  a  l i s t  V which can be o p e r a t e d  upon 
by APPEND.) 

To t e s t  t h i s  we can g i v e  t h e  computer an  example: 

and i t  w i l l  g i v e  back a s  a  r e s u l t :  

1 2 .  The Func t ion  MAPLIST 

Suppose we have one l i s t  of  e lements  and we want t o  make a  
second l i s t  o f  e lements ,  each o f  which i s  t h e  r e s u l t  o f  a  g iven  
o p e r a t i o n  on an e lement  of  t h e  f i r s t  l i s t .  An example might  be  
t h a t  we have t h e  l i s t  1  2  3 4, and we wish t o  produce t h e  l i s t  
of t r i p l e s ,  3 6 9 12  ( i n  dec ima l ) ,  which i s  3 6 11  14 i n  o c t a l .  

The l i s t  f u n c t i o n  which we use  i n  t h i s  c a s e  i s  MAPLIST. 

I n  o r d e r  t o  u s e  MAPLIST t o  perform t h i s  t a s k ,  f i r s t  we de- 
f i n e  a  f u n c t i o n  which t r i p l e s  t h e  f i r s t  e lement  o f  a  l i s t ;  we 
might  c a l 1  t h i s  f u n c t i o n  TRIPCAR: 

(TRIPCAR (LAMBDA (XI (TRIPLE (CAR X ) ) ) )  
O 1  2  2  2  3 3210 

We then d e f i n e  MAPLIST wi th  t h e  f o l l o w i n g  r e c u r s i v e  d e f i n i -  
t i o n :  

(MAPLIST (LAMBDA (X A )  (COND 
O 1  2 2 2  

((NULL X) NIL) 
34 4  3 
(T (CONS ( A  X )  (MAPLIST (CDR X )  A ) ) )  1 ) )  
3 4  5 5 5  6 6 543210 

Here  i s  t h e  meaning of  i t :  

I f  t h e  l i s t  X i s  ernpty, t a k e  NIL. 
Otherwise ,  app ly  CONS t o  t h e  r e s u l t  o f  app ly ing  

A t o  X and t h e  r e s u l t  o f  a p p l y i n g  MAPLIST t o  
CDR o f  X and A .  

N o t i c e  t h a t  A i s  a  f r e e  v a r i a b l e  which ha s  t o  have a  f u n c t i o n  name 
f o r  i t s  v a l u e  when used i n  a  computat ion.  



Then we can g i v e  t h e  LISP i n t e r p r e t e r  the exp re s s ion :  

(MAPLIST (QUOTE ( 1  2 3 4 ) )  (QUOTE TRIPCAR)) 

and t h e  i n t e r p r e t e r  w i l l  g i v e  back t h e  va lue :  

I f  we wished, we cou ld  supply  MAPLIST wi th  the f u n c t i o n  CDR. 
Thus i f  t h e  i n t e r p r e t e r  e v a l u a t e s :  

(MAPLIST (QUOTE ( 1  2 3 4 ) )  (QUOTE CDR)) 

t h e  computed r e s u l t  w i l l  be: 

( ( 2  3 4 )  ( 3  4 )  ( 4 )  NIL) 

VIII. CONCLUDING REMARKS 

1 .  G e n e r a l i t y  and Power 

There  a r e  s e v e r a l  comments which i t  seems t o  me shou ld  be 
made about  LISP from t h e  p o i n t  of  view of  a  person app roach ing  
i t  f o r  t h e  f i r s t  time. The f i r s t  comment i s  t h a t  LISP g r e a t l y  
e n l a r g e s  our  concep t ion  o f  t h e  n a t u r e  of  mathemat ica l  o b j e c t s .  
I n  p r i o r  c e n t u r i e s  men became accustomed t o  n o t i c i n g  a s  i n t e r e s t -  
i n g  mathemat ica l  o b j e c t s :  numbers; t h e  p o i n t s  and l i n e s  o f  geo- 
me t ry ;  t h e  magni tudes  and d i r e c t i o n s  o f  f o r c e s ;  sequences  o f  num- 
b e r s ,  u s u a l l y  i n f i n i t e  and u s u a l l y  w i th  f a i r l y  s imp le  r u l e s  f o r  
t h e  c o n s t r u c t i o n  of  s u c c e s s i v e  t e rms :  and much more. 

Now wi th  t h e  adven t  of  LISP our  h o r i z o n s  i n  mathemat ics  a r e  
c o n s i d e r a b l y  ex tended .  With LISP we t a k e  i n t o  mathemat ics  f i n i t e  
sequences  of a  g r e a t  v a r i e t y  o f  s t r u c t u r e s  ( l i s t s ) ,  and a l s o  a  
mathemat ica l  g r a s p  on t h e  p r o c e s s e s  of  e f f e c t i v e l y  computing wi th  
them ( r e c u r s i o n ,  the program f e a t u r e ,  e t c . ) .  Th i s  new expans ion  
of  mathemat ica l  n a t u r e ,  o f  man's view o f  mathemat ica l  o b j e c t s ,  i s  
e x c i t i n g .  

Second, LISP i s  no t  o n l y  a  mathemat ica l  l anguage  b u t  a l s o  a  
l anguage  f o r  i n s t r u c t i n g  computers .  So i n s t e a d  o f  humanly v e r i -  
f y i n g  a  symbol ic  mathemat ica l  c a l c u l a t i o n ,  i f  i t  i s  e x p r e s s e d  i n  
LISP, we can pu t  i t  on a  computer and have t h e  computer v e r i f y  i t .  

T h i r d ,  t h e r e  appea r s  t o  be no b a r r i e r  t o  p u t t i n g  i n t o  LISP 
any k ind  of  l o g i c a l  o r  mathemat ica l  man ipu l a t i on  t h a t  may be de- 
s i r e d .  I t  seems t o  be a  t r u l y  g e n e r a l  language,  w i t h  c l o s e l y  



l i n k e d  computing power. 

2 .  Computation 

I t  may be wor thwhi le  t o  p o i n t  o u t  t h a t  what we a r e  i n v a r i a b l y  
do ing  w i th  any LISP e x p r e s s i o n  i s  g i v i n g  t h e  computer something 
t o  do, some computat ion t o  make, some command t o  be execu t ed .  
Sometimes t h e  computat ion i s  i n  terms o f  numbers and t h e  answer 
may be a  number. Sometimes t h e  computat ion i s  i n  terms o f  l i s t s  
and t h e  answer w i l l  be  a  l i s t  o r  a  number. Sometimes t h e  compu- 
t a t i o n  i s  i n  terrns of  e x p r e s s i o n s ,  and t h e  answer w i l l  be a  number 
o r  a  l i s t  o r  an e x p r e s s i o n .  

I f  a l 1  t h e  i n fo rma t ion  has  been g iven  t o  t h e  computer, and 
t h e  i n s t r u c t i o n s  a r e  complete  and c o r r e c t ,  t h e  answer w i l l  be  
an a p p l i c a b l e  one .  I f  no t  a l 1  t h e  d a t a  has  been g iven  t o  t h e  
computer, t h e  r e s u l t  may be a  number i f  t h e  m i s s i n g  d a t a  a r e  n o t  
impor t an t  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  number. Otherwise ,  t h e  
answer ( o r  r e s u l t  o f  t h e  computer ' s  o p e r a t i o n )  i s  l i k e l y  t o  be  a  
s i g n a l  of  any one of many k inds ,  t h a t  t h e  answer cannot  be  corn- 
pu ted  f o r  a  s t a t e d  r e a s o n .  Or perhaps  the computer w i l l  go i n t o  
a  l oop  and keep do ing  something over  and over  and over  w i t h o u t  
eve r  f i n i s h i n g .  I n  such c a s e s ,  t h e  programs and e x p r e s s i o n s  
given t o  t h e  computer must be c o r r e c t e d .  

3 .  Incomple teness  of  t h i s  Exp l ana t i on  

F i n a l l y ,  i t  must be  emphasized t h a t  t h e  p r e s e n t  e x p l a n a t i o n  
i s  ve ry  f a r  from comple te .  There  i s  much more t o  LISP than i s  
p r e s e n t e d  h e r e ;  and t h e  f i r s t  p l a c e  where more i n fo rma t ion  about  
LISP may be o b t a i n e d  i s  t h e  "LISP 1 . 5  Programmer's Manual" c i t e d  
i n  t h e  f i r s t  s e c t i o n  t o  t h i s  a r t i c l e .  

I t  i s  hoped however, t h a t  t h i s  e x p l a n a t i o n  w i l l  be  o f  h e l p  
t o  people  who a r e  s e t t i n g  o u t  t o  unders tand  LISP. 



APPENDIX 

TEST AT PROJECT MAC 

I n  o r d e r  t o  t e s t  t h e  r e l a t i o n  of  o p e r a t i o n s  wi th  LISP on 
t h e  PDP-1 computer t o  o p e r a t i o n s  w i t h  LISP on t h e  7090 computer,  
a v i s i t  was made t o  P r o j e c t  MAC a t  Mass. I n s t .  of  Technology on 
Feb. 7 ,  1964.  A LISP system working under t h e  Compat ible  Time- 
S h a r i n g  system was used t o  d e f i n e  SMALLER, M I N I M U M ,  DIFFLIST, and 
SEQUENCE, and t o  t r y  two t e s t s  of sequenc ing  numbers. 

Fo l lowing  i s  a copy o f  t h e  a c t u a l  r un  on t h e  computer a t  
one of  t h e  t ime s h a r i n g  s t a t i o n s .  The t o t a l  computer time used 
f o r  e d i t i n g  and computing was 1 and % minu te s .  

I n p u t  

PRINTF LISP DATA 
WAIT, 
00010 DEFINE ( (  
00020 t SMALLER (LAMBDA ( X  Y)  COND 
00030 ((GREATERP Y XI X) 
00040 (T Y ) ) ) )  
00050 ( M I N M  (LAMBDA (LI (@ND 
00060 ((NULL L) NIL) 
O00 70 ((NULL (CDR L I )  (CAR L I )  
00080 (T (SMALLER (CAR LI ( M I N M  (CDR L ) ) ) ) ) ) )  
00090 (DIFFLIST (LAMBDA ( A  X) (C@ND 
O0100 ((NULL X )  NIL) 
O01 10  ((EQUAL A (CAR XI) 
O 0  120 (DIFFLIST A (CDR X) ) )  
O 0  130 (T (CONS (CAR X I  (DIFFLIST A (CDR X) 1) 1) 1) 
00140 (SEQUENCE (LAMBDA (LI (PROG ( U V W )  
00150 (SETQ U L) (SETQ V ( M I N M  L I )  (SETQ W NIL) 
O 0  160 A (COND ( (NULL U )  (RETURN w ) ) )  
O 0  170 (SETQ V ( M I N M  U) 
00180 (SETQ U (DIFFLIST V U)) 
O 0  190 (SETQ W (APPEND W (LIST V I ) )  
00200 (GO A ) ) ) )  
00210 1 )  
00220 SEQUENCE 
00230 ( ( 1 1  10  7 15  3 ) )  
00240 (LAMBDA O (SEQUENCE (QUOTE (33 12  54 7 68 2 ) ) ) )  
00250 ( 1 
00260 STOP) ) 
READY. 



O u t p u t  

RESUME LISPF 
WAIT, 

VALUE 
(SMALLER M I N M  DIFFLIST SEQUENCE) 
VALUE 
( 3  7 10 11 15) 
VALUE 
( 2  7 12 33 54 6 8 )  

READY . 

Comment s 

The numbers i n  sequence i d e n t i f y i n g  t h e  succes s ive  l i n e s  
o f  t h e  i n p u t  a r e  no t  taken i n  ("seen") by t h e  LISP system. 
LISP DATA i s  t h e  name of  t h e  i n p u t  f i l e .  

The express ion  "RESUME LISPF" s t a r t s  t h e  LISP system evalu- 
a t i n g .  The t h r e e  va lues  i n  t h e  ou tpu t  correspond w i t h  t h e  t h r e e  
exp re s s ions  t o  be  eva lua ted :  f i r s t ,  t h e  command DEFINE, on l i n e s  
10  t o  210; second, t h e  command SEQUENCE, on l i n e s  220 and 230; 
and t h i r d ,  t h e  command on l i n e s  240 and 250, which shows an a l -  
t e r n a t i v e  method a v a i l a b l e  i n  7090 LISP f o r  g i v i n g  t h e  ca l cu l a -  
t i o n  SEQUENCE t o  t h e  computer. The exp re s s ion  READY i n d i c a t e s  
t h a t  t h e  c u r r e n t  o p e r a t i o n s  a r e  f i n i s h e d  and t h a t  t h e  Compatible 
Time-Sharing System i s  awa i t i ng  another  command. 



LISP- On the Programming System 

Robert A. Saunders 

Information International, Inc. 

List Structure 

LISP is  a programming system which is very useful for mani- 
pulating symbols and complex data structures. The programmer unfa- 
miliar with systems of this type will find that LISP is considerably dif- 
ferent from any system he has used before. This paper is  intended to 
be used in conjunc tion wi th the LISP 1 . 5  Manual (1) to get one started, 
a s  easily a s  may be, in LISP. 

LISP is an acronym for List Processor. A - l ist  is one type of 
S-expression, which latter is the basic building block of LISP. We 
quote from the LISP Manual: "An S-expression is  either an atomic 
symbol o r  i t  is  composed of these elements in the following order: a 
left parenthesis, an S-expression, a dot, an S-expression, and a right 
parenthesis. " An atomic symbol is a symbol composed of an indefinite 
number of letters or digits (in the IBM 7090 LISP system, not more 
than 30) and beginning with a letter. Atoms are  usually considered in- 
divisible, but we will mention here that atoms have a structure called 
a "property listw which contains information such as its BCD (binary- 
coded decimal) representation and other data. Property lists will be 



discussed in detail later. 

Given these definitions, Figure 1 illustrates some S-expressions, 
along with a graphic-symbolic representation of them. The rectangles 
in Figure 1 denote computer registers, o r  cells of storage, in which 
the parts of expressions a re  stored. Each line and arrow denotes a 
Hpointeru, that is to Say, an address stored in one register that wpointsf~ 
to another register. The type of binary tree structure shown in Figure 
1 can be a s  complex a s  required. 

"List notationM is a device for representing more complicated 
data structures than can conveniently be represented by a binary tree. 
List notation is an abbreviation for dot notation. A l ist  can be defined - 
a s  any number (including zero) of S-expressions (where by S-expres- 
sions we shall mean lists a s  well a s  the dot notation structures intro- 
duced previously), separated by spaces (or commas - space and comma 
being interchangeable), and the whole surrounded by parentheses. 
Examples a r e  shown in Figure 2. The list  (B C D), for example, is an 
abbreviation for (B . (C . ( D  . NIL))) where NIL is a special atom mark- 
ing the end of a list. The structure ( )  is always equivalent to NIL. The 
reader should practice going from list  to dot notation and back again to 
become familiar with the idea. 

List Structure Operators 

"List structurel1 is a general term applied to anything that can 
be written in LISP, using dot notation, l ist  notation, or both. List 
structure is m anipulated by LISP func tions, which a re  themselves 
written a s  S-expressions. A function call is denoted by a l ist  whose 
first  element is the function designator and whose succeeding elements 
(if any) a r e  the arguments of the function. Thus 

(CONS A B) 

is a call for the function CONS to be applied to two arguments, A and B. 

is a call for the function EQ to be applied to the results of applying the 
function CAR to J and the function CDR to Q. 

Some atoms, although written as  if they were ordinary functions, 
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((A . (MORE . COMPLEX)) 
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DOTTED PAIR 

STRUCTURE 7- 
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A 

I I 
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MORE COMPLEX 

Figure -- 1. Some Sample S-Expressions, and 
their Graphic-Syrnbolic Representatigz - 



S -Expre s s ion  

1. A l i s t  of atoms: 

( A  B C D )  

2. A l i s t  of dot ted  pair: 

3. A l i s t  of var ious  e l e -  
ment s : 

( ~ o t e :  Comma i s  in-  
terchangeable with 
space .) 

Here ( J )  and (CAR J )  
a r e  l i s t s  wi thin  
a l i s t .  

4. A l i s t  of no elements:  

Graphie-Symbolic - Representat ion 

i t 
D NIL 

(Note: [g may be abbreviated t o  l a )  
t 

NIL 

t 
LAMBDA 1 

J N I L  CAR J N I L  

F i m e  2 .  Some Sample S-Expressions i n  L i s t  
Notation. and t h e i r  Graphie-Symbolic Representat ion 



have special significance to the system, and give special treatment to 
their arguments. Representative of these a r e  QUOTE, LAMBDA, and 
LABEL. These a r e  called special forms and will be discussed below 
a t  appropriate places. 

LISP i s  so  arranged that recursive functions a r e  admissible - 
i. e. functions that use themselves in the evaluation process. This is 
a very powerful feature, and recursive coding in LISP is a frequent oc- 
currence. The LISP 1. 5 Manual gives details and exam ples. 

Some LISP Functions 

A host of functions a r e  defined in LISP operating systems for 
manipulating list structure. We shall discuss the more  basic of these 
here, referring the reader to the manual for a treatment of the more 
invo lved ones. 

CAR is a function of one argument (which is an S-expression, of 
course; there a r e  no other kinds of arguments) and gives a s  its value the 
left-hand S-expression of the dotted pair.  To make the cal1 of the 
function CAR work with the argument to which i t  applies, i t  is neces- 
sary  to use the special form QUOTE. QUOTE is used to signify that 
an expression stands for itself rather than for something to be interpre- 
ted further; thus i t  serves  to isolate a program from its data. This 
also will be discussed further below. Here a r e  some examples of CAR: 

(CAR (QUOTE (A . B))) +A 
(CAR (QUOTE ((A . B) . (C . D)) )) + ( A  . B) 
(CAR (QUOTE (A B C))) + 

(CAR (QUOTE (A . (B . (C . NIL))) )) -;.A 
(CAR (QUOTE ((A) (B)) )) - 

(CAR (QUOTE ((A . NIL) . ((B . NIL) . NIL)) )) + 
(A . NIL) + (A) 

I t  will be seen from the above that CAR of a dotted pair is the left mem- 
ber,  and CAR of a l i s t  is the f i r s t  member. CAR is an acronym for 
Itcontents of address of register ,  l t  which refers  to the way l i s t  structure 
i s  organized in storage in the 7090 LISP system. 

CDR is a function of one argument which gives the right hand 
half of a dotted pair.  To see  what i t  does to a list,  let 's  work out some 
examples: 



(CDR (QUOTE (A . B))) + B 
(CDR (QUO TE (A B C))) + 

(C DR (QUO TE (A . (B . (C . NIL))) )) + 
(B . (C . NIL)) + (B C) 

(CDR (QUOTE (J))) -;, 
(CDR (QUOTE (J . NIL))) + NIL 

We see that CDR of a l is t  is ALL OF THE LIST EXCEPT THE 
FIRST ELEMENT. In brief, i t  is the res t  of the list.  CAR of a l is t  of 
one element i s  the element, and CDR of such a l is t  is NIL. There will 
be considerable occasion to use this fact. 

CONS: So far  we have taken l is t  structure apart; now let's put 
some together. CONS of two arguments constructs (hence the name) a 
dotted pair of those arguments, in order.  Thus: 

(CONS (QUOTE A) (QUOTE B)) + (A . B) 
(CONS (QUOTE A) (QUOTE ( J  K L))) + 

( A .  ( J K L ) )  +(A J K L )  
(CONS (QUOTE A) (QUOTE NIL)) + (A . NIL) 3 (A) 

The examples illustrate a very important use of CONS, i. e . ,  
tacking an element onto the front of a list. 

We need now some functions for testing l is t  structure. A 
predicate is a function whose only allowed values a r e  the Boolean val- 
ues T and F, for truth and falsity respectively. In al1 versions of 
LISP, the actual Boolean value for falsity is NIL, and the atom F is 
recognized a s  equivalent to (QUOTE NIL). The actual Boolean value for 
truth is  either T o r  *T*, depending on the version of LISP you use; but T 
is recognized a s  being equivalent to (QUOTE T) o r  (QUOTE *T*), which- 
ever is appropriate. Here a r e  some predicates: 

EQ is a predicate for testing whether two atoms a re  the same, 
and is thus a function of two arguments. Its value is undefined (i. e . ,  
unpredictably T o r  NIL) when applied to S-expressions other than atoms, 
although we can Say for certain that EQ of two different S-expressions 
is NIL. 

(EQ (QUOTE A) (QUO TE B)) -+ NIL 
(EQ (QUOTE A) (CAR (QUOTE (A B C))) ) -, T o r  *T* 
(EQ (CDR (QUOTE (A))) (QUOTE NIL)) -, T or  *T* 

NULL is a predicate for testing for NIL. It is a function of one 



argument, and returns truth if that argument is NIL. 

(NULL (QUOTE NIL)) 3 T o r  * T* 
(NULL F) ++ T or  * T* . . 
(NULL (QUO TE A)) + NIL 
(NULL (CDR (QUOTE (A)) )) 3 T or  * T* 

NULL can be regarded a s  a special case of EQ. The following a re  e-  
quivalent: 

(NULL (CDR (QUOTE (A)))) and 
(EQ (C DR (QUO TE (A))) (QUO TE NIL)) 

NULL is particularly useful for testing for the end of a list. 

ATO M is a predicate of one argument which determines whether 
that argument is an atomic symbol. 

(ATOM (QUOTE ATOMICSYMBOL)) j T o r  *T* 
(ATOM (QUOTE (A B C))) -+ NIL 
(ATOM (QUOTE NIL)) j T o r  *T* 
(ATOM (CAR (QUOTE (A)))) + T or  * T* 

The basic device for using predicates is a function called 
COND (for llconditionallf). COND is a special form which takes 
an indefinite number of arguments. Each argument is a l is t  of two ele- 
ments. COND proceeds from argument to argument, evaluating the 
f i rs t  element of each; and the value of the COND is the second element 
of the f i r s t  argument whose f i rs t  element is true. 

(COND ((QUOTE NIL) (QUOTE A)) ((QUOTE *T*) 
(QUO TE B)) ) -+ B 

(CoND ((NULL (CDR (QUOTE (A)))) (QUOTE (DONE))) 
( T  (QUOTE FOO)) ) + (DONE) 

The first  element of each argument is ordinarily a predicate, 
although this is not necessarily so; any function may be used, and i t  
will be considered true if its value is anything except NIL. If the 
COND runs out of arguments, its value i s  undefined: an e r ro r  diagnos- 
tic will occur. 



Variables and Bindings 

Ordinarily we want to write a program that will handle a variety 
of inputs, and this is true of LISP. In the examples so far, we have 
seen functions applied to specific arguments to get specific results. 
Now we must provide for arbitrary arguments. This is done by means 
of bound variables. 

RULE: AN ATOM NEVER STANDS FOR ITSELF UNLESS IT IS 
PART OF A QUOTED EXPRESSION. 

Consider the atoms in the expression 

(CONS J (QUOTE (A B C))) (1) 

CONS stands for the func tion which does the CONS-ing; A, B, and C 
a re  part of a quoted expression, so they stand for themselves. Now J 
doesnft stand for itself. What does it stand for? 

To answer this question, we need to dig deeper. In LISP, 
functions a re  evaluated by an interpreter. The interpreter contains an 
association - list, o r  A-list, of bindings of variables. The A-list is a 
sor t  of symbol table which contains variables and what they stand for. 
It is a l is t  of dotted pairs, and if a t  the time of evaluating (1) the A-list 
were 

((Q . (J K)) (J . (NIL)). . . . ) 
the value of (1) would be ((NIL) A B C) . In this example, J is a bound 
variable which is bound on the A-list .  The interpreter looks at  an 
atomfs property l is t  before looking for the atom on the A-list, since 
variables can be, and functions usually are, bound on property lists. 
A variable or  an atom that is a function may have several different 
bindings a t  one time. The interpreter searches first  the property l is t  
of the atom and then the A-list, stopping when i t  f i rs t  finds a bMing.  
An atom may be bolilad as  a function o r  a s  a variable or  both. Now pro- 
perty l ists distinguish between functional and variable bindings, but 
the A -1ist has no such distinctions. If a binding of a variable, e .  g. J, 
is required, it will search f i rs t  the property l ist  of J for a variable 
binding (called an APVAL); if it is unsuccessful, i t  will then search the 
A-list for a binding of J. In the example above, J is bound to (NIL). 

The principal way of putting variable bindings on the A-list is by 



use of LAMBDA. LAMBDA is  used a s  if i t  were a function of two argu- 
ments, which a r e  (1) a l ist  of the variables to be bound and (2) the ex- 
pression which i s  to be evaluated while that binding is in force. The 
entire expression containing the LAMBDA is a functional expression, 
and takes a s  arguments expressions following i t  in the usual way. Thus 
the expression 

P M B D A  (J) (CONS J (QUOTE (A B C))) ) (QUOTE (NIL)) ) (4) 
functional expression argument 

performs the following: 

1. Evaluates (QUOTE (NIL)), yielding (NIL); 
2. Pai rs  this wi th J, the variable to be bound, and puts 

( J  . (NIL)) a t  the head of the A-list; 
3. Evaluates the arguments of CONS. J is bound on the 

A-list to (NIL), so  (NIL) i s  the f i rs t  argument. 
(QUOTE (A B C)) i s  a quoted expression, whose 
value i s  (A B C); 

4. Evaluates CONS, and finds on i ts  property l is t  that 
i t  is a machine language function; 

5. Passes  the arguments to CONS, which returns 
((NIL) A B C); 

6.  Strikes the binding of J from the A-list. 

In this example, one variable was bound by the LAMBDA. Any 
reasonable number of variables can be bound a t  one time; al1 that is 
necessary is that the number of arguments supplied be the same a s  the 
number of variables to be bound. 

Since the A-list is searched from the top down, the same vari- 
able may be bound several times, and in each case the most recent 
binding will be used. 

The use of QUOTE should now be quite clear: you quote some- 
thing that you do not want evaluated, but want to stand for itself. 

F ree  Variables 

When the LISP interpreter evaluates a variable, i t  doesntt neces- 
sarily confine itself to that part of the A-list attached by the present 
binding; it searches the entire A-list until it either finds a binding, o r  



runs out of A -list, which results in an e r ro r  call. A variable used but 
not bound within the scope of the current function is said to be a free 
variable. 

LABEL 

We have seen that variables a r e  usually bound on the A-list, and 
functions a re  usually bound on property lists. The A -1ist is useful for 
short-term bindings, a s  these a re  erased when you a re  through with 
them, while the property l ists a r e  altered only upon specific direction 
to the system. A function name required only for a short tirne, Say 
within a recursion, can be bound on the A-list through use of LABEL. 
LABEL is written as  a function of two arguments, where the f i rs t  is the 
atom to be bound and the second is a functional expression. For example, 
consider: 

(LAMBDA (J) (COND ((Pl J) (F1 J)) ( T  ((LABEL FN 
(LAMBDA (J) (COND ((NULL J) NIL) (T  (CONS 
(CONS (CAR J) NIL) (FN (CDR JI))) 1)) (CAR 4)) )) 

This binds FN so that the appearance of F N  within the functional expres- 
sion is treated a s  a reference to the entire functional expression. 

LABEL is little used; i t  is usually more convenient to use a 
separate function bound on a property list. 

Defining Func tions 

We want to be able to put functional expressions on the property 
lists of atoms so that they a re  available for long term use in the system. 
A couple of points must be covered first. 

So far we have discussed functions whose operation makes no 
change (at least no ffvisibleff change) in the state of the LISP system ex- 
cept to return a value when called. There a re  also functions, called 
l~pseudo-functionsff in the LISP 1 . 5  Manual, which have various impor- 
tant side-effects resulting from their operation. Indeed, the side-effect 
may be the prime purpose in using a function; the resulting value may 
be trivial, such as  a supplied argument o r  NIL. These include, as  ob- 
vious examples, input-output functions such as  PRINT. There a re  also 
functions which make a permanent change in memory (permanent in the 



sense that you have to try explicitly to make such change go away), 
such as RPLACA, RPLACD, and DEFINE. 

The pseudo-function DEFINE takes one argument, which is a 
l i s t  of "items'l. Each l1itemw i s  a l i s t  of two elements, the f i r s t  of 
which is an  atom, and the second is a functional expression to be as- 
sociated with it. Thus we might write: 

(DEFINE (QUO TE ((TEST (LAMBDA (J) (CONS J (QUO TE (A B C)) ))) ))) 
I I '? 1 '  ! 1 variable to be -und 

1 '  ! 
I 
1 1  1 

1 l \ -/ -1 1 ,  

1 '  functional expression I l  
I I  I I  

I. I I  
1 \ name of function i 1 
l 

Y - I 
I I 

\ item to be defined l 
/ 

V 

l i s t  of i tems to be defined 

Functions defined with DEF INE have the S-expression on their 
property list preceded by the indicator EXPR. Other S-expressions, 
with other indicators such a s  FEXPR, can be put on property l i s ts  with 
O ther defining functions . 

The interpreter, when i t  s e e s  an atom in the position of a func- 
tion, will search the a tomfs  property l i s t  to see  if it ca r r i es  a functional 
expression. The func tional expression is applied to the arguments of 
the function. 

Variable bindings which a r e  to be used over a long period of 
time a r e  most  conveniently bound on property l i s ts .  The function CSET 
takes two arguments: the value of the f i r s t  argument is an atom upon 
whose property l i s t  i s  created a binding to the value of CSET1s second 
argument. Such a binding i s  called an APVAL An example: 

(CSET (QUOTE JJ) (QUOTE (TTTT))) 

Having done this, we could use JJ a s  in the following example: 
Use Result 

(CONS JJ (QUOTE (A B C))) ((TTTT) A B C)  



S ince the interpreter searches property l ists before the A-list, 
a LAMBDA binding of a variable with an APVAL wonft lftake. lf Thus T, 
F, and NIL, for example, can never be used a s  variables bound by a 
LAMBDA. In 7090 LISP, we have a s  part of the system the result of 
(CSET (QUOTE T) (QUOTE *T*)). 

EVAL 

The notation we have been using for functions i s  that used by 
EVAL, which is the major part of the interpreter. In addition to being 
called implicitly in the process of function evaluation, EVAL is avail- 
able explicitly to the programmer. The programmer may cal1 upon i t  
explicitly as  a function of two arguments: the expression to be evaluated 
(called a form), and the A-list to be used. Thus: 

(EVAL (QUOTE A) (QUOTE ((A . (Q R D)))) ) -(Q R D) 
(EVAL (QUOTE (CAR P)) (QUOTE ((P . (Q R S)))) ) -Q 
(EVA L (QUO TE (C DR (QUOTE (J K L)))) (QUOTE NIL)) - 

(K L) 

Notice that we have two levels of evaluation here. In the last  example, 
the interpreter evaluates the arguments of EVAL, so the arguments 
passed to EVAL a re  (CDR (QUOTE (J K L))) and NIL. The value of 
(CDR (QUOTE (J K L))) is  then determined precisely a s  if i t  had been 
seen by the interpreter. 

Functions and Special Forms 

There a re  two rather different types of atoms bound on property 
l ists which take the position of functions in expressions. We have seen 
several examples of each. These can be categorized a s  follows: 

1. Functions, such a s  CONS, which take a fixed number 
of arguments, al1 of which a re  evaluated before 
being passed to the function. 

2.  Special forms such as  LAMBDA, QUOTE, and COND, 
which either (a) take a variable nurnber of argu- 
ments (COND), or (b) require that their arguments 
not be evaluated (LAMBDA, QUOTE, COND), or  
(c) require access to the present A-list (LAMBDA). 



Functions of the f i r s t  c lass  a r e  called EXPRfs o r  SUBR1s, and 
functions of the second c lass  a r e  called FEXPRfs o r  FSUBRfs. 
FEXPR1s and FSUBRfs a r e  always written a s  if they were functions of 
precisely two arguments. When the interpreter encounters an FEXPR 
o r  FSUBR, the l i s t  of unevaluated arguments (i. e .  , CDR of the expres- 
sion headed by the FEXPR o r  FSUBR) is given to the FEXPR or  FSUBR 
a s  i t s  f i r s t  argument, and the current  A-list is given a s  the second ar- 
gument. Since COND is a special form, 

(COND ((ATOM A) A) (T  (FN (CAR A))) ) 

is interpreted by giving a s  arguments to CONn 

1. (((ATOM A) A) (T (FN (CAR A)))) 

2.  The current  A-list. 

Now COND canlt  be supplied the value of i t s  explicit arguments 
(clearly ((ATOM A) A) is gibberish if evaluated - for we wind up apply- 
ing * T* o r  NIL as a function to A). But we do need to do some evaluat- 
ing. We must  evaluate (ATOM A), and 

1. If it is true, evaluate A and re turn  it as answer; 

2. If it is not true, we must  evaluate T, which is found 
to be true, and upon so finding it, we must  evalu- 
ate (FN (CAR A)) and return its value a s  answer. 

These evaluations a r e  performed by calling upon EVAL. The f i r s t  ar- 
gument of EVAL is the expression to be evaluated (called a form) and 
the second is the A-list to be  used. Thus, (although no LISP system 
does it quite this way, for  reasons which will become clear presently) 
we can as an illustration write COND as an FEXPR which calls  another 
function, EVCON, written as an  EXPR, to do the work: 

COND: (LAMBDA (L A) (EVCON L A)); FEXPR 

EVCON: (LAMBDA (L A) (COND ((NULL L) (ERROR 
(QUOTE A3))) 

((EVAL (CAR (CAR L)) A) (EVAL (CAR (CDR 
(CAR LI)) A)) 

(T (EVCON (CDR L) A)) )); EXPR 

Le t f s  trace this through, supposing that A i s  bound to the atom Q. 



Expression a s  seen by EVAL: 

(COND ((ATOM A) A) (T (FN (CAR A)))); 

Arguments of COND, and hence arguments of EVCON: 

Since L isnlt  NIL, we call EVAL of: 

EVAL finds that Q is indeed atomic and returns T. So we call 
EVA L: 

A; ((A . Q)) 

EVAL promptly returns Q, and we a r e  done. 

Since EVCON contains a COND, we cannot in fact write the 
function in exactly this way; in substance, however, EVCON and COND 
a r e  coded in machine language in the interpreter to act  in this way. 
(Thus they a r e  actually SUBR and FSUBR rather than EXPR and FEXPR. ) 

EXPR1s and SUBR1s 

The indicators EXPR and SUBR a r e  used on the property l ists  of 
atoms to indicate functional bindings of two different types. The indi- 
cator EXPR denotes a functional binding written a s  an S-expression, 
and i t  is this type that is created by DEFINE. Most of the functions in 
the LISP system, however, a r e  written in machine language rather than 
a s  S-expressions. Following the SUBR on the property l is t  is a special 
ce11 containing information that the interpreter requires in order to 
link to the machine language subroutine. An entirely analogous relation 
exists between FEXPRfs and FSUBR1s: following FEXPR there is an 
S-expression, and following FSUBR there is a subroutine linkage control 
word. 

Func tional Arguments 

Certain functions conveniently take other functions a s  arguments 
The most common example is MAPLIST, whose definition is: 



(LAMBDA ( L  FN) (COND ((NULL L) NIL) 
( T  (CONS ( F N  L) (MA P L I S T  (CDR L)  FN))) )) 

F N  is in the position of a func tion (it  i s  CAR of a list) and is a bound 
variable. Let's use M A P L I S T  in an example to s ee  how i t  works. Sup- 
pose we have a list,  Say (A B C), and we want to CONS an X onto each 
element to get ((A . X) (B . X) (C . X)). We could write: 

((LAMBDA (J) (MAPLIST J (QUOTE (LAMBDA (K) 
(CONS (CAR K) (QUOTE X)) )))) (QUOTE (A B C))) 

Now let 's  t race  through this. The arguments of M A P L I S T  are: 

(A B C); (LAMBDA (K) (CONS (CAR K) (QUO T E  X))) 

which a r e  bound to L and F N  respectively. N 4 P L I S T  i s  evaluated in 
the usual way; the interpreter  finds the binding of al1 functions except 
F N  on their property l is ts ,  while F N  is b u n d  on the A-list. 

The use of QUOTE with a functional argument leads to a problem 
which is bes t  illustrated with an  example. Consider the function T E S T R  
defined as: 

(LAMBDA ( L  FN)  (COND ((NULL L) NIL) ( ( P l  L) (FN)) 
( T  ( T E S T R  (CAR L)  (QUOTE (LAMBDA NIL 

( T E S T R  (CDR L) FN))) )) )) 

Assume P l  is some predicate, which we will choose to be true o r  false 
as suits  our convenience. Let's apply this to ((A) (B) (C)); (LAMBDA 
(X) X) and s ee  what happens. 

L: ((A) (B) (C)) 
FN: (LAMBDA (X) X) 

L isn ' t  NIL, and for  the sake of argument we assume Pl of 
((A) (B) (C)) to be false; so, we take the T leg of the conditional, enter 
the f i r s t  TESTR,  and get: 

L: (A) 
FN:  (TESTR (CDR L)  FN)  

and now we a r e  in trouble. 

What the programmer intended to have upon interpreting F N  was 



CDR of ((A) (B) (C)), i. e. ((B) (C)); and what he will get is CDR of (A), 
which is NIL. The wrong binding of L will have been used. What is 
needed here is a device to preserve the A-list a s  i t  was upon entering 
TESTR for the f i rs t  time, and to make this A-list available a t  the right 
time. The interpreter contains a monument to this problem called the 
FUNARG device. We can straighten things out by defining TESTR as: 

(LAMBDA (L FN) (COND ((NULL L) NIL) ((Pl  L) (FN L)) 
(T (TESTR (CAR L) (FUNCTION (LAMBDA NIL 

(TESTR (CDR L) FN))) 1) 1) 

The only change is the substitution of FUNCTION for QUOTE. Proceed- 
ing as before, we enter the first  TESTR and evaluate i ts  arguments. 
A s  before, (CAR L) is (A), but now we run into (FUNCTION (TESTR 
(CDR L) FN)). The interpreter recognizes FUNCTION, replaces it by 
the special atom FUNARG, and attaches the old A-list to give 

FN: (FUNARG (TESTR (CDR L) FN) ((L . ((A) (B) (C))) 
(FN . (LAMBDA (X) X)))) 

The interpreter, upon interpreting FN, now sees the FUNARG, and re-  
trieves the function (TESTR (CDR L) FN), and the old A-list; and now 
we have the correct L and will get what the programmer expected. 

Admittedly, this is a complicated example, but the point is 
simple enough: when quoting a function, use FUNCTION instead of 
QUOTE and you will get what you want. The problem arises with free 
variables in functional arguments; in TESTR, both L and FN a re  es-  
sentially used free. 

Property Lists 

The property lists used in the IBM 7090 LISP System will be 
discussed since they are  representative of property l ists in general and 
a re  reasonably simple. Generally, properties a re  of two types. One 
word (one element) properties, called flags, indicate information simply 
by their presence or  absence. TRACE (see below) is representative of 
this type. 

Most properties consist of two elements. The first  element is 
an indicator, such a s  EXPR; the second is a pointer to associated in- 
formation, such as  a functional expression in the case of EXPR. 



Here is a l ist  of the properties used in the 7090 LISP system 

TRACE Flag; causes interpreter to print out function called, its 
arguments, and its value. 

EXPR Indicator; marks functional definition. 

FEXPR Indicator; marks special form functional definition. 

SUBR Indicator; used in case of EXPR1s translated to machine 
language subroutines. Marks pointer to a word 
of non-list structure carrying address of sub- 
routine and number of arguments it expects. 

FSUBR Similar to SUBR, except doesnft evaluate arguments. 
List of unevaluated arguments and current A -lis t 
supplied a s  arguments. 

APVAL Indicator; acronym for APPLY VALUE. Indicates a 
binding of the atom in which it appears to the 
S-expression pointed to. 

PNAME Indicator; acronym for PRINT NAME. Pointer points to 
a list of pointers to words containing the BCD re-  
presentation of the character strings in the 
atomf s name. 

SPECIAL Indicator; pointer is to a ce11 (the SPECIAL CELL) which 
contains certain variable bindings used in com- 
piled code. See Compilation for a more detailed 
discussion. 

Indicator; short for symbol value. Pointer points to a 
non-list word containing a nurnber. SYM1s a re  
used by LAP (LISP Assembly Program) for stor- 
ing the values of machine instruction such as  
CLA, STO, etc. 

COMMON Flag; used by the compiler to denote variables whose 
values a re  to be found by the interpreter. 

Other indicators may be originated and used by the programmer. 
Various func tions a re  available for manipulating property lists; property 



lists are  fine places on which to hang miscellaneous information about 
atoms. 

Here is a typical property list. 

CAR (additional pro- 

SWR 1 would 
a t t a ch  here 

Subrout ine  con t ro l  word 
42.321.51777777 1 

BCD p r i n t  name 2 

Nurribers in LISP 

So far we have confined our attention to symbol manipulation. 
LISP also has facilities for numerical work. An atom starting with a 
digit is interpreted a s  a number. Numerical atoms always stand for 
themselves, and so need not be QUOTE1d. There a re  a set  of functions 
for doing arithrnetic of which PLUS is representative: 

(PLUS 3 4) - 7 
((LAMBDA (4 (PLUS J 10)) 34) -, 44 

Other functions a re  available, but Vary from version to version, so the 
reader is referred to the manual for his particular version of LISP for 
a discussion of specific numerical functions. 

Arithmetic in LISP is not very fast, as  the system has to resort  
to various tricks to turn a number into an entity that is referenceable 
by a l ist  structure pointer. 

PROG 

No discussion of LISP is complete without a mention of PROG. 
PROG is a special form which permits writing LISP manipulations in a 
style similar to ALGOL and FORTRAN. Let's illustrate with an ex- 
ample; LAST will be defined as  a function to find the - last element of a 
list: 



(DEFINE (QUOTE ( 
(LAST (LAMBDA (J) (PROG (K) 

(SETQ K J) 
A (COND ((NULL K) (RETURN NIL)) ((NULL (CDR K) 

(RETURN (CAR K))) ) 
(SE TQ K (CDR K)) 
(GO A) ))) ))) 

PROG is written as  if it were a function of an indefinite nurnber 
of arguments. The f i rs t  "argumentu is a l ist  of program variables, 
which a r e  bound on the A -1ist to NIL when the PRO G is entered. Suc- 
ceeding arguments, if atomic, a re  statement labels, and otherwise a re  
statements. SETQ is a special form which re-binds its f irst  argument 
(which i t  effectively quotes) to the value of i ts  second argument. OOND 
is essentially the same a s  when used outside PROG; if i t  runs out of 
arguments without finding a true predicate, however, control passes to 
the next statement instead of giving an er ror  diagnostic. GO is a 
special form for transferring control. If its argument is atomic, con- 
trol passes to the statement bearing that label; otherwise the argument 
is evaluated and control passes to the label which is the same a s  the 
resulting value. RETURN causes the PRûG to be quitted, returning a s  
result the value of the argument of RETüRN. If a PRûG runs out of 
statements, i .  e. lldrops out the bottom, '1 i t  returns NIL. 

PROG works by f i rs t  binding the program variables, then scan- 
ning its arguments for statement labels which a re  put on a l ist  of 
labels called a GOLIST. Statement labels can be the same a s  bound 
variables; since they a re  kept on different lists, however, no confusion 
will arise. The PROG is executed by EVAL-ing each statement a s  i t  
is encountered and throwing away the value. 

SETQ isnlt restricted to rebinding program variables; i t  can 
bind any variable on the A-list. In this example, K isnft  really neces- 
sary; J, originally bound by the LAMBDA, could be used as well. It 
is some times useful to have a PROG re-bind a variable in a higher 
function; al1 that is required is that the variable to be bound be some- 
where on the A-list. 

There is nothing that can be done using PRû G that canft be done 
without it, and vice versa; whether one uses PROG or not is a matter 
of taste and convenience. Some purists will contend that using PROG 
is somehow tinged with immorality, and not Ifpure" LISP; this is silly, 
of course, but they do have a point: one should learn to write LISP 



both with and without PFOG, o r  one may fa11 into the habit of using 
PROG for  everything. The las t  example could be wri tten wi thout PRûG, 
but recursively, a s  follows: 

(DEFINE (QUOTE ( 
(LAST (LAMBDA (J) (COND ((NULL J) NIL) ((NULL 

(CDR J)) (CAR J)) 
(T (LAST (CDR J))) 1)) ))) 

Input -Output and EVA LQUOTE 

Input and output in LISP a r e  handled by built-in pseudo-functions 
READand PRINT, which read and print one S-expression, respectively. 
Al1 the examples we have discussed so far  a r e  in the format used by 
EVAL. In PDP-1 LISP, EVAL reads one S-expression, evaluates i t  
(starting with a nul1 A-list), and prints out the result. The usual LISP 
job consists of defining some functions, and then trying them on some 
special cases. It turns out that you have to QUOTE practically every- 
thing: the argument of DEFINE must be quoted, and the test case a r  - 
guments must be quoted also. This is enough of a nuisance so that in 
most LISP systems, input i s  done through a function called EVALQUOTE 
which does the quoting for you. EVALQUOTE reads "pairsff, consist- 
ing of a function name (or functional expression), followed by a - l i s t  of 
arguments. Thus, each pair consists of exactly two S-expressions. 
Some examples: 

EVAL I EVALQUOTE 

(CSET (QUOTE JJ) (QUOTE (A B C))) 1 CSET (JJ (A B C)) 

(CONS (QUOTE F)  (QUOTE (G))) 

((LAMBDA (J) (CAR J)) (QUOTE 
(A - B))) 

(DEFINE (QUOTE ((FN (LAMBDA 
NIL NIL))))) 

CONS (F  (G)) 

(LAMBDA (J) (CAR J)) 

((A . B)) 
DEFINE (( (FN (LAMBDA 

NIL NIL)) )) 

(FN) 1 FN NIL 

EVALQUO TE breaks down the argument l i s t  into arguments, quo tes 
each, and passes function and arguments off to the interpreter to be 
evaluated. 



The LISP READ program consists of two basic parts. There is  
a machine language routine to convert character strings into atoms. Its 
output is  the atoms read, with special atoms for  parentheses and period. 
A recursive subroutine CONS1s these into l ist  structure. When a char- 
acter string is read, it must be compared with the character represen- 
tations of al1 atoms seen so  far, to determine whether this string is a 
new atom o r  a reference to one seen before. Therefore there must be 
a means of rapid access to al1 the atorns in the system. There exists, 
therefore, a l ist  called the object list, o r  OBLIST, of al1 atoms. To 
speed things up, this i s  usually organized as  a l ist  of a hundred o r  so 
sub-lists, where the atoms a re  distributed among the sublists by a com- 
putation upon their BCD representations. This computation is chosen so 
a s  to give a s  uniform and random a distribution of atoms among the 
various sub-lists a s  possible. Some versions of LISP have the atom 
OBLIST APVAL1ed to point to the object list, so i t  can be accessed by 
EVAL. 

Compilation 

Interpreters a re  generally slow; LISP1s is no exception. The 
slowness is prirnarily a result of searching the A-list for variable 
bindings, and searching property lists for functional bindings. The 
situation can be alleviated to a considerable degree by compiling 
machine code to evaluate functions. As a bonus, one obtains more 
storage space, for the compiled code generally takes less  storage than 
the S-expression, which can be thrown away after it is compiled. Noth- 
ing is free, however, and the price of compilation is several difficulties: 

1. Free variables require special treatment. In interpreted 
code, a s  we have seen, al1 variable bindings a re  accessible because the 
interpreter can search the entire A-list if necessary. In compiled 
code, the bindings of the present function a r e  stored in its private 
area of the pushdown list, and no other part of the pushdown l is t  is 
accessible; so one canlt get at  variables bound outside the current 
func tion. 

There a re  various artifices to alleviate this situation. One is 
to establish a special ce11 for each variable used free and to post the 
present binding in i t  each time it is  re-bound. The old binding is saved 
on the pushdown list and is  restored when necessary. This method is 
reasonably fast, but the special cells arenl t  generally available to the 
interpreter. Another way is to post variable bindings on the A -1ist and 



use EVAL to look them up. This, although ultimately general, throws 
away most of the speed advantage of compiled code. In the 7090, vari- 
ables declared CO MMON are  treated in this way . CO MMON variables 
a r e  required to get a t  APVAL's. 

2. There a re  problems with functional arguments. Again, we 
donft have access to the A-list, so we canlt use the FUNARG device to 
keep bindings straight. In 7090 LISP, functional arguments must be 
COMMON, so the burden is thrown onto the interpreter, which can use 
the F UNARG device. In Q-32 and M-460 LISP, which a re  the only other 
systems containing compilers a s  of this writing, the problem i s  more 
or  less  ignored; one still writes FUNCTION, and functional arguments 
must be declared SPECIAL. Except in pathological cases like TESTR, 
a little care  is al1 that is needed to avoid looking a t  incorrect bindings. 
The proposed LISP for the CDC 6600 has a device in which SPECIAL 
variables a re  stored on the pushdown list  and referenced indirectly 
through the special cells; and al1 bindings of each special variable a re  
chained on the pushdown list. Some code is used to exclude that part 
of the pushdown list  which would follow the equivalent of a FUNARG by 
tracing down the chained bindings. 

3. Compiled calls to FEXPRfs o r  FSUBRfs can lead to trouble, 
since most of the usefulness of compilation is evaluating arguments of 
functions, and FEXPR1s and FSUBR7s get theirs evaluated whether you 
want i t  o r  not. A s  long a s  the compiler is dealing with FEXPRfs and 
FSUBRfs defined in the system, however, there is no serious problem, 
for the compiler is designed to recognize these and give them appropri- 
ate treatment. Hart has proposed a method of abolishing user-defined 
FEXPR1s and FSUBRfs by use of a system of macros, and this system 
is incorporated in those versions of LISP which a re  compiler-based. 
(2, 3, 4) 

Because of the advantages of compiled code, we can expect to 
see more and better compiler-based LISP systems in the future. These 
will probably take input in languages similar to ALGOL. 

Conclusion 

This paper seeks to ease the average programmer's entrance 
into LISP programming. The reader is advised to refer to the LISP 
1 . 5  Manual and Hart's LISP Exercises (in this volume) to broaden his 
under standing of the language. The best teacher is  often experience; 



and access to a computer should be impetus enough for the reader to 
try his hand at  writing LISP. 
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LISP- 240 Exercises with Solutions 

Timothy P. Hart and Michael 1. Levin 

Project MAC 
Massachusetts Institute of Technology 

The following exercises are carefully graded to mesh with 
the sections in Chapter 1, "The LISP Language," in the LISP 1.5 
Programmer's Manual. Each exercise should be worked immediately 
after reading the manual section indicated. Instructions, such 
as "Read Section 1.1", refer to this manual. 

The exercises are more finely subdivided than the manual 
sections. If you don't understand an entire manual section, try 
the exercises - they may teach you enough to allow you to pro- 
ceed on through the manual section. 

A. S-expressions. Read Section 1.1. 

Which of the following are S-expressions? 

1. t x .  Y) 
2. ( ( 2 )  
3. CHI 
4. (BOSTON . NEW . YORK) 
5. ( (SPINACH . BUTTER) . STEAK) 
b. Elementary Functions. Read Section 1.2. 

Write the S-expression which is the value of each of the 
fol lowing expressions. (Some of them are undef ined!) 



car[(A . B ) ]  
cdr[(A . B ) ]  
c a r [ ( ( ~ 0 0  . CROCK) . GLITCH)] 
c d r [ ( ( ~ O 0  . CROCK) . GLITCH)] 
 car[^] 
c o n s [ ~ 0 0 ~ ;  TOOP] 
 cons[^;(^ . z ) ]  
e q [ x ; ~ l  
eq[y ;z I  
e q [ ( ~  . R ) ; ( Q  . R ) ]  
a  tom[^] 
atom[(TOOT . TOOT)] 
a ~~~[IS~ISATRIVIALEXERCISE] 

C .  Func t ion  Composition. 

The n o t a t i o n  of f u n c t i o n  composition i s  extremely usefu l :  
car[cdr[(A . (B . c))]] means t h a t  S-expression which i s  t h e  c a r  
p a r t  of  t h e  cdr  p a r t  of (A . (B . C)) ,  namely B. The gene ra l  
r u l e  f o r  e v a l u a t i n g  composed f u n c t i o n s  i s  t o  e v a l u a t e  t h e  inner -  
most ones f i r s t ,  then t h e  next  o u t e r  l a y e r ,  and so  on, u n t i l  t h e  
e n t i r e  exp re s s ion  has  been eva lua t ed .  

Eva lua t e  t h e  fo l lowing:  

D .  Va r i ab l e s .  

The not ion  of a v a r i a b l e  i s  very important :  a small  l e t t e r  
appea r ing  i n  an exp re s s ion  i n  p l aces  where we expect  t o  f i n d  an 
S-expression i s  t o  s t and  f o r  t h e  same ( u n s p e c i f i e d )  S-expression 
i n  every p l a c e  where i t  occurs  i n  t h a t  S-expression.  Using t h i s  
n o t a t i o n  we can g ive  t h e  fo l lowing  d e f i n i t i o n s :  



(No t i ce  t h a t  t h e s e  d e f i n i t i o n s  don't  a l l ow  us t o  f i n d  an S-expres- 
s i o n  e q u i v a l e n t  t o  ~ ~ ~ [ A T o M ] ;  t h i s  i s  why we Say t h a t  such an ex- 
p r e s s i o n  i s  undef ined . )  

Which of t h e  fo l l owing  i d e n t i t i e s  a r e  always t r u e ?  

E. L i s t  No ta t i on .  Read S e c t i o n  1.3 

We w i l l  use  l i s t  n o t a t i o n  a lmos t  e x c l u s i v e l y  from now on; 
s o  do no t  t r y  t o  avoid  l e a r n i n g  i t .  The second s e t  of  examples 
i n  t h e  manual on page 4 a r e  key p ro to types  f o r  remembering what 
t h e  b a s i c  f u n c t i o n s  do t o  S-expressions i n  l i s t  n o t a t i o n .  Remem- 
b e r  t h a t :  

c a r  g e t s  t h e  f i r s t  element of a l i s t .  - 
cd r  e l i m i n a t e s  t h e  f i r s t  element of  a l i s t  by moving t h e  l e a d i n g  - 

l e f t  p a r e n t h e s i s  p a s t  t h e  i n i t i a l  S-expression.  
cons i n s e r t s  i t s  f i r s t  argument a t  t h e  head of  t h e  l i s t  which i s  - 

i t s  second argument. 
cdr  of  a l i s t  wi th  on ly  one element i s  t h e  atomic symbol NIL. - 

T r a n s l a t e  t h e  fo l l owing  S-expressions i n t o  do t  no t a t i on :  

35. A 
36. ((PLOOP) FLOP TOP) 
37.  ( ( X  GLITCH) ( Y  CROCK))) 
38. ( ( (XI ) )  
3 9 .  (SNAP (CRACKLE (POP))) 

Which one of  t h e  fo l l owing  S-express ions  cannot  be  expressed  
i n  l i s t  n o t a t i o n ?  T r a n s l a t e  t h e  r e s t  i n t o  l i s t  n o t a t i o n .  

40 .  ((A . NIL) . ( ( B  . NIL) . NIL)) 
41. (A  . (B . ( C  . NIL))) 
42. (NIL . NIL) 
43.  ( ( A  . (B . NIL)) . ( (c  . NIL) . NIL)) 
44.  ((X . NIL) . ((NIL . Y )  . NIL)) 



For  t h e  f o l l o w i n g ,  w r i t e  t h e  S - e x p r e s s i o n  which i s  t h e  v a l u e  
o f  each e x p r e s s i o n .  Use l i s t  n o t a t i o n  f o r  your answer whenever 
p o s s i b l e .  Some of  them may be  u n d e f i n e d .  

 car[(^ B C I ]  
c d r [ ( ~  B  C I ]  
 car[(^^ CD)]  
 car[(^)] 
c d r [ ( ~ ) ]  
 car[^] 
c d r  [NIL] 
 cons[^; (BI]  
 cons[^; (B  C) ] 
 cons[^;^] 
c o n s [ ~ ; N I L ]  
c o n s [ N I L ; ~ ]  
 cons[(^) ; (B C I ]  
 cons[(^ B) ; (C D l ]  
 cons[(^ B) ;CI 
 cons[(^ . B); ( (C  . D)(E . F I ) ]  
 cons[(^ B) ;NIL]  
 car[(((^) ) ) ]  
c o n s [ e q [ ~ ; ~ ] ;  ( F  T F) 1 
a t o m [ ~ I L ]  

F. M u l t i p l e  c a r - c d r  F u n c t i o n s .  

W r i t e  m u l t i p l e  c a r - c d r  LISP f u n c t i o n s  which w i l l  f i n d  t h e  
"A" i n  each  o f  t h e  f o l l o w i n g  ( d e n o t e  t h e  S - e x p r e s s i o n s  by "x"): 

G .  The F u n c t i o n s  l i s t  and n u l l .  

We w i l l  u s e  t h e  p r e d i c a t e  n u l l  t o  t e s t  f o r  t h e  a t o m i c  sym- 
b o l  NIL. n u l l [ ~ i L ]  = T, n u l l [ x  JF, i f  x i s  any  o t h e r  S-expres-  
s i o n  t h a n  NIL. The e x p r e s s i o n  "( 1" i s  i d e n t i c a l  t o  NIL, t h a t  
i s ,  e q [ (  ) ;NIL] ,  s o  n u l l  [ (  ) ]  = T and a tom[(  ) ]  = T, s i n c e  n u l l  
[NIL] = T and atom[NIL] = T .  N o t i c e  t h i s  c o n s i s t e n c y :  c d r [ ( ~ ) ]  = 
( 1 = NIL. 



The function list is used to create lists. It is a short- 
hand notation as the following identities illustrate: 

list[ ] = ( = NIL 
list[x] = (x) = cons[x;N~L] 
list[xl;x2] = (xl x2) = cons[xl; cons[x2; NIL]] 

Examples 

Exercises 

Write expressions involving onlycons, list, and atoms which 
will generate the following expressions: (Example: (A B) = 
list[A;~] ) 

Evaluate: 



a torn[cdr[(X Y ) ] ]  
a torn[cdr[cdr[ ( X  Y ) ] ] ]  
car[ (A B C l ]  
cadr[(A B C l ]  
caddr[(A B c ) ]  
cddr[(A B c ) ]  
cadr[(A (B C) D ) ]  
caadr[(A (B C) D I ]  
cadadr[(A (B C) D I ]  
cddadr[(A (B C) D I ]  
cddr  [ (A) ] 
eq[car[(A)]  ; cadr[(B A ) ] ]  
c a d r [ l i s t [ A ; ~ ; ~ ] ]  
c a d d r [ l i s t [ A ; B ; ~ ] ]  
atorn[cadr[(A (BI C)]]  
atorn[cadr[[A B C)]] 
cdr[cons[A; (B  . c ) ] ]  
a torn[car[cons[A; (B C)  ]]] 
a t o r n [ c d r [ c o n s [ A ; ~ I ~ ] ] ]  
n u l l [ l i s t [ A ] ]  
eq[(A . B) ;cons[A;B]] 
car[cons[car[ (A)  ];NIL]] 
eq[A; car[(A) 11 
eq[(A B) ; l i s t [A;B]]  

H. The LISP Meta-Lanquage. Read S e c t i o n  1 . 4 .  ( S k i p  S e c t i o n  1 . 5 . )  

I n  e x e r c i s e s  125-133 t h e  v a r i a b l e s  f ,  rn, n, t, x, y, and z 
a r e  bound by t h e  f o l l o w i n g  t a b l e .  A l 1  o t h e r  v a r i a b l e s  a r e  unbound 
and t h e r e f o r e  undef ined .  

f = F t = T  z = AB 
rn = AB x = ( ( A B ) )  
n = (AB . C )  y =  ((AB . C l )  



1 .  Lambda N o t a t i o n  and Lambda Convers ion .  

The lambda n o t a t i o n  ( a l s o  w r i t t e n  " A - n o t a t i o n " )  i s  n e c e s s a r y  
f o r  s p e c i f y i n g  t h e  o r d e r  i n  which a  f u n c t i o n  i s  t o  r e c e i v e  i t s  
a r g u m e n t s .  Unders tand  t h e  d i f f e r e n c e  between a  f u n c t i o n  and a  
f orm. - 
Exarnples 

forrn: cons[x;  y] 
f u n c t i o n :  ~ [ [ x ; y ]  ; cons [x ;  y]] 
forrn: A[[x;Y[;  c o n s [ x ; ~ l l [ ~ ; ~ l  

The p r o c e s s  of  p a i r i n g  t h e  e l e m e n t s  o f  a  l i s t  o f  v a r i a b l e s  
f o l l o w i n g  a ~ w i t h  t h e i r  r e s p e c t i v e  arguments  t o  form a  t a b l e  o f  
b i n d i n g s  such a s  i n  t h e  r e c e n t  e x e r c i s e ,  and then  e v a l u a t i n g  t h e  
form i n s i d e  t h e  A e x p r e s s i o n ,  i s  c a l l e d  A - c o n v e r s i o n .  

Example: a - c o n v e r s i o n  

t a b l e :  

X [ [ X ; Y I ;  c o n s [ y ; x ~ ~ [ ~ ; ~ ~  
cons [y ;x ]  = 
cons[B;A] = 
(B . A) 

E v a l u a t e :  

A[  x l ; x l [ ~ l  
Y I ; Y I [ ( A ) I  E 

xC[YI ;AI[BI 
A ~ [ ~ ~ ~ ~ ~ ~ [ ~ ~ ~ [ ~ ~ ) ~  
a [ [ x ] ; c a r [ ( ~ ) I 1 [ ( ~ ) 1  
~ [ C u ; v l ; u l C ~ ; ~ l  
h [ [ u ; v l ; u l [ ~ ; ~ l  
~ [ C u ; v l ; v l [ ~ ; ~ l  
~[[x;y];cons[car[y];cdr[x]]][(~ . 
a [ ~ x l ; ~ [ [ ~ l ; c a r [ ~ l l ~ ~ l l [ ( ~ ) l  
h [ [ x ; y l ;  ratorn[x]-, y;T--A ][R;s] 
cons[A; [ n u l l [ ~ ] - c B ; T - C ]  
cons[A; [[x];  car[x]] [ (B)]  

3 
cons[A; [ ~ [ [ x ; y ] ; y l [ ~ ; F ]  -B;T- 

J. F u n c t i o n  D e f i n i t i o n .  

To e v a l u a t e  t h e  forms below, u s e  t h e  f o l l o w i n g  t a b l e :  

- 79 - 



w = ( T  U V) 
pred = A[[x;y];eq[x; car[~ll] 
test = A[[x]; [atom[x]- ~;atom[car[x]l- F;T+ F I ]  

Exarnple 

form: table: 

y = ( A  B) 

K. Recursive Functions. 

Use the definition o f u  given below to evaluate the follow- 
ing forms. Write the argument f o r a  at each recursive step in 
the evaluations. 

Use this definition to evaluate the following forms: 

match = ~[[kk;m] ; [null[kk]+ NO; null[m]~NO; eq[car[kk]; 
car[m]]-t car[kk] ;T- rnatch[cdr[kk]; cdr[m]]] 

159.  match[(^) ; ( X I ]  
160.  match[(^ B E ) ; ( J  O E)] 
161.  match[(^ A Y); (S V E)] 



Use t h e  fo l l owing  d e f i n i t i o n  t o  e v a l u a t e  t h e s e  forms: 

t w i s t  = ~ [ [ s ] ;  [atom[s]-- s;T- cons [ tw i s t [ cd r [ s ] ] ;  
twis t [car [s ] ] ] ] ]  

L. l i s t  vs .  S-expression Recurs ions .  

Recu r s ive  LISP f u n c t i o n s  a r e  g e n e r a l l y  te rmina ted  i n  e i t h e r  
of  two ways. I n  o p e r a t i o n s  which d e a l  wi th  d a t a  which a r e  l i s t s  
( t h a t  i s  can be expressed  i n  l i s t - n o t a t i o n ) ,  t h e  t e rmina t ion  i s  
by n u l l  when a  datum i s  exhaus ted .  I n  f u n c t i o n s  d e a l i n g  wi th  
d o t  n o t a t i o n  d a t a  ( t h a t  i s  w i t h  d a t a  i n  which atoms o t h e r  than 
NIL may occur  i n  t h e =  p a r t ) ,  t h e  cor responding  t e rmina t ing  
c o n d i t i o n  i s  atom. 

Exampl es:  

nu l l - t e rmina t ion  i s  used i n  a  r e c u r s i o n  down a  l i s t  i n  t h e  - 
f u n c t i o n  among which dec ides  whether o r  no t  an atom i s  among 
those  on a  l i s t :  

among ~ [ [ a ;  kk]; [ n u l l  [kk]-- F; eq[a ; car[kk]]- T;T-among 
[ a ; c d r [ k k l l l l  

a tom-terminat ion i s  used i n  t h e  r e c u r s i o n  i n  i n s i d e  which - 
dec ides  whether o r  no t  an atom appears  anywhere i n  an S-expres- 
s  ion: 

E x e r c i s e s  (167-175 a r e  l i s t  type ;  176-178 a r e  S-expression t y p e . )  

Wri te  LISP f u n c t i o n s  f o r  t h e  fo l l owing  purposes: 

167. t o  de te rmine  whether an atom i s  a  rnember of  a  l i s t .  

168. t o  produce a t a b l e  ( l i s t  of d o t t e d  p a i r s )  given two l i s t s ,  



one of the references,  the other of values. 

e .g .  p a i r [ ( 0 ~ ~  TWO THREE);(l 2 311 = ((ONE . 1)(TWO . 2 )  
(THREE . 3 ) )  

 pair[(^^^^^ SUB);(B47 THRESHER)] = ((PLANE . B47) 
(SUB . THRESHER)) 

169. to  append one l i s t  ont0 another.  

170. to  de l e t e  an element from a l i s t .  

171. to  reverse  a l i s t .  (Hint: use append.) 

172. to  produce a l i s t  of a l 1  the atoms which a r e  i n  e i t h e r  of 
two l i s t s .  

173. to  produce a l i s t  of a l 1  the atoms i n  common to two l i s t s .  

e . g .   intersection[(^ B C)  ; ( B  C D I ]  = (B C) 
 intersection[(^ B C)  ; ( A  B Cl] = (A B Cl 
 intersection[(^ B C);(D E F I ]  = NIL 

174. to  f ind the l a s t  element on a l i s t .  

175. t o  reverse  a l 1  l eve l s  of a l i s t .  

176. to determine whether a given atomic symbol i s  some par t  of 
an S-expression. 



e . g .   part[^;^] = T 
p a r t [ ~ ; ( X  . ( Y  . A ) ) ]  = T 
 part[^; (U V (W . X) Z) ] = F 

177. t o  s u b s t i t u t e  one atomic symbol f o r  ano the r  i n  an S-expres- 
s i o n .  

178. t o  produce a l i s t  of  a l 1  t h e  atoms i n  an S-expression.  

M .  A D i f f e r e n t i a t i o n  Proqram. 

A s imple d i f f e r e n t i a t i o n  program can e a s i l y  be w r i t t e n  i n  
LISP which w i l l  s e r v e  two purposes  f o r  us: i t  w i l l  be an example 
of  an a p p l i c a t i o n  of LISP; and w i l l  i l l u s t r a t e  t h e  u se fu lnes s  of  
p r e f i x  n o t a t i o n  i n  r e p r e s e n t i n g  a l g e b r a i c  e x p r e s s i o n s .  

The d i f f e r e n t i a t i o n  r u l e s  which we w i l l  be implementing a r e :  

The LISP func t ion  d i f f [ e ; x ]  i s  t o  d i f f e r e n t i a t e  t h e  a lge -  
b r a i c  express ion  e with r e s p e c t  t o  t h e  v a r i a b l e  x .  C l e a r l y  some 
way o f  r e p r e s e n t i n g  a l g e b r a i c  exp re s s ions  a s  S-express ions  m u s t  
be invented,  s i n c e  t h e  arguments o f  d i f f  must be S -exp re s s ions .  

There a r e  many p o s s i b l e  ways t o  r e p r e s e n t  an a l g e b r a i c  ex- 
p r e s s i o n  a s  an S-expression,  e .g . ,  y + zw might become ( Y  PLUS Z 
TIMES W) o r  (Y SUM ( Z  PRDCT W)) o r  (PLUS Y (TIMES Z W)). 

We s h a l l  choose t h i s  l a s t  r e p r e s e n t a t i o n  f c a l l e d  P o l i s h  pre- 
f i x  n o t a t i o n )  f o r  reasons  of  convenience, and w i l l  s p e c i f y  i t  a s  
fol lows:  



1.  Algebra ic  c o n s t a n t s  and v a r i a b l e s  s h a l l  become atoms, 
e -  g -  , 

Y' y , p t  RHO, 37- THIRTYSEVEN 

(The programmed ve r s ions  of  LISP a l 1  handle  numbers more conveni- 
e n t l y  than t h i s f )  

2 .  The o p e r a t o r s  + and . s h a l l  be l i m i t e d  t o  two operands 
by a s s o c i a t i v e  grouping, e . g .  

3 .  We w i l l  use  t h e  n o t a t i o n  convent ion t h a t  an express ion  
fol lowed by " means t h e  t r a n s l a t i o n  of  t h a t  exp re s s ion .  Al1 ex- 
p r e s s i o n s  w i l l  be i n  p r e f i x  n o t a t i o n ,  i . e .  

x  + y - (PLUS x* y") 
x  . y + (TIMES x* y") 

The fo l l owing  examples should c l a r i f y  t h e s e  r u l e s .  

S-expression Representa  t i o n  
(PLUS A B) 
(TIMES A B) 
(TIMES A (PLUS B Cl) 
(PLUS ALPHA (PLUS BETA (TIMES 

GAMMA X )  1) 
(TIMES TWO (TIMES PI RI) 

The program f o r  d i f f  us ing  t h i s  r e p r e s e n t a t i o n  f o r  a l g e b r a i c  
exp re s s ions  i s  s t r a i g h t f o r w a r d :  

d i f f  = ~ [ [ e ; x ] ;  
[atorn[e] - [eq[e ;x]  -c ONE; (Rule 1 )  

T - ZERO]; (Rule  2 )  
eq[car[e] ;  PLUS] -c 1  PLUS; d i f f [ cad r [ e ] ;x ] ;  (Rule  3) 

d i f f [ cadd r [ e ]  ; X I ]  
eq[car [e ]  ;TIMES] - 1 i s   PLUS; (Rule 4 )  

l i  ME  TI MES; caddr[e]  ; d i  f f [ cad r [ e ]  ; x]] 
 TIME TI MES; cadr[e];diff[caddr[e];x]]]]] 

E x e r c i s e s .  Eva lua t e  t h e s e  forms: 

179. d i f f [ ( ~ ~ U ~  A x ) ; x ]  
100.  TIMES A x ) ; x ]  
101.  TIMES THREE X) ;Y]  
102. d i f f [ ( ~ ~ U ~  Y Y ) ; Y ]  



183.  TIMES TWO (TIMES Z z));z] 

Adding the following translation rules for converting alge- 
braic expressions to S-expressions allows us to add new rules to 
increase the power of diff. 

Al gebra 
-X 

(RECIP x*) 
(SIN xe) 
(COS x") 

Additional clauses can be added to the main conditional ex- 
pression of diff which implement these additional rules. 

Exampl e: 

d(-u) = du 
dx -(XI is implemented by adding this clause to diff: 

Exercise 

Implement the following differentiation rules by writing a 
clause for diff to handle each: - 

185. d(sin u) du 
dx = (cos U) . (2 

N. S-expression Representation of LISP Expressions. Read Section 
1.6. 

Exercises. Translate these M-expressions into S-expressions. 

a 
X 
A 
T 
NIL 
((A B I )  
QUOTE 
(QUOTE A) 
car 



196.  c a r [ x ]  
197.  car[^] 
198. atom[x] 
199.  f f [ x ]  
200. f  f  [ c a r  [x]]  
201. [atorn[x]- x;T- f f [ c a r [ x ] ] ]  
202. x[[x] ; X I  
203. x [ [x] ;car [x] l  
204. h[[x];[atom[x]-x;T-ff[car[x]]] 
205. l a b e l [ f f ; h [ [ x ] ;  [atorn[x]- x;T- f f [ c a r [ x ] ] ]  
206. h [ [ x ] ; ~ [ [ y l ;  car[y1I[x11 

O .  Table  Bu i ld ing  and Sea rch ing .  

Eva lua t e  t h e  fo l l owing  forrns. Use t h e  d e f i n i t i o n s  of 
p a i r l i s  and a s soc  given i n  Sec t ion  1.6, changing t h e  occur rence  
of  equa l  i n  a s soc  t o  3. 

P .  A LISP I n t e r p r e t e r  

Using t h e  S e c t i o n  1 . 6  d e f i n i t i o n s  of apply ,  eva l ,  p a i r l i s ,  
evcon and e v l i s  and wi th  a  = ((X . M) (Y . T) (Z . (M NI) (T . T I )  - - 
e v a l u a t e  t h e  fo l l owing .  

a s s o c [ ~ ; a ]  
a s s o c [ ~ ; a ]  
e v a l  [(QUOTE A) ; a ]  
eva l  [T; a ]  
e v a l [ ~ ;  a ]  
e v l  i s [ ( ~ )  ; a ]  
e v l i s [ ( ~  Y ~ ) ; a ]  
evcon[( (T  X) ; a ]  
eva l  [(COND (T X) ) ; a ]  
a p p l y [ c ~ ~ ;  ( ( A )  ; a ]  
a p p l y [ ~ O ~ ~ ;  ( A  BI ; a ]  
a P p l y [ ~ 0 N ~ ;  ((A) (BI)  ; ( ) ]  
appi  [cAR;(A) ;  ( ) ]  
eva l  f (ATOM X )  ; a ]  
~ V C O ~ [ ( ( ( A T O M  X I  X) (T (FF (CAR XI) ; a ]  
~ V ~ ~ [ ( C O N D  ((ATOM X )  X I  (T (FF (CAR X) 1 )  ) ; a ]  
 LAMBDA ( X I  (CAR XI) ; ((A) ; ( ) ]  
a p p l y [ ( ~ . ~ ~ ~ ~  GARP (LAMBDA ( X I  (CAR X ) ) ) ; ( ( A ) ) ; (  ) ]  



230.  a p p l y [ ~ 1 ~ ~ ~ ;  ((A)) ; ((FIRST . CAR))] 
231.  LAMBDA (XI (COND ((ATOM X) X )  (T (FF (CAR X)) )  1); 

(A); ( ) ]  
232. a p p l y [ ( ~ ~ ~ ~ ~  FF (LAMBDA (XI (COND ((ATOM X) X) (T (FF 

(CAR X ) ) )  ) ) ) ; ( A ) ; (  ) ]  
233. a p p l y [ ( ~ ~ ~ ~ ~  FF (LAMBDA ( X I  (COND ((ATOM X)  X I  (T (FF 

(CAR X)) )  )));(((Q . R) (S  . T)));( ) ]  

Q. F i f t e e n  Minute Problems 

Write t h e  LISP f u n c t i o n s  desc r ibed  below. You need n o t  re- 
d e f i n e  any f u n c t i o n s  you use which appeared i n  an e a r l i e r  exer- 
c i s e .  Assume t h a t  i n t e g e r s  a r e  a tomic symbols. 

234. i n f i x [ p o l i s h ;  t a b l e ]  i s  t o  conve r t  an express ion  from P o l i s h  
t o  i n f i x  n o t a t i o n ,  us ing  a  t a b l e  which g i v e s  t h e  correspondence 
between p r e f i x  and i n f i x  o p e r a t o r s .  

e . g .  ~ ~ ~ ~ X [ ( T I M E S  3 A B);((PLUS . t) (TIMES . x ) ) ]  = 
(3  X A X BI 

 DIVIDE VIDE ( T I M E S X ~ ?  ) (PLUS 3 (TIMEScY 2)  A B I ) ;  
((PLUS . t) (TIMES . X) (DIVIDE . / ) ) ]  = 
((x x û! x B ) / ( ~  + (Q! x 2) + A + B I )  

235. p o l i s h [ i n f  i x ;  t a b l e ]  i s  t o  do t h e  cor responding  r e v e r s e  
t r ans fo rma t ion .  
236. permut[s t r ing]  i s  t o  produce a  l i s t  of  a l 1  t h e  permuta t ions  
of  a  given s t r i n g ,  assuming t h a t  a l 1  t h e  elements  of t h e  o r i g i n a l  
s t r i n g  a r e  unique.  

e . g .  p e r m u t [ ( ~  B  C I ]  = ((A B  C) (A C B) (B A C) (B C A) 
(C A B) ( C  B  A ) )  

237. pe rmuta t ions [ s t r i ng ]  i s  t o  produce a  l i s t  of a l 1  t h e  per- 
mu ta t i ons  of  a  given s t r i n g ,  whether o r  no t  t h e  elements  a r e  
unique.  Note: I t  i s  d i f f i c u l t  t o  do t h i s  i n  an e f f i c i e n t  way. 

e . g .  p e r m u t a t i o n s [ ( ~  A B I ]  = ((A A B)  (A B  A) (B A A)) 
238. Inven t  t h e  neces sa ry  S-expression r e p r e s e n t a t i o n  and write 
c l a u s e s  f o r  d i f f  t o  implement L e i b n i t z T  r u l e :  

239. Given t h e  p r e d i c a t e  r e a t e r [ x ; y ]  which o rde r s  a tomic sym- 
b o l s ,  i . e . ,  i f  g r e a t e r [ x ; y  3 = T, then g r e a t e r [ y ; x ]  = F  where x  
and y  a r e  any two d i f f e r e n t  atoms, write t h e  p r e d i c a t e  l a r g e r  
[ x ; ~ ]  which o r d e r s  S-expressions,  i . e . ,  i f  l a r g e r [ x ; y ]  = T, then 
l a rge r [y ;x ]  = F.  



240. One S-expression is a factor of another S-expression if the 
second includes the first as a sub-expression. An S-expression 
equivalent to a greatest common divisor is a common sub-expression 
which is not a factor of any other common sub-expression. (It is 
not necessarily unique.) Write functions to find a greatest com- 
mon divisor of two S-expressions. 

Write functions to find al1 the g.c.d.*s of two S-expressions. 
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B  
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(A B  C)  
( N I L )  
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A  
(B  C )  
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A  
N I L  
undef i n e d  
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( T  F  T  F I  
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c a r  [x]  
c a d r  [x ]  
c d r  [x ]  
c a d d r  [x]  
cadddr  [x ]  
c a a r [ x ]  
c d a r  [x]  
c a a a d r  [x] 
c a a d r  [x ]  y - 
c a a a a r  l x  ] 
F 
T  
T  
F 
T  
T  
(A B  C )  
( ( A )  (BI  ( C l )  
T 
F 
 cons[^;^] 
l i s t [ ~ ; ~ ]  
list[list[~;B];list[~;~]] 
1 i s t [ c o n s [ ~ ; ~ ] ;   cons[^;^]] 



list[list[list[~]]] 
list[cons[~;~]] 
iist[list[ ];list[ ]] 
~~s~[ A ; B ; c ; D ]  
F 
T 
F 
T 
A 
B 
C 
t c 1 
(B C) 
B 
C 
NIL 
undef ined 
T 
B 
C 
F 
T 
(B . C) 
T 
T 
F 
undef ined 
A 
T 
undef ined 
A 
B 
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A 
NIL 
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B 
A 
A 
B 
((AB . Cl) 
T 
undef ined 
C 
A 
(A) 
A 

jj[(~ B CI] = jj[(~ c)] 
= jj[(c>] =  NI NIL] = 
NIL 

jj[(~ (C . E))] = 
jj[((c . E))] = 
 NI NIL] = NIL 

X 
E 
NO 
A 
fB . A) 
(C . (B . A)) 
(((NIL . Cl . B) . A) 
(NIL . (B . A)) 
member = h[[x;m]; null[m]- 
F; eq[x; car[m]]-c T; T -, 
member [x ; cdr [ml ] ] ] 

pair = A [[m; n] ; [nul1 [ml-- 
N1L;T-c cons[cons[car[m]; 
car[n]]- air[cdr[m] ; 

cdr[n~~jti~ 
append = ~[[m; n]; [null[m] - n;T- cons[car[m]; 

append[cdr[m]; nllll 
delete = h[[x;m]; [null[m] 
-t NIL; eq[x; car[m]]- 



cdr[m];~-, cons[car[m];delete[x; cdr[m]]]]] 
171. reverse = ~[[m]; [nuil [ml- NIL;T-- append[reverse[cdr[m]]; 

i ist[car[m]]]]] 
172. union = ~[[m; n] ; [null[m]+ n;member[car[m]; n]- union[cdr[m]; 

n] ;T- cons[car[m]; union[cdr[m];n]]]] 
173. intersection = a [[m; n]; [null[m]-, NI~;member[car[m]; n]- 

cons[car[m]; - y - ,  intersection[cdr[m] ; n]] ;T- intersection[cdr[m]; 
nJ J J 

last = a[[m];[null[cdr[m] + car[m];~-c last[cdr[m]]]] 
superreverse = ~[[m]; atom 2 ml+ m; nul1 [ml- N1L;T-c 
append superreverse[cdr[m] ; 1 is t[superreverse car[m]]]]]] 

part = A E [x; SI; [atom[s]- eq ! x; s];part[x;car[s] 5 + T;T+ 
part[x;cdr[sllll 

subst = ~[[x;y; s]; [atom[s]- [eq[y; SI- x;T- s];~- 
cons[subs t[x; y; car[s]] ; subs t[x; y; cdr[s]]]]] 

listofatoms = a[[s];[atom[s]- list[s];~- 
unionCl istofatoms[car[s]]; 1 istofatoms[cdr[s]]]]] 
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Notes on the Debugging 

of LISP Programs 
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The purpose o f  t h e s e  b r i e f  remarks i s  t o  provide some guid-  
ance t o  t h o s e  persons whose programs exp re s sed  i n  LISP do not 
run  on t h e  computer. Most of  t h e  sugges t ions  h e r e  s t a t e d  were 
l ea rned  t h e  hard  way, from exper ience .  

Pa ren theses  

The most f r e q u e n t l y  o c c u r r i n g  e r r o r s  i n  LISP a r e  parenthe-  
t i c a l  e r r o r s .  I t  i s  t hus  almost  impe ra t ive  t o  employ some s o r t  
of  count ing  o r  p a i r i n g  d e v i c e  t o  check pa ren theses  every  t ime 
t h a t  a  f u n c t i o n  i s  ~ h a n ~ e d . 1  The s p e l l i n g  o f  words and t h e  pos- 
s i b l e  confusion o f  t h e  numbers 1  (one) and O ( z e r o )  and t h e  l e t -  
t e r s  1 ( i )  and O ( O )  r e s p e c t i v e l y  can be checked a t  t h e  same time. 
When t h e  program i s  t o  be run ,  any nurnber of  t h e  f u n c t i o n s  be ing  
de f ined  can be put  between t h e  two punch c a r d s  DEFINE(( and 1) .  
An unpai red  p a r e n t h e s i s  can be found most qu i ck ly ,  however, by 
p u t t i n g  t h e  f u n c t i o n s  concerned w i t h i n  s e p a r a t e  "DEFINE" s t a t e -  
ments.  No read-in e r r o r  w i l l  occur  u n t i l  t h e  pa ren theses  do no t  
p a i r .  I t  i s  however neces sa ry  bu t  n o t  s u f f i c i e n t  t h a t  t h e r e  be 
t h e  same number of  l e f t  and r i g h t  pa ren theses ,  because p a i r s  of 
unnecessary paren theses  may be p re sen t  o r  p a i r s  o f  necessary  ones 
absent .  



Paren theses  must be c o r r e c t  l y  l oca t ed .  A l e f t  p a r e n t h e s i s  
must appear  immediately t o  t h e  l e f t  of a f u n c t i o n  name, when t h e  
f u n c t i o n  i s  a p p l i e d  t o  arguments.  For example (CAR CDR X) i s  
i n c o r r e c t  because t h e r e  should  be a l e f t  pa ren theses  immediately 
t o  t h e  l e f t  of  CDR ( and a matching r i g h t  pa ren theses  a f t e r  X I ,  
t h a t  i s ,  i t  should be (CAR (CDR XI) .  The e x p r e s s i o n  (CAR O ( ) )  
i s  i n c o r r e c t  because t h e  l e f t  pa ren theses  next t o  X i n d i c a t e s  
i n c o r r e c t l y  t o  t h e  LISP i n t e r p r e t e r  t h a t  X i s  a f u n c t i o n  name. 
The c o r r e c t  e x p r e s s i o n  i s  (CAR X I .  When a f u n c t i o n  name such a s  
CDR i s  meant t o  be an argument,  it  should be exp re s sed  i n  t h e  
form (FUNCTION CDR) . 

Funct ions  and Arguments 

For each appearance o f  a f u n c t i o n ,  t h e  number and o r d e r  o f  
i t s  arguments should be checked. I n  c o n t r a s t  with forms, which 
have an i n d e f i n i t e  number of  arguments,  each func t ion  has  a f i x e d  
number o f  arguments .  The o r d e r  of  arguments may no t  be impor tan t  
f o r  a few f u n c t i o n s  (such a s  EQUAL o r  INTERSECTION), bu t  i t  i s  
ex t remely  impor tan t  f o r  most .  MEMBER i s  a good example. Not on- 
l y  would t h e  answer be i n c o r r e c t  i f  t h e  o r d e r  o f  arguments were 
r e v e r s e d ;  bu t  i f  t h e  proper  f i r s t  argument were an atom, t h e  func- 
t i o n  could  no t  be eva lua t ed .  

I t  i s  c l e a r  t h a t  each argument must be of  t h e  r i g h t  k ind .  
Th i s  i s  most obvious when t h e  d i s t i n c t i o n  i s  between l i s t s  and 
a tomic  symbols. I f  a l i s t  i s  expec ted ,  t h e  argument should no t  
be a tomic .  I f  an atomic symbol o r  a number i s  expected,  t h e  argu- 
ment should no t  be a l i s t .  Also, t h e r e  a r e  d i f f e r e n t  k inds  of  
l i s t s ,  and some f u n c t i o n s  demand c e r t a i n  types  of  l i s t s  a s  argu-  
ments.  For example, a f u n c t i o n  t h a t  c a l l s  CAAR o r  CDAR presup- 
poses a l i s t  c o n t a i n i n g  l i s t s  a s  e lements .  I f  a f u n c t i o n  i s  
meant t o  o p e r a t e  on a l i s t  of  t h e  form ( ( A  . B) (C . D) (E . F I ) ,  
i t  should n o t  be given a l i s t  o f  t h e  form (A B C D E l .  

L i s t  Making Funct ions  

Among t h e  l i s t -making  f u n c t i o n s  a r e  CONS and APPEND. The 
t y p e  of ou tput  d e s i r e d  w i l l  de te rmine  t h e  f u n c t i o n  chosen s i n c e  
each hand le s  pa ren theses  and t h e  v a l u e  NIL i n  a d i f f e r e n t  way. 
APPEND w i l l  not l i s t  NIL a s  a f i r s t  e lement ,  but CONS w i l l .  I n  
c o n t r a s t  t o  LIST, n e i t h e r  w i l l  l i s t  NIL a s  a l a s t  element.  A l 1  
of t h e s e  f u n c t i o n s  a r e  used i n  r e c u r s i v e  f u n c t i o n s  i n  which t h e  
va lue  of  t h e  t e r m i n a t i n g  c o n d i t i o n  i s  NIL. Any t e r m i n a t i n g  v a l u e  
o t h e r  t h a n  NIL w i l l  i n t r o d u c e  do t  n o t a t i o n ,  except  i n  t h e  c a s e  of 
t h e  f u n c t i o n  LIST. 



Terminat i n g  Condit  i ons  

Terminat i n g  condi t  i o n s  a r e  almost always t h e  most important  
a s p e c t s  of r e c u r s i v e  func t ions .  They must be o f  t h e  r i g h t  k i n d ,  
t hey  must t e r m i n a t e  i n  t h e  r i g h t  p l ace ,  and t h e y  must cover  a l 1  
p o s s i b i l i t i e s .  Of ten  s e v e r a l  t e r m i n a t i n g  c o n d i t i o n s  a r e  needed. 
Output c o n t a i n i n g  exp re s s ions  such a s  PNAME o r  many NILs o f t e n  
i n d i c a t e s  t h a t  t h e  func t  ion  d i d  not t e r m i n a t e  c o r r e c t l y .  

No D u p l i c a t e  Names 

I n  a d d i t  i on  t O checking pa ren theses ,  arguments ,  and condi-  
t i o n s  f o r  each f u n c t i o n ,  it  i s  a  good i d e a  t o  make s u r e  t h a t  t h e  
name of t h e  f u n c t i o n  has  not a l r e a d y  been used f o r  a  f u n c t i o n  o r  
form t h e  system t a p e ,  e x p e c i a l l y  i f  t h e  two f u n c t i o n s  do not have 
t h e  same purpose. In  e f f e c t ,  changing t h e  d e f i n i t i o n  might make 
i t  imposs ib le  f o r  o t h e r  f u n c t i o n s  t o  work. For example, s i n c e  
DEFI i s  c a l l e d  by DEFINE, i f  a  d i f f e r e n t  DEFI i s  in t roduced  t h e  
DEFINE w i l l  no longer  work c o r r e c t l y .  

Af t e r  a  program has  been r u n ,  e r r o r s  can o f t e n  be l o c a l i z e d  
by n o t i n g  t h e  of fending  v a l u e  and t h o s e  f u n c t i o n s  i n  t h e  back- 
t r a c e  fo l l owing  t h e  e r r o r  d i a g n o s t i c  which have been e n t e r e d  but 
not complet ed. 

l ~ n f o r r n a t i o n  I n t e r n a t i o n a l  I n c .  has a  program f o r  t h e  PDP-1 
which counts  pa ren theses  a s  fo l lows:  The coun t ,  which appea r s  i n  
r e d  on t h e  l i s t i n g  b e s i d e  each p a r e n t h e s i s ,  beg ins  wi th  a  ze ro  a t  
t h e  f i r s t  l e f t  p a r e n t h e s i s  and i s  indexed f o r  subsequent  l e f t  pa- 
r e n t h e s e s  u n t i l  a  r i g h t  p a r e n t h s i s  o c c u r s .  For t h e  f i r s t  r i g h t  
p a r e n t h e s i s  t h e  count r e t a i n s  t h e  va lue  o f  t h e  p reced ing  l e f t  pa- 
r e n t h e s i s  and i s  decreased  by one f o r  succeeding  r i g h t  pa ren theses  
u n t i l  a  l e f t  p a r e n t h e s i s  o c c u r s ,  f o r  which t h e  count  remains t h e  
sarne, and so on. The count  a t  t h e  f i n a l  p a r e n t h e s i s  o f  an expres-  
s i on  should ,  t hen ,  be z e r o .  I f  an e r r o r  i s  i n d i c a t e d ,  i t  can be 
found by matching nurnbered p a i r s .  



Styles Programming LISP 
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When programmer A w r i t e s  a  program t h a t  compiles  i n t o  10  
i n s t r u c t i o n s  and t ake s  1  minu te  t o  r u n ,  and programmer B w r i t e s  
a  program t o  do t h e  same j o b  t h a t  compiles  i n t o  100 i n s t r u c t i o n s  
and t a k e s  10 minutes  t o  run ,  we Say t h a t  programmer A i s  b e t t e r  
than programmer B. But when programmers A and B w r i t e  programs 
t h a t  compile  i n t o  about  t h e  same number of  i n s t r u c t i o n s ,  and have 
about  t h e  same running  t ime, b u t  look very  d i f f e r e n t ,  we Say t h a t  
programmer A has  a  d i f f e r e n t  s t y l e  from t h a t  o f  programmer B .  

Programming s t y l e  i s  no t  a  m a t t e r  of  e f f i c i e n c y  i n  a  program 
I t  i s  a  m a t t e r  o f  how e a s y  i t  i s  t o  w r i t e  o r  r e a d  a program, how 
ea sy  i t  i s  t o  e x p l a i n  t h e  program t o  someone e l s e ,  how ea sy  i t  i s  
t o  f i g u r e  o u t  what t h e  program does  a  year  a f t e r  you've w r i t t e n  
i t ;  and above a l l ,  s t y l e  i s  a  m a t t e r  of  t a s t e ,  of a e s t h e t i c s ,  of  
what you t h i n k  looks  n i c e ,  of  what you t h i n k  i s  e l e g a n t .  

Although s t y l e  i s  main ly  a  m a t t e r  of  t a s t e ,  a  programmer 
w i t h  a  "good" s t y l e  w i l l  f i n d  h i s  programs easy  t o  w r i t e ,  ensy 
t o  r e ad ,  and ea sy  t o  e x p l a i n  t o  o t h e r s .  I f  you p r e f e r  a  compli- 
c a t e d  s t y l e ,  you may be p e n a l i z i n g  y o u r s e l f  i n  t h e  long r u n .  What 
C h a r l e s  I lor ton Cooley s a i d  about  f i c t i o n  a p p l i e s  t o  programming 
too:  "An e l a b o r a t e  s t y l e  has p e r i l s  l i k e  t h o s e  of  an e l a b o r a t e  
house.  I t  cornrnits t h e  a u t h o r ,  by h a b i t  a n d  t h e  e x p e c t a t i o n  of  
o t h e r s ,  t o  a  s p e c i a l  and c o s t l y  way of  l i v i n g ,  which w i l l  become 
a  burden when he l o s e s  t h e  wish o r  t h e  power t o  keep i t  up."  



I n  p a r t i c u l a r ,  you may have a c q u i r e d  s p e c i a l  programming 
t r i c k s  t h a t  you a r e  v e r y  fond  o f , a n d  t h a t  a r e n ' t  used by o t h e r  
programmers, b u t  t h a t  don ' t  make your  programs much more e f f i -  
c i e n t .  1 u r g e  you t o  s t o p  u s i n g  t h o s e  t r i c k s .  As Samuel Johnson 
once  s a i d ,  "Read o v e r  your  compos i t ions ,  and  when you meet w i t h  
a  p a s s a g e  which you t h i n k  i s  p a r t i c u l a r l y  f i n e ,  s t r i k e  i t  o u t . "  

I n  o t h e r  words, make your s t y l e  s imple ,  n o t  compl ica ted ,  
even though t h e  c o m p l i c a t e d  s t y l e  may seem t o  have  some a b s t r a c t  
v i r t u e s .  

Your s t y l e  i s  deve loped  by a  s e r i e s  o f  c h o i c e s .  Which do 
you write, "O" o r  "NIL"? They compi le  i n t o  i d e n t i c a l  d a t a  s t r u c -  
t u r e s ;  s o  choos ing  one  o v e r  t h e  o t h e r  i s  a  m a t t e r  o f  s t y l e .  Do 
you p u t  commas i n  your l i s t s ,  o r  do you s e p a r a t e  t h e  items w i t h  
s p a c e s ?  The l i s t s  w i l l  l ook  t h e  same i n s i d e  t h e  machine whether  
you p u t  t h e  commas i n  o r  l e a v e  them o u t ;  s o  i t ' s  n o t  a  m a t t e r  of  
e f f i c i e n c y ,  i t ' s  a  m a t t e r  o f  s t y l e .  I f  you had t o  write t h e  
v a l u e  o f   cons[(^ B) ; (C  D)]", which way would you write i t :  

And which o f  t h e s e  e x p r e s s i o n s  would you write: 

A l 1  o f  t h e s e  c h o i c e s  c o n t r i b u t e  t o  your  s t y l e .  

Cho ice  o f  t h e  Program F e a t u r e  o r  F u n c t i o n a l s  

To h e l p  i n  t h e  d e v e l o p i n g  o f  a  good s t y l e ,  1 am g o i n g  t o  
d i s c u s s  two o f  t h e  more complex c h o i c e s  you can make i n  LISP. 
( 1 )  Shou ld  you use  t h e  program f e a t u r e ?  ( 2 )  Should  you u s e  
f u n c t i o n a l s ?  

I ' m  n o t  s a y i n g  you s h o u l d  a lways  use  t h e  program f e a t u r e ,  
and I ' m  n o t  s a y i n g  you s h o u l d  never  u s e  i t .  But i t  i s  d e s i r a b l e  
t o  make t h e  c h o i c e  c o n s c i o u s l y  i n  each case ,  w i t h o u t  f e e l i n g  t h a t  
i t  must b e  w r i t t e n  one  way o r  t h e  o t h e r .  1 happen t o  f a v o r  u s i n g  
t h e  program f e a t u r e  and n o t  u s i n g  f u n c t i o n a l s ,  b u t  t h e  c h o i c e s  
a r e  up t o  you. 

The program f e a t u r e  i s  n o t  g i v e n  much a t t e n t i o n  i n  t h e  manu- 
a l ;  t h e  f i r s t  ment ion o f  i t  i s  on page 29.  But any f u n c t i o n  t h a t  
can  b e  w r i t t e n  w i t h o u t  t h e  program f e a t u r e  i s  a  f u n c t i o n  t h a t  can 
be  w r i t t e n  w i t h  t h e  program f e a t u r e .  A t r i v i a l  way i s  t o  t a k e  a  



f u n c t i o n  d e f i n e d  a s  "X[[x]; ---1" and r e w r i t e  i t  a s  " ~ [ [ x ] ;  
p rog[ [ ] ;  r e t u r n [ - - - I l ] " .  The r e s u l t i n g  f u n c t i o n  w i l l  be  equ iva -  
l e n t  t o  t h e  o r i g i n a l .  The r e v e r s e  i s  a l s o  t r u e  - any f u n c t i o n  
w r i t t e n  w i t h  t h e  program f e a t u r e  can be  w r i t t e n  w i t h o u t .  

1 w i l l  g i v e  below some examples o f  f u n c t i o n s  w r i t t e n  w i t h  
and w i t h o u t  t h e  program f e a t u r e ,  and then  some examples o f  func- 
t i o n s  w r i t t e n  w i t h  and w i t h o u t  f u n c t i o n a l s .  The f i n a l  examples 
i l l u s t r a t e  changes  i n  bo th  a s p e c t s  o f  s t y l e  a t  t h e  same t i m e .  I n  
t h e  append ix ,  1 have i n c l u d e d  S - e x p r e s s i o n  t r a n s l a t i o n s  o f  t h e  
f i r s t  5 examples .  

You may u s e  t h e  program f e a t u r e  o r  you may n o t  u s e  i t ;  you 
may u s e  f u n c t i o n a l s  o r  you may n o t  u s e  them. The examples below 
a r e  t o  h e l p  you choose  your  s t y l e .  

MEMBER 

F o r  i l l u s t r a t i o n ,  l e t  us  t a k e  t h e  f u n c t i o n  "member". I t  i s  
b u i l t  i n t o  t h e  LISP sys tem,  and i s  d e s c r i b e d  on pages  11 and 62 
o f  t h e  manual .  A c o u p l e  o f  examples may make i t  c l e a r e r :  

member[l; (A B C) ]= *T* 
m e m b e r [ ~ ;  ( A  B CI]= NIL 

Below 1 have  w r i t t e n  "member" u s i n g  t h e  program f e a t u r e ,  and f o r  
compar ison have p u t  i n  t h e  d e f i n i t i o n  g i v e n  i n  t h e  manual.  

Example 1 

member[x;y]= reg[[]; 
A [ n u l l  f y]+ r e t u r n [ F ] ;  

e q u a l  [x; car[y]] - t  r e t u r n [ ~ ] ] ;  
y:= cdr [y ] ;  
g o [ ~ l l  

Example 2 

member [x ;  y]= 
[ n u l l [ y ] +  F; 
e q u a l [ x ;  car[y]]+ T; 
T+ member[x; cdr[y]] ]  

FACTOR IAL 

The f u n c t i o n  " f a c t o r i a l "  i s  n o t  b u i l t  i n t o  t h e  LISP sys tem 
i n  t h e  manual .  As a  numer ica l  f u n c t i o n  i t  h a s  v a l u e s  l i k e  



f a c t o r i a l [ l ] =  1 
f a c t o r i a l [ 2 ] =  2  
f a c t o r i a l [ 3 ] =  6 
f a c t o r  i a l [4 ]=  24 

.... 
Wri t ing  " f a c t o r i a l "  us ing  t h e  program f e a t u r e  i s  c e r t a i n l y  longer  
than w r i t i n g  i t  wi thout ,  bu t  t h i s  i s  a  c l e a r  example of t h e  d i f -  
f e r e n c e  i n  s p i r i t  between us ing  t h e  program f e a t u r e  and no t  u s ing  
i t .  

Example 1  

y:= t imes l x ;  y ] ;  
x:= subl [x] ;  
~ 0 ~ ~ 1 1  

Example 2  

f a c t o r i a l [ x ] =  
[onep[x]+ 1 ;  
T-t t imes[x;  f a c t o r i a l  [subl[x]]]]  

REVERSE 

An example of  t h e  use of t h e  f u n c t i o n  " reverse"  i s  given 
on page 6 2  of  t h e  manual. Here a r e  two more: 

To w r i t e  " reverse"  wi thout  us ing  t h e  program f e a t u r e ,  you m u s t  
pu t  i n  an e x t r a  f u n c t i o n  d e f i n i t i o n .  

Example 1  

r e v e r  s e [ ~ ] = p r o ~ [ [ ~ ]  ; 
A [nu l l [x]+  r e tu rn [? ] ]  r Y ; 

y:= c o n s l c a r t x j ;  y ] ;  
x:= cdr[x];  
go[ AI 1 

Example 2  



YDOT 

A n  a r t i f i c i a l  bu t  s imple  example of t h e  use of f u n c t i o n a l s  
i s  t he  func t ion  "ydot" d e s c r i b e d  on page 78 of  t h e  manual. The 
example of t h e  a p p l i c a t i o n  o f  t h e  f u n c t i o n  given t h e r e  i s  

The f u n c t i o n  "ydot" i s  no t  a f u n c t i o n a l  and i s  no t  supp l i ed  i n  
t h e  system, bu t  t h e  f u n c t i o n  "maplis t" ,  which can be used i n  de- 
f i n i n g  "ydot", i s  a f u n c t i o n a l  and i s  s u p p l i e d  i n  t h e  system. 1 
show below how "ydot" can be d e f i n e d  e i t h e r  u s ing  o r  n o t  us ing  
t h e  func t ion  "mapl i s t " .  I t ' s  just a m a t t e r  of  s t y l e .  

Example 1 

Example 2 

ydot[x; f!:~ll[x]+ NIL; 
T+ cons [cons [car  [x] ; y]  ; cons [cons [ c a r  [x] ; y]  ; 

ydo t [ cd r [x I ;  y111 

SUBLI S 

The f u n c t i o n  " s u b l i s "  i s  b u i l t  i n t o  t h e  LISP system, and can 
be  i l l u s t r a t e d  by 

s u b l i s [ ( ( ~  . (PLUS X Y)) ( V  . (PLUS Z W))); 
(TIMES U V I ] =  (TIMES (PLUS X Y) (PLUS Z W) 

Another i l l u s t r a t i o n  i s  given on page 12 o f  the manual. Two de- 
f i n i t i o n s  o f  " s u b l i s "  a r e  given i n  t h e  manual, one on page 61 
which uses  t h e  f u n c t i o n a l  "search",  and one on page 12 which 
d o e s n r t  use any f u n c t i o n a l s .  1 reproduce  them both below. 

Example 1 



T+ search[x ;  
1 [ [ j l ;  e q u a l [ y ;  c a a r [ j I I I ;  

[ [ j l ;  c d a r [ f l l ;  
[ [ j l ;  [atom YI+ Y ;  

T-t c o n s [ s u b l i s [ x ;  c a r [y ] ] ;  
s u b l i s [ x ;  c d r [ y ~ ~ ~ ~ ~ ~ ~  

Example 2  

s u b l i s l a ;  y]= 
[a  tom[y]-t sub2[a ; y] ; 
T+ cons[sub l  i s [ a ;  ca r [y] ] ;  sub l  i s [ a ;  cdr[y]]] ]  

sub2[a;  z]= 
[nu l l [ a ]+  z ;  
eq [ caa r [ a ] ;  z]+ cda r [ a ]  ; 
T+ sub2[cdr [a ] ;  z]]  

PRINTPROP 

The f u n c t i o n  "p r i n tp rop"  i s  s u p p l i e d  i n  t h e  LISP system and 
i s  d e s c r i b e d  on page 68 o f  t h e  manual.  To i l l u s t r a t e  i t s  use ,  
suppose you have execu ted  

def  1  i s  t[ ( (REQUEST (PASS MUFFINS) ) 1 ; VALUE] 

which p u t s  "(PASS MUFFINS)" on t h e  p r o p e r t y  l i s t  of  "REQUEST" 
under t h e  i n d i c a t o r  "VALUE". Then t h e  i n s t r u c t i o n  

w i l l  c au se  t h e  fo l l owing  t o  be  p r i n t e d .  

(PROPERTIES OF REQUEST) 
VALUE 
(PASS MUFFINS) 

I f  y o u t r e  puzz led  by t h e  e x t r a  "cdr[k]" i n  t h e  examples below, 
d o n r t  f o r g e t  t h a t  "car"  of  an atom i s  always -1 ( t h a t r s  how you 
know i t r s  an a tom),  s o  "cdr" of  an atom i s  i t s  p r o p e r t y  l i s t .  

The f i r s t  example uses  a  f u n c t i o n a l  b u t  no t  t h e  program 
f e a t u r e ;  t h e  second uses  t h e  program f e a t u r e  b u t  no f u n c t i o n a l s .  

Example 1  

p r i n  tp rop[k]=  
p r o g 2 [ p r i n t [ l i s t [ ~ ~ 0 ~ ~ ~ ~ ~ ~ ~ ;  OF; k]] ;  

p r i n t p l [ c d r [ k ] ] ]  



pr in tpl [k]= 
[null [k]+ NIL; 
T+ prog2[prin t[car[k]] ; 

sear ch [ ( SUBR FSUBR ETiAME SYM) ; 
h [[j]; equai[car[jl; car[kIII; 
X [Cjl; printpl[cddr[kIll; 
X [[jl; printpl [ c ~ r ~ ~ 1 1 1 1 1 1  

printprop[k]= prog[[m] ; 
~ ~ ~ ~ ~ [ ~ ~ ~ ~ [ P R o P E R T I E s ;  OF; k]]; 
k:= cdr[k]; 

A [null[k]+ return[~~L]] ; 
m:= car[k]; 
k:= cdr[k]; 

!L:b!$I 1 ; t susR FsuBR P N m E  sm 11 + 

k:= cdrlk]]; 
go[~Il 

Differentiating 

The next function diff is used to differentiate algebraic 
functions formed from variables by addition and multiplication. 
A sample expression is 

(TIMES (PLUS X Y Z )  (PLUS U Y)) 

The derivative that the function gives is not in the form a per- 
son would write - for example, the derivative of "(PLUS X Y)" 
with respect to "X" is given by 

d i f f [ ( ~ ~ ~ ~  X Y); XI= (PLUS 1.0 0.0) 

The first version of "diff" is written using the functional 
"maplist" but not the program feature. The second version uses 
the program feature but not "maplist". If you can't figure out 
one version, try the other. 

Example 1 

diff[s; v]= 
[atom[s]-t [eq[s; v]+ 1 .O; T-+ 0.01; 
eq[car[s] ; PLUS]+ CO~S[PLUS; 

maplist[cdr[s];  si]; diff[car[si]; v]]]]; 
eq[car[s] ; TIMES]-+ CO~S[PLUS; 

maplist[cdr[s];  si]; 



Example 2 

diff[s; v]= 
[atom[s]-+ [eq[s; v]+ 1.0; T+ 0.0); 
eq[car[s]; PLUS]+ cons[PLUS; diffp[cdr[s] ; v]]; 
eq[car[ s]; TIMES]+ cons[PLUS; difft[cdr[s]; v]]] 

diffp[s; VI= frog[[m]; 
A [nuii s]+ return[reverse[m]]]; 

m:= cons[diff[car[s]; v]; ml; 
s:= - cdr[s]; - -  
go LAJJ 

difft[s; VI= frog[[m; k; r]; 
A [nuil s]+ return[reverse[k]]]; 

m:= conc[reverse[r]; list[diff[car[s]; v]]; cdr[s]]; 
k:= cons[cons[T~~~S; ml; k]; 
r:= cons[car[s]; r] ; 
s:= cdr[s]; 
go [AI 1 

PAIRMAP 

The functional "pairmap" is used in the LISP compiler. It 
applies its functional argument to pairs of items from two lists 
of the same length, and then attaches its last argument to the 
end of a list of the resulting values. By way of illustration, 

pairmap[(~ BI; (X Y); cons; ((C . z))]= 
((A . XI ( B  . Y) (C . 2 ) )  

I'm giving examples of two ways of writing "pairmap" partly to 
show a subtle difference in style, and partly because "pairmap" 
can be used in defining the main function of my last example, 
II progiter". Both examples of "pairmap" use the program feature, 
and neither uses functionals, though a functional is being de- 
f ined. 

Example 1 

pairmap[k; m; farg; z]= pro [[a; b]; 
[null[k]-+ return[z 3 1; 
a:= b:= cons[farg[car[k]; car[m]]; z ]  ; 

A k:= cdr[k]; 
m:= cdr[m]; 
[null[k]-+ return[a]]; 



Example 2 

pairmap[k; m; farg; z]= prog[!b]; 
A [null[k]i return[conc[reverse[b]; z]]] ; 

b:= cons[farg[car[k!; car[m]]; b]; 
k:= cdr[k]; 
m:= cdr[m] ; 

go[~l1 

PROGITER 

The function "progiter" is used in the LISP compiler to 
convert a function definition that doesn't use the program feat- 
urP i n t o  a definit,ion that does use the program feature and will 
run faster when compiled than the original definition. You won't 
be able to tell exactly how "progiter" works from the examples, 
because 1 haven't included definitions of the functions "pil" 
and "pi3". But you can follow the transformation from the origi- 
nal version of "progiter", through an intermediate version that 
uses the program feature, to a final version that uses the pro- 
gram feature but does not use the functionals "pairmap" or "map- 
list". To avoid using the functionals 1 have defined two sub- 
functions, "pairmapl" and "gensyml". "Pairmapl" is 1 ike "pairmap" 
with a specific function "pi2" put for its functional argument. 
"Gensyml" generates a list of new atomic symbols. 

Example 1 

progi ter [name; exp]= 
[eq[caaddr[exp] ; COND] A pi 1 [ cdaddr [exp]]+ 

~[[gl; g2; vs; gsl; 
 LAMBDA; vs; 
CO~S[PROG; ~ o n s [ ~ s ;  ~ o n s [ ~ l ;  
pi3[cdaddr[exp] ; NIL; c0ns[~2; 
pairmap[vs; gs; pi2; list[l ist[~0; gl]]]]]]]]]] 

[gensym[] ; gensym[] ; cadr[exp]; 
mapl ist[cadr[exp]; gensym]]; 

T+ exp] 
pi2[j; k]= ~ ~ S ~ [ S E T Q ;  j; k] 

Example 2 

progi ter[name; exp]= pro [[gl gs; XI; 
[-[eq[caaddr [exp!; COAD!? pl;[ cdaddr [exp]]]-r 

return[exp]]; 



gl : = gensym[ 1 ; 
g2:= gens m[]; 
vs:= cadr i! ex!]; 
gs:= rnaplist cadr[ex 
x:= list[list[~0; gl 
x:= pairmap[vs; gs; pi2; x]; 
x:= pi3[cdaddr[exp] ; NIL; cons[g2; x]]; 
x:= CO~S[PROG; cons[gs; cons[gl; x]]] ; 
return[list[~~~B~A; vs; x]]] 

pi2[j; k]= list[sE~Q; j; k] 

Example 3 

progiter[name; exp]= rog[[u; gl; 92; vs; gs; x]; 
u:= eq[caaddr 1 exp]; COND] ~~il[cdaddr[exp]]; 
[- u+ return[exp]]; 
gl:= gensym[]; 
g2:= gensym[ 1; 
vs:= cadr[ex~]; 
gs:= gensyml length[vs]] ; 
x:= list[list[~0; gl]]; 
x:= pairmapi[vs; gs ;x] ; 
x:= pi3[cdaddr[exp]; NIL; cons[g2; x]]; 
x:= CO~~[PROG; cons[gs; cons[gl; x]]]; 
return[list[~~hlB~A; vs; x]]] 

gensyrnl [XI= prog[ [y1 ; 
A [zerop[x]+ return[y]] ; 

y:= ~ons[~ensym[]; y]; 
x:= subl[x]; 
go[Al 1 

pa irrnapl [1 ; m; a]= prog[[b]; 
A [null[l]+ return[conc[reverse[b]; z]] ; 

b:= cons[list[sE~Q; car[l]; car[m]]; b ; 
1:= cdr[l]; 
m:= cdr[rn] ; 

3 
90[~11 



A p p e n d i x  

S - E X P R E S S I O N  T R A N S L A T I O N S  O F  FI VE E X A M P L E S  

M e m b e r  

(MEMBER (LAMBDA ( X  Y ( P R O G  ( ) 
A ( C O N D  ( ( N U L L  Y )  ( R E T U R N  F) ) 

( ( E Q U A L  X (CAR Y ) )  ( R E T U R N  T I ) )  
( S E T Q  Y (CDR Y ) )  
( G O  A ) ) ) )  

(MEMBER (LAMBDA ( X  Y )  (COND 
( ( N U L L  Y )  F )  
( ( E Q U A L  X (CAR Y ) )  T)  
( T  (MEMBER X ( C D R  Y ) ) ) ) ) )  

F a c t o r i a l  

( F A C T O R I A L  (LAMBDA ( X I  ( P R O G  ( Y )  
( S E T Q  Y 1 )  

A (COND ( ( O N E P  X )  (RETURN Y )  1) 
( S E T Q  Y ( T I M E S  X Y ) )  
( S E T Q  X ( S U B I  x ) )  
( G O  A ) ) ) )  

( F A C T O R I A L  (LAMBDA ( X I  (COND 
( ( O N E P  X) U 
(T ( T I M E S  X ( F A C T O R I A L  ( S U B I  X ) ) ) ) ) ) )  

R e v e r s e  

(REVERSE (LAMBDA ( X I  (PROG ( Y )  
A (COND ((NULL X I  (RETURN Y ) ) )  

( S E T Q  Y ( C O N S  ( C A R  X )  Y ) )  
( S E T Q  X (CDR X I )  
(GO A ) ) ) )  

(REVERSE (LAMBDA ( X I    REVERSE^ x N I L ) ) )  
  REVERSE^ (LAMBDA (X  Y )  (COND 

( ( N U L L  X )  Y )  
( T  ( R E V E R S E 1  (CDR X I  ( C O N S  (CAR X I  ( C O N S  (CAR X )  Y ) ) )  1 ) )  

Y D o  t 

( Y D O T  (LAMBDA ( X  Y )  
( M A P L I S T  X ( F U N C T I O N  (LAMBDA ( J I  



( C O N S  ( C A R  J) Y ) ) ) ) ) )  
(YDOT (LAMBDA ( X  Y )  (COND 

( ( N U L L  X )  N I L )  
(T  ( C O N S  ( C O N S  ( C A R  X )  Y )  ( Y D O T  (CDR X )  Y ) ) ) )  1 )  

S u b l  i s 

(SUBLIS (LAMBDA (X  Y )  (GOND 
( ( N U L L  X)  Y )  
( ( N U L L  Y)  Y)  
(T  ( S E A R C H  X 
( F U N C T I O N  (LAMBDA ( J I  (EQUAL Y (CAAR J I ) ) )  
( F U N C T I O N  (LAMBDA (JI (CDAR J )  1) 
( F U N C T I O N  (LAMBDA ( J) (COND 
( ( A T O M  Y )  Y)  
( T  ( C O N S  ( S U B L I S  X (CAR Y ) )  

( S U B L I S  X (CDR Y ) ) ) ) ) ) ) ) ) ) ) )  
(SUBLIS (LAMBDA (A Y (COND 

((ATOM Y )  ( S U B 2  A Y ) )  
( T  ( C O N S  ( S U B L I S  A (CAR Y ) )  ( S U B L I S  A (CDR Y ) ) )  1) 1 )  

( S U B 2  (LAMBDA (A Z)  (COND 
( ( N U L L  A )  Z )  
( ( E Q  (CAAR A )  Z )  (CDAR A )  
(T  ( S U B 2  (CDR A )  Z ) ) ) ) )  



Techniques Using LISP 

for Aut~mat ica l l~  Discovering 

Interesting Relations in Data 

Edward  F r e d k i n  

Informat ion Internat ional ,  Inc. 

(Note:  T h i s  paper ,  which was w r i t t e n  J u n e  1963, shou ld  b e  
c o n s i d e r e d  i n  t h e  n a t u r e  o f  a  p r e l u d e  t o  t h e  paper  by Malcolm 
P i v a r ,  w r i t t e n  i n  December 1963, which r e p o r t s  on f u r t h e r  d e v e l -  
opment o f  t h e  i d e a s  d i s c u s s e d  h e r e . )  

The u t i l i t y  o f  a  computer program t h a t  c o u l d  a u t o m a t i c a l l y  
" d i s c o v e r "  i n t e r e s t i n g  f e a t u r e s  o f  a  l a r g e  mass o f  d a t a ,  would 
u n q u e s t i o n a b l y  b e  g r e a t .  B a s i c a l l y ,  t h a t  which o n e  wants  t o  know 
i s  i n t e r e s t i n g  - t h a t  which one does  n o t  want t o  know i s  unin- 
t e r e s t i n g .  The s e p a r a t i o n  - and e l u c i d a t i o n  - o f  t h e  r e l a t i o n s  
i n v o l v e d  i s  a  problem o f  g r e a t  c o m p l e x i t y .  Undoubtedly t h e  com- 
p l e t e  s o l u t i o n  t o  t h e  problem - even i n  t h e  r e s t r i c t e d  c o n t e x t  
o f  d a t a  r e d u c t i o n  and a n a l y s i s  - w i l l  a w a i t  t h e  c r e a t i o n  o f  a  
v a s t  and ve ry  well programmed computing f a c i l i t y .  

I n  t h e  meantime, a  somewhat l e s s  o m n i - a n a l y t i c  machine would 
be  a  most  u s e f u l  a i d  n o t  o n l y  t o  t h e  e x p e r i m e n t e r  b u t ,  more gen- 
e r a l l y ,  t o  anyone who had t o  q u i c k l y  s e e  and comprehend t h e  i m -  
p o r t a n t  r e l a t i o n s  t o  be  found i n  a c o n t i n u a 1  Stream o f  incoming 
d a t a .  A c l a s s i c a l  example i s  t h e  F i e l d  o f  B a t t l e ,  where a  com- 
mander must e x e r c i s e  c o n t r o l  on t h e  b a s i s  o f  incoming raw d a t a .  



A Mode1 Situation 

A feasible intermediate goal, however, would be the creation 
of a computer program that would operate on numerical data, char- 
acterize the data in some appropriate fashion, automatically dis- 
cover interesting relationships in the data, and inform the user 
of these relationships. 

Initially, such a program would be limited to simple situa- 
tions and simple forms of data. However, with time, experience 
and effort, the capabilities of such a program could be developed 
to the point where it would represent a significant advance in 
the current state of computer technology. 

What is "Interesting"? 

The first step in this development process is the definition 
of "interesting" in a way sufficiently objective, precise, and 
simple to allow the formulation of an algorithmic definition. Such 
a definition, in turn, serves as the basis of a computer program 
capable of distinguishing between "interesting" and "uninterest- 
ing" data. 

In expressing such a definition, however, it is desirable to 
keep in mind the context or background in relation to which an 
individual datum is to be considered "interesting" or "uninterest- 
ing". For example: 

(i) A penguin in Antarctica is not interesting 
(ii) A penguin in a zoo is not interesting 

(iii) A zoo in Boston is not interesting 
(iv) A penguin in Boston and not in a zoo is, 

however, somewhat interesting. 

Thus a penguin may be interesting or not according to con- 
text. 

Assume that the context that we are considering is a continu- 
al stream of numbers. The fact that these are numbers will, in 
itself, be uninteresting. The only possible point of interest is 
the characteristics of the numbers themselves. For example, in 
the following sample of a sequence: 

the only interesting statement is "the sequence consists of a 
series of sevens". It is not, for example, interesting to Say 



" . . . t h e  6359 th  i n t e g e r  i s  a  seven,  t h e  6360 th  i n t e g e r  i s  a  seven,  
t h e  6 3 6 1 s t  i n t e g e r  i s  a  seven ,  t h e  6362nd i n t e g e r  i s  a  seven ..." 

I n  g e n e r a l ,  then,  we may assume t h a t  t h e  i n t e r e s t i n g  r e l a -  
t i o n s  t h a t  one  f i n d s  i n  d a t a  a r e  i m p l i c i t  i n  t h e  s h o r t e s t  d e s c r i p -  
t i o n  o f  t h e  d a t a .  9 0 t h  s t a t e m e n t s  above d e s c r i b e  t h e  o r i g i n a l  
d a t a ;  however, one  i s  more c o n c i s e  t h a n  t h e  o t h e r .  

The g e n e r a l  o b j e c t i v e  i n  d i f f e r e n t i a t i n g  i n t e r e s t i n g  i n f o r -  
m a t i o n  from u n i n t e r e s t i n g  i n f o r m a t i o n  i s  t o  b e  a b l e  t o  r e t a i n  t h e  
i n t e r e s t i n g  i n f o r m a t i o n  i n  memory and d i s p e n s e  w i t h  t h e  u n i n t e r e s t -  
i n g  i n f o r m a t i o n .  Anyone who has  used computers  knows o f  t h e  g r e a t  
e a s e  w i t h  which a  computer remembers a r b i t r a r i l y  l o n g  l i s t  o f  r an -  
dom numbers (on magne t i c  t a p e ,  f o r  e x a m p l e ) .  However, t h e  human 
mind, which pe r fo rms  s o  many f e a t s  o f  memory and r e c a l l  t h a t  a r e  
beyond t h e  c a p a b i l i t y  o f  any  p r e s e n t  computer sys tem,  can remem- 
b e r  o n l y  a  v e r y  s h o r t  l i s t  o f  random numbers, Say, s e v e n ;  and 
t h e n  o n l y  f o r  a  s h o r t  w h i l e .  To remember a  l o n g e r  l i s t  f o r  a 
l o n g e r  p e r i o d  o f  t ime,  t h e  numbers must  b e  made i n t e r e s t i n g ,  by 
b u i l d i n g  an a s s o c i a t i v e  memory c h a i n  i n v o l v i n g  t h e  numbers i n  some 
o t h e r  i n f o r m a t i o n .  

A t  p r e s e n t ,  then ,  t h e  human mind remembers i n f o r m a t i o n  s e l e c -  
t i v e l y .  S i n c e  i t s  i n f o r m a t i o n  s t o r a g e  c a p a c i t y  i s ,  p robab ly ,  l i m -  
i t e d ,  i t  does  n o t  remember a l 1  d a t a .  I t  t e n d s  t o  remember, b a s i c -  
a l l y ,  o n l y  i n f o r m a t i o n  which i s  " i n t e r e s t i n g " ,  e i t h e r  b e c a u s e  i t  
promoted survival"', b e c a u s e  i t  a v o i d s  d i s c o m f o r t  ( e . g . ,  remember- 
i n g  t h a t  b e e s  can s t i n g ) ,  promotes  p l e a s u r e ,  o r  f o r  o t h e r  s i m i l a r  
r e a s o n s .  Thus, i n  t h e  above s e n s e ,  we may be  s a i d  t o  a n a l y z e  in -  
f o r m a t i o n  which we p e r c e i v e  i n t o  " i n t e r e s t i n g "  and " u n i n t e r e s t i n g "  
c a t e g o r i e s  f o r  p u r p o s e s  o f  s e l e c t i v e  i n f o r m a t i o n  s t o r a g e .  

What we p e r c e i v e  may b e  r e p r e s e n t e d  i n  many d i f f e r e n t  fo rms .  
I n  t h e  s e r i e s :  

we c o u l d  remember t h e  a c t u a l  v i s u a l  p a t t e r n  c r e a t e d  by t h e  d o t s ,  
t h e  a n g u l a r  l i n e s  ( t h e  s e v e n s ) ,  t h e  curved  l i n e s  ( t h e  commas), 
e t c .  The v i s u a l  p a t t e r n  would r e q u i r e ,  pe rhaps ,  50,000 b i t s  o f  
i n f o r m a t i o n .  But i f  we a b s t r a c t  t h e  v a r i o u s  l i n e s  and d o t s  i n t o  
c h a r a c t e r s ,  w i t h  an  e i g h t - b i t  code f o r  each  c h a r a c t e r ,  then  a  to- 
t a l  o f  512 b i t s  would b e  s u f f i c i e n t .  However, t h i s  t y p e  o f  en- 
c o d i n g  would r e q u i r e  t h e  knowledge o f  what c h a r a c t e r s ,  p e r i o d s ,  
commas, and sevens  a r e .  The encod ing  o f  i n f o r m a t i o n  r e q u i r e d  t o  
r e c o g n i z e  such c h a r a c t e r s  would undoubted ly  add more than  50,000 
b i t s  t o  t h e  512 r e q u i r e d  f o r  encod ing  o f  t h e  c h a r a c t e r s .  I t  i s  
n o t  n e c e s s a r y ,  o f  c o u r s e ,  t o  w r i t e  o f f  a l 1  o f  t h e  inves tment  i n  



t h e  knowledge and r e c o g n i t i o n  of  c h a r a c t e r s  on t h i s  one c a s e .  For 
example, a  r ea sonab le  a l l o c a t i o n  o f  t h e  t o t a l  requirement  t o  t h i s  
s p e c i f i c  c a s e  might be on ly  75 b i t s  ( i n  a d d i t i o n  t o  t h e  512 b i t s  
r e q u i r e d  f o r  encoding of  t h e  c h a r a c t e r s  t hemse lves ) .  

The essence ,  then,  of t h e  above p a t t e r n  i s  t h a t  i t  i s  an 
a r b i t r a r i l y  long sequence o f  sevens .  (The purpose o f  t h e  p e r i o d s  
t o  t h e  r i g h t  and t o  t h e  l e f t  o f  t h e  sequence i s  t o  i n d i c a t e  t h a t  
t h e  sequence con t inues  i n d e f i n i t e l y . )  I f  we code t h e  o r i g i n a l  
sequence a s  fo l lows:  

sequence of  "7" 

Th i s  would r e q u i r e  approximate ly  128 b i t s .  I n  a d d i t i o n ,  t h e  f a i r  
s h a r e  of  a p p l i c a b l e  overhead, a s  d i s c u s s e d  above, might be approx- 
ima te ly  100 b i t s .  

Cos t 

I n  gene ra l ,  s i n c e  t h e r e  i s  a  c o s t  a s s o c i a t e d  wi th  remember- 
i ng  t h i n g s ,  we should on ly  remember what i s  worth t h e  c o s t .  For 
example, i t  i s  necessary  t o  be  very  s o p h i s t i c a t e d  about  t h e  amount 
of investment  t h a t  i s  made on schemes t o  re-encode more e f f i c i e n t -  
l y ,  s i n c e  i t  r e q u i r e s  s t o r a g e  space  t o  remember t h e  re-encoding 
scheme i t s e l f .  

I n  a d d i t i o n ,  i t  i s  necessary  t o  no t e  t h a t  what i s  remembered 
i s  both a  c o l l e c t i o n  of  t h e  memories of  i n d i v i d u a l  o b j e c t s  and 
a b s t r a c t i o n s  and, i n  a d d i t i o n ,  t h e  r e l a t i o n s h i p s  between t h e s e  ob- 
j e c t s  and t h e i r  p r o p e r t i e s .  "Bees e x i s t "  i s  no t  u s u a l l y  an i m -  
p o r t a n t  f a c t ;  "Bees s t i n g  and s t i n g s  hu r t "  i s  u s u a l l y  an impor tan t  
f a c t .  The r e l a t i o n s  a r e  perhaps much more X m e r o u s  than t h e  i tems 
so  r e l a t e d ,  and t h e  s t o r a g e  scheme used may t a k e  t h i s  i n t o  account .  

A way t o  approach t h e  d i f f i c u l t  problem of  d i s c o v e r i n g  in- 
t e r e s t i n g  r e l a t i o n s  i n  d a t a  i s  t o  i nven t  a  model s i t u a t i o n  t h a t  
has most of  t h e  p r o p e r t i e s  o f  t h e  gene ra l  s i t u a t i o n  y e t  which has 
a  c l e a r e r  and s impler  s o l u t i o n  t o  t h e  problem. I n  a d d i t i o n  we 
would l i k e  t h e  model s i t u a t i o n  t o  have s u f f i c i e n t  c a p a c i t y  t o  be- 
come more complex and gene ra l  s o  a s  t o  l e a d  t o  t h e  development of 
u s e f u l  a p p l i c a t i o n s  and gene ra l  p r i n c i p l e s .  

The Sequence of I n t e g e r s  

L e t  us cons ider  f i n i t e  sequences o f  i n t e g e r s .  S p e c i f i c a l l y ,  
l e t  us f i r s t  cons ider  what may be coded a s  f i n i t e  sequences of  



i n t e g e r s .  By numbering t h e  l e t t e r s  and o t h e r  marks used i n  writ- 
t en  communications,  we can encode, f o r  example, E n g l i s h  t e x t  i n -  
t o  f i n i t e  sequences  o f  i n t e g e r s .  

Th is  i s  commonly done i n  computer sys tems .  There  i s  f o r  ex- 
ample t h e  IBM Binary  Coded Decimal, o r  BCD, s t a n d a r d  encoding 
scheme. On t h e  Mode1 33 t e l e t y p e w r i t e r ,  a  s t a n d a r d  code i s  used 
t o  r e p r e s e n t  t h e  c h a r a c t e r s  found on t h e  keyboard,  and t h e  neces- 
s a r y  c o n t r o l s ;  t h i s  code c o n s i s t s  o f  seven b i t s ,  p l u s  one add i -  
t i o n a l  p a r i t y  b i t  making 8 b i t s .  Thus we can r e p r e s e n t  w r i t t e n  
m a t t e r  by a  sequence o f  i n t e g e r s ,  each i n t e g e r  r e p r e s e n t i n g  one 
l e t t e r  o r  o t h e r  mark. 

Cons ider  t h e  o u t p u t  o f  an a n a l o g - t o - d i g i t a l  c o n v e r t e r :  I t  
c o n s i s t s  of  a  sequence o f  i n t e g e r s .  I f  we pa s s  human speech i n t o  
such a dev i ce ,  t h e  speech i s  encoded i n t o  a  sequence o f  i n t e g e r s .  
The same may be done, f o r  example, w i th  t h e  o u t p u t  o f  a  t e l e v i s i o n  
show. The p roce s s  may be i n e f f i c i e n t ,  b u t  i t  i s  h i g h l y  g e n e r a l .  
For example,  one can imagine encoding  t h e  s u c c e s s i v e  S t a t e s  o f  t h e  
u n i v e r s e  a s  a  sequence o f  i n t e g e r s ,  each N- tup le ,  d e s c r i b i n g  t h e  
t ype ,  p o s i t i o n ,  v e l o c i t y ,  t ime,  and any o t h e r  d e s i r e d  pa r ame te r s  
f o r  eve ry  fundamental  p a r t i c l e  i n  t h e  u n i v e r s e .  S t o r i n g  t h e  re- 
s u l t i n g  sequence cou ld  no t  be  done i n  t h i s  u n i v e r s e ,  however, un- 
l e s s  i t  was encoded ( a s  i t  i s )  i n t o  t h e  a c t u a l  s i t u a t i o n .  

Simple  Sequences:  Segmentat ion 

One o f  t h e  most c r u c i a l  problems encoun t e r ed  i n  sequence ana l -  
y s i s  i s  t h a t  o f  segmenta t ion .  Given a  sequence,  how can i t  be seg- 
mented i n t o  a  more meaningful  ( i . e . ,  one b e t t e r  s u i t e d  f o r  cod ing)  
sequence o f  sequences? We can, w i t h  no l o s s  i n  g e n e r a l i t y ,  con- 
s i d e r  t h e  terms o f  a  sequence t o  be  e l emen ta l  - i . e . ,  n o t  c a p a b l e  
of  be ing  broken down. Thus, we w i l l  a lways .bu i ld  up from s imp le r  
sequences ,  never  down. 

Sequences w i l l  be  a l lowed  t h a t  c o n s i s t  o f  sequences  o f  se- 
quences ,  f o r  example, 

I n  Backus normal form, we may d e f i n e  a  sequence i n  t h e  f o l l owing  
manner 

term: := c e l e m e n t >  <,> 
s imple  sequence:  := <term> / (s imple  sequence)  < term) 
sequence: : = <s imple  sequence) / <. ;> <sequence> / 

$equence> <. > 



O p e r a t i o n s  on Sequences  

We s h a l l  now c o n s i d e r  a  s e t  o f  b a s i c  o p e r a t i o n s  t h a t  can b e  
performed on sequences .  

(1 )  Local  O p e r a t i o n s .  A l o c a l  o p e r a t i o n  i s  d e f i n e d  a s  a n  
o p e r a t i o n  i n v o l v i n g  a  l i m i t e d  r a n g e  o f  t e r m s .  Most i m p o r t a n t  i s  
t h e  s u c c e s s o r  o p e r a t i o n .  

(2 )  The S u c c e s s o r  O p e r a t i o n .  I f  an  o p e r a t i o n  on a  term in-  
v o l v e s  o n l y  t h a t  term and i t s  s u c c e s s o r  ( t h e  n e x t  term i n  t h e  
sequence)  we s h a l l  c a l 1  i t  a  s u c c e s s o r  o p e r a t i o n .  P r o b a b l y  t h e  
most  i n t e r e s t i n g  s u c c e s s o r  o p e r a t i o n  on t h e  i n t e g e r s  i s  t h e  suc- 
c e s s i v e  d i f f e r e n c e .  

L e t  us  a d o p t  h e r e  a  forma1 n o t a t i o n .  The n o t a t i o n  h i11 be 
t h a t  o f  t h e  LISP sys tem deve loped  by John McCarthy o f  S t a n f o r d  
U n i v e r s i t y  ( s e e  "LISP 1 . 5  Programmers Manual", August 17, 1962, 
M . 1  .T.) . 

I n  p a r t i c u l a r ,  we s h a l l  u s e  M-express ions ,  s i n c e  t h i s  t y p e  
o f  e x p r e s s i o n  i s  a  most  power fu l  method o f  d e s c r i b i n g  t h e  t y p e s  
o f  f u n c t i o n s  t h a t  we have i n  mind. I n  a d d i t i o n ,  i t  i s  a  s i m p l e  
m a t t e r  t o  t r a n s c r i b e  LISP M-express ions  i n t o  S - e x p r e s s i o n s ,  which 
a r e  i n  a  form r e a d y  t o  o p e r a t e  on a  computer .  

We s h a l l  aim t o  e x p r e s s  t h e  o r i g i n a l  sequence  i n  a  f u n c t i o n  
which when e v a l u a t e d  f o r  s u c c e s s i v e  i n t e g e r s  w i l l  r e s u l t  i n  t h e  
o r i g i n a l  s e q u e n c e .  The f u n c t i o n  w i l l  i t s e l f  b e  a  LISP e x p r e s s i o n  
and w i l l  b e  a b l e  t o  o p e r a t e  a s  a  computer program t o  p roduce ,  a s  
o u t p u t ,  t h e  o r i g i n a l  sequence ,  p l u s  a d d i t i o n a l  t e r m s .  For  example, 
g i v e n  t h e  sequence  

t h e  program would o p e r a t e  on t h e  sequence  t o  p roduce  a  f u n c t i o n ,  
~ n  [n] , e q u i v a l e n t  to :  

Thus, a s  n  t a k e s  on t h e  s u c c e s s i v e  v a l u e s  o f  t h e  i n t e g e r s ,  ~ n [ n ]  
would t a k e  on t h e  s u c c e s s i v e  v a l u e s  o f  t h e  s e q u e n c e .  

The g e n e r a l  p l a n  o f  o p e r a t i o n  w i l l  b e  t o  u s e  s u c c e s s i v e  d i f -  
f e r e n c e s  a s  an  a n a l y t i c a l  t o o l .  



F a c t s  about  D i f f e r e n c e s  

I f  a  sequence can be r e p r e s e n t e d  by a  polynomial of  deg ree  
n then t h e  n t h  s u c c e s s i v e  d i f f e r e n c e  sequence i s  made up of  

-9 

terms a l 1  of-which have t h e  same va lue .  Tha t  va lue  i s ,  i n  f a c t ,  
a.n!, where a  i s  t h e  c o e f f i c i e n t  o f  t h e  h i g h e s t  o r d e r  term of  
t h e  p o l y n o m i ~ l .  The sequence of  a l 1  - nth d i f f e r e n c e s  can be de- 
f i n e d  b  a  s i n g l e  e lement .  For example, s e e  t h e  sequence of  3 cubes  n  and t h e i r  d i f f e r e n c e s  shown i n  Tab l e  1 .  The a r rows  
"A-" i n d i c a t e  t h e  d i r e c t i o n  o f  " d i f f e r e n c e s .  Summations would 
be i n  t h e  o t h e r  d i r e c t i o n .  

We can be s u r e  t h a t  we unders tand  t h e  rule govern ing  a  se- 
quence when ou r  a n a l y s i s  has  reduced i t  t o  a  very  s imple  form. 
For example, i f  t h e  3 r d  d i f f e r e n c e  y i e l d s  a l 1  c o n s t a n t  terms,  t h e  
sequence can be r e p r e s e n t e d  by a  polynomial o f  deg ree  3 .  

I n  o r d e r  t o  t e s t  a  sequence t o  s e e  i f  i t  i s  made up o f  terms 
a l 1  o f  which a r e  t h e  same, we can d e f i n e  t h e  f o l l o w i n g  LISP func- 
t i o n :  

Pl  [x] =nul  1  [x] V P2 [car  [x] ; cdr  [x] ] 
P2[a;y] =nu11 [y] v [equal [ a ; c a r  [jr]] ~ ~ 2 ] [ a ; c d r [ ~ ] ] ]  

I n  t h e  above exp re s s ion ,  P l [x ]  r e p r e s e n t s  a  f u n c t i o n  of  x ,  
where x  i s  a  sequence,  o r  l i s t ,  o f  i n t e g e r s .  I f  a l 1  terms i n  t h e  
sequence a r e  equa l ,  t h e  f u n c t i o n  P l [ x ]  w i l l  have t h e  v a l u e  - T 
( t r u e ) ;  o t h e r w i s e  i t  w i l l  have t h e  v a l u e  - F ( f a l s e ) .  

n u l l [ x ]  i s  an e x p r e s s i o n  which i t s e l f  may have t h e  v a l u e  - T 
(truc) o r  F  ( f a l s e ) .  I t  i s  " t r ue"  i f  t h e  l i s t ,  x, i s  empty, i . e . ,  
has  no te rms .  I t  i s  " f a l s e "  o t h e r w i s e .  For example, nu11 [(1,2,  
311 =F;  nu11 [(7)] =F; nu l1  [( )] =T. 

The symbol V i s  a  Boolean symbol rneaning "or" 

The exp re s s ion  P2 rcar[x]  ; cdr  [x ] ]  a l s o  may have t h e  va lue  T  - 
( t r u e )  o r  - F ( f a l s e )  . 

Thus i t  may be seen t h a t  t h e  f u n c t i o n  P l  [ x l w i l l  have t h e  
v a l u e  T  f t r u e )  i f  e i t h e r  t h e  exp re s s ion  n u l l [ x ]  i s  t r u e  o r  t h e  
e x p r e s s i o n  P2 [ca r [x ] ;  cd r  [x]]  i s  t r u e  f o r  a  g iven  l i s t  x- I f  
n e i t h e r  of  t h e s e  e x p r e s s i o n s  i s  t r u e ,  t h e  f u n c t i o n  P l [ x ]  w i l l  
have t h e  va lue  F ( f a l s e ) .  - 

The e x p r e s s i o n  ~2  [ ca r  [x] ; cd r  [ x ] ]  may be d e s c r i b e d  a s  f o l l ows :  

c a r [ x ]  r e p r e s e n t s  t h e  f i r s t  e lement  i n  a  g iven l i s t ;  



Table 1 

n3 - lS t  Difference 2nd Difference srd Difference 

* 2 ~ t  may be noted that  the l i s t  of nurnbers 0.1.6.6 i s  su f f i c i en t  . . .  
to  def ine  the whole array,  and thus the complete sequence ns; a 
sirnilar shor t  l i s t  of nurnbers w i l l  define any polynornial of degree 
3 .  



cd rex ]  r e p r e s e n t s  a l 1  t h e  r e s t  of  t h e  elernents 
of t h e  l i s t .  Thus,  

c a r  [ ( i , 2 , 3 ) ]  = l  
c a r  [( 17,29,31,103,74)] =17 
c a r  [(19)] =19 
cd r  [ (1 ,2 ,3 )1=(2 ,3)  
cd r  [(17,19,31,103,74)] =(19,31,103,74) 
cd r  [( 1911 =NIL 

The f u n c t i o n  P2 [car  [x] ; cdr  [x]]  may be  r e p r e s e n t e d  i n  a  more 
g e n e r a l  form a s  ~ 2 [ a ; ~ ] ,  where a  r e p r e s e n t s  t h e  f i r s t  e lement  i n  
an o r i g i n a l  l i s t  x, and y  r e p r e s e n t s  a l 1  s u c c e s s i v e  elernents of  
the l i s t .  The f u n c t i o n  P2[a;y] is  d e f i n e d  i n  t h e  second l i n e  o f  
the above s t a  tement: 

The f u n c t i o n  ~ 2 [ a ; y ]  may have t h e  v a l u e  2 ( t r u e )  o r  1 ( f a l s e )  . 
S i m i l a r l y  t h e  e x p r e s s i o n s  

( i l  nu l1  [y ] ,  
( i i )  [ e q u a l [ a ; c a r [ y ] ] ,  and 

( i i i )  ~ 2 [ a ; c d r  [y]]]  

may each have t h e  va lue s  - T ( t r u e )  o r  - F ( f a l s e ) .  The Boolean 
symbol V, a s  no ted  above, r e p r e s e n t s  "or" .  , t h e  sumbol A r e p r e s e n t s  
"and".  The f u n c t i o n  ~2  [a;y] w i l l  be t r u e ,  then ,  if nul1  [y] i s  t r u e  
o r  ( V [equal  [ a ; c a r  [y]]  and ( A  P2 [ a ; cd r  [y]] a r e  both t r u e .  - - - 

T h i s  may be i l l u s t r a t e d  by t h e  fo l l owing  t a b l e :  

nu 11 [Y]  F F F T T  
v(OR1 

equa 1  [a ; c a r  [y] ] T F T F F  
/ \ (AND) 

P2 [a ; cdr  [y] 1 F T T T F  

Nul1 [y] ,  t h e n ,  w i l l  be t r u e  i f  t h e  v a l u e  of  y ( = c d r [ x ] )  i s  
NIL; i . e . ,  i f  t h e  l i s t  y has  no te rms .  e q u a l [ a ; c a r [ y ] ]  w i l l  be  
t r u e  on ly  i f  - a  e q u a l s  c a r [ y ] .  For exarnple, 

equa l  [ 7 ; c a r  [(7,12,13,14)] =T 

s i n c e  c a r  [(7,12,13,14)] =7, and 7 e q u a l s  7 .  



equa1[13; c a r  [(3,13,13,13,13)1 =F 

s i n c e  c a r  [(3,13,13,13,13)] i s  3, and 13f3  

~ 2 [ a ; c d r [ ~ ] ]  w i l l  be t r u e  i f  t h e  f u n c t i o n  ~ 2 [ a ; y ]  i s  t r u e  
when y  i s  r ep l aced  by cd r  [y] .  

I m  summary, then,  t h e  program w i l l  o p e r a t e  i n  t h e  fo l l owing  
manner: 

1 .  P l [ x ] = n u l l  [ x ] v P 2 [ c a r [ x l ;  c d r [ x l l  
a .  I f  nu l l [x ]  i s  t r u e ,  P l [x]  i s  true. 
b .  I f  nu l1  [x] i s  no t  t r u e ,  ~ l [ x ]  i s  t r u e  

o n l y  i f  ~ 2 . [ c a r [ x ]  ; c d r [ x ] ]  i s  t r u e .  
Th i s  may be  determined from t h e  fol low- 
i ng  s t a  temen t ,  where P2 [car  [x] ; cdr  [x] ] 
i s  r e p r e s e n t e d  by ~ 2 [ a ; y ] .  

2 .  ~ 2 [ a ; y ] = n u l l r y ]  r e q u a l [ a ; c a r ( y ] l  ~ 2 [ a ; c d r [ y ] l ]  
~ 2 L a ; ~ ]  w i l l  be t r u e  on ly  i f  n u l l l y j  i s  t r u e  
( t h e  l i s t  i s  empty) or  i f  both:  
a .  a  i s  equal  t o   car[^] & 
b .  P2 of a  and cdrLy] i s  t r u e .  

I n  gene ra l ,  i f  a l 1  e lements  of  t h e  o r i g i n a l  l i s t ,  x, a r e  
equal ,  a l 1  e lements  w i l l  be equal  t o  t h e  f i r s t  e lement ,  c a r [ x ] .  
The program w i l l  compare every  element of  x, i n  sequence, w i  t h  
t h e  f i r s t  element,  c a r [x ] ,  t o  de te rmine  whether they  a r e  e q u a l .  
I f  they a r e  ( o r  i f  t h e r e  a r e  no elements  i n  t h e  l i s t ) ,  Pl w i l l  
be t r u e ;  o the rwi se  i t  w i l l  b e T a l s e .  Examples of  t h e  e v a l u a t i o n  
of  a c t u a l  l i s t s  a r e  p re sen t ed  i n  Appendix B. 

We s h a l l  now d e f i n e  a  gene ra l  func t ion ,  s ,  o f  a  l i s t .  Th i s  
f u n c t i o n  i s  unusual i n  t h a t  one of  i t s  arguments i s  a  f u n c t i o n .  
For example, i n  a r i t h m e t i c  one could d e f i n e  a  f u n c t i o n  o p e r a t e  
[ o p ; a ; b ] ,  where op i s  a  f u n c t i o n a l  argument t h a t  s p e c i f i e d  which 
a r i t h m e t i c  ope ra t i on  i s  t o  be performed on a  and b .  Thus 

opera t e [+  ; 3 ; 4 ] = 7  and 
opera t e [x ;3 ;4 ]=12  

The ope ra to r ,  2, which i s  a  f u n c t i o n  of two v a r i a b l e s ,  Fn and 2 ,  - 
i s  given below: 

s [ F n ; x ] = i f  n u l l [ c d r [ x ] ]  - then NIL 
e l s e  c o n q ~ n  [cadr [x]  ; c a r  [ x ] ] ;  s  [ ~ n ;  cdr[x]]]  - 

Fn i s  a  func t ion  of  two v a r i a b l e s ,  x  i s  a  l i s t  of  a t  l e a s t  two - 



members. s [ ~ n ; x ]  i s  a  l i s t  c r e a t e d  by Fn on succes -  
s i v e  p a i r s  o f  x .  The f i r s t  d i f f e r e n c e  

The - n t h  d i f f e r e n c e  of sequence  2, n d [ n ; x ]  i s  then :  

n d [ n ; x ] =  - i f  e q u a l  [ n ; ~ ]  - t h e n  x ;  e l s e  n d [ n - l ; d [ x l l  

To encode a  sequence 2 i n t o  a  d e f i n i n g  e lement ,  a s  d i s c u s s e d  
e a r l  ie r ,  we have encode 1x1 : 

encode[x]= if n u l l  [ c d r [ x ] ] v ~ l  [XI  
t h e n  cons [ca r [x ]  ;NIL] 

e l  s e  c o n s [ c z ]  ; encode[d[x]]]  - 
I n  o r d e r  t o  expand a  s e r i e s ,  g iven  t h e  d e f i n i n g  e l e m e n t e ,  we 
f i r s t  d e f i n e  a  f u n c t i o n  s t [ e l  which i s  t h e  n e x t  e lement  i n  t h e  
s e r i e s  o f  e l e m e n t s  i n  t h e  d i f f e r e n c e  a r r a y :  

s  t [ e ]=  if n u l l  [ c d r [ e ] ]  
then  c o n s [ c a r [ e ]  ; NIL 

e l s e  c i x c a r [ e ] + c a d r [ e ] ;  [ s t [ c d r [ e ] ] ]  - 
Then, u s i n g  t h e  f i r s t  term o f  each e lement ,  we expand t h e  f i r s t  
n  t e rms  o f  t h e  o r i g i n a l  sequence,  3, by means o f  expand[n ;x] :  

expand[n ;x]=  i f  n=O t h e n  NIL; 
e l  s e  cons  [ c a r E l  ; expand[n-1 ; s t  [ x ] ] ]  - 

The n t h  term o f  t h e  o r i g i n a l  sequence  is: 

We can now per fo rm an i n t e r e s t i n g  s e t  o f  c a l c u l a t i o n s .  

1 .  Given a  sequence,  2 ,  t h a t  we wish t o  encode a s  a  
polynomial  f u n c t i o n ,  we wri t e :  

encode [x ]  

2. To p r e d i c t  t h e  n e x t  term i n  a  sequence,  assuming 
a  polynornial r e p r e s e n t a  t i o n ,  we wri t e :  

p r e d i c t n e x t [ x ] =  [ n t h t e r m  [ l e n g t h [ x ] + l  ; encode [ x ] ] ]  
t h u s  

predictnext[(l,8,27,64,125,216,343)]=512 
predictnext[(l6,25,36,49,64)]=81 
p r e d i c t n e x t [ ( 3 , 8 ,  1 3 , 1 8 , 2 3 , 2 8 , 3 3 ) ] = 3 8  



To i l l u s t r a t e  t h e  e f f i c i e n c y  o f  encoding ,  we have: 

Now l e t  us s e e  i f  we have gene ra t ed  any " i n t e r e s t i n g "  r e -  
s u l t s .  I n  ( a )  above, we rnay t r a n s l a t e  t h e  e x p r e s s i o n  t o  t h e  
r i g h t ,  19 ;  ( 3 , 511 ,  a s  f o l l ows :  

There  a r e  9 te rms ;  t h e  f i r s t  term i s  3; and each s u c c e s s i v e  
term i s  5  l a r g e r  than t h e  p r eced ing  term.  

I n  t h e  f o l l owing  sequence:  

t h e  f i r s t  d i f f e r e n c e  sequence 

S i n c e  n o t  a l 1  terms a r e  equa l  ( though rnost o f  thern a r e  1 )  we must 
c o n t i n u e  t h e  d i f f e r e n c i n g  p roce s s  a s  f o l l o w s .  

I n  f a c t ,  predictnext[1,2,3,4,5,6,7,38,9,10,11,12]=23,773. 



T h i s  may no t  seem v e r y  l i k e l y ;  however, i t  mere ly  i l l u s t r a t e s  
t h e  i n a b i l i t y  of  a  polynomial  approx imat ion  t o  d e a l  w i t h  noise!  

What we would l i k e  t o  Say i s  t h a t  t h e  sequence  r e s e m b l e s  t h e  
i n t e g e r s  e x c e p t  f o r  t h e  8 t h  term, which i s  38 i n s t e a d  of  8 .  

The s e r i e s  o f  1 2  i n t e g e r s  s t a r t i n g  w i t h  1  i s  r e p r e s e n t e d  by 
t h e  e x p r e s s i o n :  

what we would l i k e  i s  t h e  sequence  i n  ( c )  above ,  which may b e  
r e p r e s e n t e d  by t h e  e x p r e s s i o n :  

i f  n=8 then  3 8 ,  
i f  n <  - 12  l a s t  [expand[n;  ( 1 ,  l ) ] ]  ( u n d e f i n e d  f o r  n r  1 2 )  

" l a s t [ x ] "  i s  a  f u n c t i o n  which p roduces  t h e  l a s t  i t em of  a  l i s t  x: 

l a s t [ x ] =  i f  n u l l [ x ]  then  NIL;  i f  atom [x ]  then x ;  
i f  n u l l [ c d r [ x ] ]  then  c a r [ x ] ;  e l  s e  l a s t [ c d r [ x ] ]  

C o n s i d e r  t h e  f o l l o w i n g  sequence:  

we would l i k e  t o  r e a l i z e  t h a t  t h i s  i s  r e a l l y  two sequences  and t o  
encode i t  a s  f o l l o w s :  

i f  n-z6 then  l a s t [ e x p a n d [ n ;  ( l , l ) ] ] ;  ( u n d e f i n e d  
i f  n 2 1 2  then  l a s t [ e x p a n d [ n ;  ( 8 , 1 2 ) ] ]  f o r  n > 1 2 )  

Thus ( c l  above, when encoded, would a u t o m a t i c a l l y  p o i n t  o u t  t h e  
i n t e r e s t i n g  f a c t s :  "The s e r i e s  i s  t h e  sequence  o f  i n t e g e r s  ex- 
c e p t  t h a t  8 i s  r e p l a c e d  by 38" o r  i n  ( d l  above,  "The s e r i e s  con- 
s i s t s  o f  i n t e g e r s  up t o  6 ;  from t h e n  on i t  c o n s i s t s  of  t h e  even 
numbers ." 

By encod ing  t h e  sequences  i n t o  many p o s s i b l e  r e p r e s e n t a t i o n s ,  
we can choose  among them t h e  b e s t  one  by c h o o s i n g  t h e  one whose 
r e p r e s e n t a t i o n  l e n g t h  i s  l e a s t .  T h i s  f o l l o w s  from t h e  c o n c e p t  ex- 
p r e s s e d  e a r l i e r ,  t h a t  t h e  most e f f i c i e n t  encod ing  scheme i s  t h e  
most  i n t e r e s t i n g  s t a t e m e n t  abou t  t h e  d a t a .  The f u n c t i o n  d e r i v e d  
may b e  used t o  h a n d l e  sequences  o f  sequences ,  o r  sequences  o f  
v a r i a b l e s ,  f u n c t i o n s ,  e t c . ,  w i t h  o n l y  s l i g h t  m o d i f i c a t i o n .  



APPENDIX 

I n  e v a l u a t i n g  t h e  l i s t  ( 1 , 2 , 3 )  t h e  program would proceed 
a s  f o l l ows :  

2 .  n u 1 1 [ ( 1 , 2 , 3 ) ]  i s  f a l s e  ( s i n c e  t h e  l i s t  i s  no t  empty) 

3. I n  e v a l u a t i n g  whether  ~2[car[(1,2,3)];cdr[(1,2,3)]] i s  
t r u e  o r  f a l s e ,  i t  would s u b s t i t u t e  t h e s e  va lue s  i n  the 
second s t a t emen t  a s  f o l l ows :  

4 .  I n  t h e  above e x p r e s s i o n ,  

6 .  I n  t h i s  e x p r e s s i o n ,  

a .  nu11 [ (2 ,3 ) ]  i s  f a l s e  ( t h e  l i s t  i s  no t  empty) 
b .  e q u a l [ l ; 2 ]  i s  f a l s e  ( l#2)*4  
c .  ~ 2 [ 1 ; ( 3 ) ]  be  e v a l u a t e d ,  a g a i n ,  by t h e  formula 

y]v[equal [a ; c a r [ y ] ] M a  ; ~ d r [ ~ ] ] ] .  

( 1 )  S u b s t i t u t i n g  t h e s e  va lue s  i n  t h i s  fo rmula ,  we 
have ~ 2 [ 1 ;  ( 3 ) ] = n u l l [ ( 3 ) ] ~ e q u a l [ l ;  c a r [ ( 3 ) ] ~  
~ 2 [ l ;  cd r [ (3 ) ] ] ] .  

( 2 )  nu11[ (3) ]  i s  f a l s e  ( t h e  l i s t  i s  no t  empty) 
( 3 )  e q u a l [ l ;  c a r [ ( m ' i s  f a i s e  ( s i n c e  c a r [ ( 3 ) ]  

i s  3 ,  and 113. 
( 4 )  ~ 2 [ l ; c d r [ ( 3 ) ] ]  may be e v a l u a t e d  a s  f o l l ows :  

< i 1 ~ 2 [ 1 ;  c d r [ < 3 ) ] = ~ 2 [ 1  ; N I L ] = N U ~ ~ [ N I L ] V  
[equa 1  [ l  ; N I L ] A P ~ [ ~  ;NIL] 

( i i )  S i n c e  null[NIL] i s  t r u e  ( t h e  l i s t  i s  
empty) i t  i s  no t  nece s sa ry  t o  e v a l u a t e  
t h e  exp re s s ion  f u r t h e r ;  and t h e  va lue  
of  ~ 2 [ l ; c d r [ ( 3 ) ] ]  i s  a l s o  t r u e .  



(5 )  Thus,  s u b s t i t u t i n g  c ( 2 ) , c ( 3 )  and c ( 4 ) ( i i )  i n  
~ ( 1 1 ,  above, we have ~ 2 [ 1  ; ~ ] = F v  F A T  

( 6 )  Thus ~ 2 [ 1 ; 3 ] = F .  

7 .  S u b s t i t u t i n g  6 a ,  6b and 6c in  5 ,  we have 
~ 2 [ 1 ;  ( ~ , ~ ) ] = F v F A F  

9 .  S u b s t i t u t i n g  8 i n  3 ,  we have 
~2[car(1,2,3);cdr(l,2,3)]=~ 

10 .  S u b s t i t u t i n g  2  and 9 i n  1 ,  we have ~ 1 [ ( 1 , 2 , 3 ) ] = F v F  

11 .  Thus ~ 1 [ ( 1 , 2 , 3 ) ] = ~ ,  i . e . ,  t h e  l i s t  i s  no t  cornposed 
of  equa l  i n t e g e r s .  

As a  second exarnple, i n  e v a l u a t i n g  Pl f o r  t h e  l i s t  i 2 , 2 , 2 ) ,  
t h e  prograrn would proceed a s  fo l lows:  

2 .  n u 1 1 [ ( 2 , 2 , 2 ) ]  i s  f a l s e  ( s i n c e  t h e  l i s t  i s  not  ernpty).  

3 .  I n  e v a l u a t i n g  whether ~2[car[(2,2,2)];cdr[(2,2,2)]] i s  
t r u e  o r  f a l s e ,  i t  would s u b s t i t u t e  t h e s e  va lues  i n  t h e  
second s ta ternent  a s  fo l lows:  

4 .  I n  t h e  above e x p r e s s i o n ,  

6, I n  t h i s  exp re s s ion ,  

a .  nu11[(2,2)  i s  f a l s e  ( t h e  l i s t  i s  not ernpty) 
b .  equa1[ (2 ;2) ]  i s  t r u e  ( 2 ~ 2 )  - 
c .  ~ 2 [ 2 ; 2 ]  rnay be eva lua t ed ,  a g a i n  by t h e  formula 

~ 2 [ a ;  y ]=nu l l [y ]  v [ e q u a l [ a ; c a r [ y l ] / \ ~ ~ [ a ;  cdr[y]]]  



( 1 )  S u b s t i t u t i n g  t h e s e  va lues  i n  t h i s  formula,  
we have ~ 2 [ 2 ;  (2)]=nu1l[(2)]v[equal[2; c a r [ ( 2 ) ] ~  
~ 2 [ 2 ;  c d r [ ( 2 ) ] ] ]  

( 2 )  nu11[(2) ]  i s  f a l s e  ( t h e  l i s t  i s  not  empty) 
(3) equa l [2 ;  c a r [ ( ' m i s  - t r u e  s i n c e  c a r [ ( 2 ) ] = 2  

and 2-21. 
( 4 )  ~ 2 [ 2 ; c d r [ ( 2 ) ] ]  may be e v a l u a t e d  a s  fo l lows:  

( i l  ~ 2 [ 2 ;  c d r [ ( 2 ) ] = ~ 2 [ 2 ; ~ 1 ~ ] = n u l l  [NIL]V 
[equa l  [ ~ ; N I L ] A P ~ [ ~ ; N I L ]  

( i i )  S i n c e  n u l l [ N I ~ ]  i s  t r u e  ( t h e  l i s t  i s  
empty) ,  i t  i s  not  neces sa ry  t o  e v a l u a t e  
t h e  exp re s s ion  f u r t h e r ;  and t h e  va lue  
~ 2 [ 2 ;  c d r [ ( ~ ) ] ]  i s  a l s o  t r u e .  

( 5 )  Thus, s u b s t i t u t i n g  ~ ( 2 1 ,  c ( 3 )  and c ( 4 )  ( i i )  
i n  c (  1 1 ,  above, we have ~ 2 [ 2 ;  ( ~ ) ] = F V T A T  

( 6 )  Thus ~ 2 [ 2 ;  (2)]=T 

7. S u b s t i t u t i n g  6 a ,  6b and 6 c  i n  5 ,  we have 
~ 2 1 2 ;  ( 2 ,  ~ ) ] = F V T A T  

9 .  S u b s t i t u t i n g  8 i n  3 ,  we have 
~2[car[(2,2,2)];cdr[(2,2,2)]]=~ 

1 0 .  S u b s t i t u t i n g  2  and 9 i n  1 ,  we have ~ 1 [ ( 2 , 2 , 2 ) ] = ~ ~ ~  

11 .  Thus ~ 1 [ ( 2 , 2 , 2 ) ] = ~ ,  i . e . ,  t h e  l i s t  i s  composed o f  equa l  
i n t e g e r s .  

* 1 ~ e  a r e  i nc lud ing  s o - c a l l e d  " r a c i a l  memory" o r  " i n s t i n c t "  i n  
t h i s  ca t ego ry  - e . g . ,  an i n f a n t  "rernembering" t h e  a b i l i t y  o r  
i n s t i n c t  t o  suck.  

*21t may 
t o  d e f i n  
s i m i l a r  
3 .  

, be noted t h a t  t h e  l i s t  of numbers 0 , 1 , 6 , 6  i s  s u f f i c i e n t  
e  t h e  whole a r r a y ,  and thus  t h e  complete  sequence n3; a  
s h o r t  l i s t  of numbers w i l l  d e f i n e  any polynomial of  degree  

* 3 ~ e e  Page 20, LISP 1 . 5  PROGRAMMER'S MANUAL. (This  manual con- 
t a i n s  a  d e t a i l e d  d e s c r i p t i o n  of  LISP terms ( c a r ,  c d r ,  e t c . )  used 
i n  t h i s  r e p o r t . )  

*41n a c t u a l  p r a c t i c e ,  t h e  program could de te rmine  a t  t h i s  p o i n t  
t h a t  t h e  va lue  of t h i s  exp re s s ion  i s  1 ( f a l s e ) ,  and t h e r e f o r e  



would n o t  c o n t i n u e  i t s  e v a l u a t i o n  f u r t h e r .  ( T h a t  i s ,  i f  
nu11;(2,:3)] i s  f a l s e  and e q u a l [ l ; : 3 ]  i s  f a l s e ,  t h e  t o t a l  e x p r e s s i o n  
~ 2 [ 1 ; ( 2 , 3 ) ]  w i l l  be  f a l s e  no m a t t e r  w h e t h e r  t h e  f i n a l  t e rm,  
~ 2 [ l ; : $ ] ,  i s  t r u e  o r  f a l s e .  Or, i n  o t h e r  words ,  F V  F A ? = F . )  
However we w i l l  h e r e  c o n t i n u e  t h e  e v a l u a t i o n  somewhat f u r t h e r  
f o r  t h e  s a k e  o f  i l l u s t r a t i o n .  



Automation, Using LISP, 

of Inductive Inf erence on Sequences 

Malco lm Pivar and  M a r k  F inke l s t e in  

In fo rmat ion  Internat ional ,  Inc.  

(Note:  T h i s  paper  s h o u l d  b e  c o n s i d e r e d  i n  t h e  n a t u r e  o f  a  
s e q u e l  t o  t h e  p r e c e d i n g  paper  by Edward F r e d k i n . )  

T h i s  r e p o r t  d e a l s  w i t h  t h e  problern o f  programming a  cornputer 
t o  pe r fo rm i n d u c t i o n  on c e r t a i n  g e n e r a l  k i n d s  o f  d a t a  i n  a  manner 
s u p e r i o r  t o  t h e  m a j o r i t y  o f  human b e i n g s .  

The k i n d s  of d a t a  d e a l t  w i t h  h e r e  c o n s i s t  o f  l i s t s  o r  se-  
quences  o f  symbols t aken  frorn t h e  f o l l o w i n g  g roups :  

1 )  i n t e g e r s ;  
2)  l e t t e r s ;  
3)  words ; 
4 )  symbols made up o f  m e a n i n g l e s s  a r r a n g e m e n t s  

o f  l e t t e r s ,  t h a t  i s ,  nonsense  s y l l a b l e s .  

Cornputer a n a l y s i s  o f  t h e  d a t a  p r e s e n t e d  w i l l  g i v e  e i t h e r  one  
o f  t h e  f o l l o w i n g  two r e s u l t s :  

1 )  A r e p r e s e n t a t i o n  o f  t h e  d a t a  which u t i l i z e s  t h e  
p a t t e r n s  found i n  i t  by t h e  cornputer.  (Any 



r e p r e s e n t a t i o n  o f  t h e  d a t a  w i l l  be known, i n  a c -  
c a r d a n c e  w i t h  c u r r e n t  usage ,  a s  an  encod ing  o f  
t h e  d a t a .  Thus,  an  encod ing  o f  " ( 1 , 1 , 1 , 1 , 1 ) "  
migh t  b e  " f i v e  1 ' s ) " .  As a  l i m i t i n g  c a s e ,  we 
may r e g a r d  " ( 1 , 1 , 1 , 1 , 1 ) "  a s  a n  encod ing  of  i t -  
s e l f .  

2 )  P r e d i c t i o n  o f  t h e  n e x t  symbol o f  a  g iven  sequence .  

I n  o r d e r  t o  compare t h e  compute r ' s  c a p a c i t i e s  w i t h  hurnan Ca- 
p a c i t i e s ,  some o f  t h e  problems subrni t ted  f o r  t h e  t y p e  o f  i n d u c t i v e  
i n f e r e n c e  c o n s i d e r e d  h e r e  w i l l  be t aken  from human i n t e l l i g e n c e  
t e s t s .  However, we do n o t  mean t o  imply,  by such a  compar ison,  
t h a t  t h e  computer programs deve loped  h e r e  can h a n d l e  a l 1  o r  even 
a  m a j o r i t y  o f  t h e  v a r i e d  t y p e s  o f  i n d u c t i v e  t h i n k i n g  o f  which t h e  
human mind i s  c a p a b l e .  But we s h a l l  show t h a t  t h e y  - can h a n d l e  
c e r t a i n  k i n d s  o f  problems which a r e  used i n  t e s t s  o f  g e n e r a l  in-  
t e l l i g e n c e .  Some examples a r e  g i v e n  i n  an  appendix .  

The programs we have been d e v e l o p i n g  may b e  f u r t h e r  c l a s s i -  
f i e d  a c c o r d i n g  t o  t h e  e x t e n t  o f  t h e i r  dependence on t h e  conven- 
t i o n a l  meanings o f  t h e  symbols d e a l t  w i t h .  For example ,  i n  t h e i r  
s e a r c h  f o r  p a t t e r n s ,  t h e  l e s s  s o p h i s t i c a t e d  programs u t i l i z e  t h e  
c o n v e n t i o n a l  o r d e r  r e l a t i o n s h i p s  among i n t e g e r s  ( i . e . ,  " g r e a t e r  
than" ,  " l e s s  than")  and t h e  o r d e r i n g  o f  l e t t e r s  a c c o r d i n g  t o  t h e  
a l p h a b e t .  

The more advanced programs,  however,  make no such assump- 
t i o n s ,  and a r e ,  t h e r e f o r e ,  a b l e  t o  h a n d l e  f a r  more g e n e r a l  k i n d s  
of d a t a .  They i n s t e a d  s t a r t  w i t h  a  c o l l e c t i o n  o f  sequences  which 
one may t h i n k  o f  a s  h a v i n g  been a c q u i r e d  from p r e v i o u s  e x p e r i e n c e .  
The program, i n  coming t o  g r i p s  w i t h  a  new sequence ,  w i l l  t h e n  
make wha tever  u s e  i t  can o f  t h i s  " p r e v i o u s  e x p e r i e n c e " ,  whe the r  
f o r  p r e d i c t i n g  t h e  n e x t  member, o r  f o r  p r o d u c i n g  a n  encod ing  o f  
t h e  new sequence  which i s  more economical  ( w i t h  r e g a r d  t o  l e n g t h  
o r  s t o r a g e  s p a c e )  than  t h e  sequence  i t s e l f .  

The B a s i c  Programs 

The programs w r i t t e n  f o r  t h i s  p r o j e c t  were  done i n  t h e  pro- 
gramming l anguage  LISP 1 .5  and r u n  on t h e  IBM 7094 c o u p u t e r .  
Four b a s i c  programs a r e  invo lved :  OUTFCN ( O u t f u n c t i o n ) ,  NEXT, 
PERTEST, and TEST. 

OUTFCN i s  a  program which,  g iven  a  sequence  o f  i n t e g e r s ,  
p roduces  a  LISP 1 . 5  program c a p a b l e  o f  g e n e r a t i n g  t h e  same se -  
quence .  TEST, g i v e n  a  numer ica l  sequence ,  w i l l  p r e d i c t  t h e  n e x t  
e l ement  i n  t h e  sequence .  PERTEST does  t h e  same f o r  a l p h a b e t i c  



s e q u e n c e s .  TEST i s  a s i m i l a r  b u t  somewhat more s o p h i s t i c a t e d  
program which can work w i t h  e i t h e r  numer ica l  o r  a l p h a b e t i c  se- 
q u e n c e s .  

OUT FCN 

OUTFCN, g iven  a sequence  o f  i n t e g e r s ,  p roduces  a program i n  
LISP 1.5,  which i s  c a p a b l e  o f  g e n e r a t i n g  t h e  g i v e n  sequence .  

For  example, i f  t h e  sequence  were:  

then  OUTFCN would p roduce  a program which would Say 

( 2 )  f ( n )  = n .... (LAMBDA (NI N) 

Given a sequence  such a s  

i t  would produce 

( 4 )  f ( n )  = 2n p l u s  l....(LANlBDA UV) 
(PLUS 1 (TIMES 2N) ) ) 

And i n  g e n e r a l  t h e  o u t p u t  would be  a polynomial  e v a l u a t i o n  pro- 
gram which g iven  a n  i n t e g e r  "n" p roduces  f ( n ) .  

I t  may happen t h a t  t h e  m a j o r i t y  o f  t h e  numbers i n  a sequence  
f i t  a  s i m p l e  polynomial  e q u a t i o n  w h i l e  one  o r  more o t h e r  numbers 
i n  t h e  sequence a r e  e x c e p t i o n s ,  a s  i n  t h e  f o l l o w i n g  sequence:  

A s t r i c t  polynomial  i n t e r p r e t a t i o n  o f  ( 5 )  would need t o  have a s  
many c o e f f i c i e n t s  a s  t h e r e  a r e  numbers i n  (5)  i t s e l f  and s o  
would h a r d l y  c o n s t i t u t e  a n  economical  e n c o d i n g .  We have t h e r e -  
f o r e  d e s i g n e d  OUTFCN t o  t a k e  a c c o u n t  o f  t h e  p o s s i b i l i t y  t h a t ,  b u t  
f o r  a few numbers, a  sequence  may have a s i m p l e  p a t t e r n .  For  a 
s e r i e s  l i k e  (5) then ,  OUTFCA w i l l  n o t  p roduce  a program t o  eva lu -  
a t e  a 6 t h  d e g r e e  polynomial ,  b u t  w i l l  p roduce  i n s t e a d ,  u s i n g  a n  
A l g o l - l i k e  n o t a t i o n ,  

(6 )  I f  n = 5, then  26;  e l s e  f ( n )  = n2.... (LAMDA (N) 
(COND ( (EQUAL N5)  26) Cl' (POWER N 2)  ) ) 

The remain ing  p o s s i b i l i t y  i s  t h a t  t h e  sequence  f i t s  n e i t h e r  
a s i m p l e  polynomial  e q u a t i o n  nor a s i m p l e  polynomial  w i t h  excep- 



t i o n s .  (By s i m p l e  polynomial  we mean one i n  which t h e  number of  
c o e f f i c i e n t s  i s  s i g n i f i c a n t l y  s m a l l e r  than  t h e  l e n g t h  o f  t h e  g iven  
s e q u e n c e .  The e x a c t  c r i t e r i o n  o f  when t h i s  i s  s o  depends  on a  
p a r a m e t e r  s e t  by t h e  programmer; i t  i s  n o t  something we have an 
u l t i m a t e  c r i t e r i o n  f o r  a s  y e t . )  

For  example:  

I n  t h i s  t y p e  o f  sequence  OUTFDi would r e g a r d  t h e  sequence  ( 7 )  a s  
an  e n c o d i n g  o f  i t s e l f ,  and a s  such,  s u p e r i o r  t o  any t h a t  i t  c o u l d  
p roduce ,  and would,  t h e r e f o r e ,  r e f r a i n  from produc ing  any a l t e r -  
n a t i v e  e n c o d i n g .  

We a n t i c i p a t e  programs which w i l l  c o n s t r u c t  many d i f f e r e n t  
programs t o  compute a  g i v e n  sequence  and w i l l  compare t h e i r  
l e n g t h s  t o  d e t e r m i n e  t h e  m o ~ t  pronomira l  ~ n c o d i n g .  T h i s  proce- 
d u r e  i s  r e l a t e d  t o  t h e  s u g g e s t i o n  o f  R .  J .  Solomonoffl  t h a t  t h e  
measure  o f  t h e  worth  o f  a n  encod ing  c o u l d  be  t aken  a s  t h e  number 
o f  b i t s  i n  a  computer program which u s e s  t h e  encod ing  t o  g e n e r a t e  
t h e  sequence .  T h a t  t h i s  t y p e  o f  measure  i s  s e l f - c o n s i s t e n t  has  
been d e m o n s t r a t e d  m a t h e m a t i c a l l y  by H. P .  Kramer. 2 

NEXT 

I t  has  been s t a t e d  t h a t  t h e  problem o f  p r e d i c t i n g  t h e  n e x t  
member o f  a  sequence  i s  b a s i c  t o  many o f  t h e  problems o f  s c i e n -  
t i f i c  r e s e a r c h .  Some c o n f i r m a t i o n  o f  t h i s  c l a i m  may b e  d e r i v e d  
from t h e  p r e s e n t  s t u d y ,  i n  which,  w i t h o u t  d i r e c t l y  a t t e m p t i n g  t o  
do so ,  we have been l e d  t o  c o n s t r u c t i n g  a  mode1 o f  t h a t  p a r t  o f  
s c i e n t i f i c  i n q u i r y  which i n v o l v e s :  making a  h y p o t h e s i s ,  s e e i n g  
where  i t  goes  wrong, making a d d i t i o n a l  h y p o t h e s e s  t o  e x p l a i n  t h e  
f a i l u r e s  o f  t h e  f i r s t  h y p o t h e s i s ,  c o n t i n u i n g  t o  amend one p rov i -  
s i o n a l  e x p l a n a t i o n  a f t e r  a n o t h e r ,  and r e f r a i n i n g  from a t t e m p t i n g  
e x p l a n a t i o n  when t h e  amount o f  d a t a  i s  t o o  s m a l l .  

However, somewhat more t h a n  t h e  model ing o f  s c i e n t i f i c  a c t i v -  
i t y  i s  i n v o l v e d  i n  t h e  program, s i n c e  i t  would n o t  be d i f f i c u l t  
t o  imagine  sequences  which t h e  machine c o u l d  encode,  b u t  f o r  which 
i t  would be  p r a c t i c a l l y  i m p o s s i b l e  f o r  a  human b e i n g  t o  d i s c o v e r  
a n  o p t i m a l  p a t t e r n ,  n o t  b e c a u s e  o f  t h e  s i z e  o f  t h e  sequence( though  
i t  would have t o  be f a i r l y  long)  but  because  o f  t h e  complex i ty  
o f  t h e i r  p a t t e r n .  

The a c t i o n  o f  NEXT may be  i l l u s t r a t e d  by means o f  t h e  fo l low-  
i n g  example .  Suppose NEXT i s  g i v e n  t h e  sequence:  



I t  would proceed a s  f o l l o w s  i n  a t t e m p t i n g  t o  p r e d i c t  t h e  n e x t  mem- 
b e r .  

F i r s t  i t  would a p p l y  a  f u n c t i o n  c a l l e d  IDSEQ t o  t h e  g iven  se- 
quence.  IDSEQ (from " i d e a l  sequence") t a k e s  d i f f e r e n c e s  u n t i l  
h a l f  o r  s o  of  t h e  r e s u l t i n g  l i s t  o f  numbers a r e  c o n s t a n t ,  and then  
produces  an i d e a l  sequence,  t h a t  i s ,  i t  produces  t h e  sequence 
which would be o b t a i n e d  i f  a l 1  t h e  numbers were c o n s t a n t .  

For example, g iven  t h e  sequence: 

t h e  f u n c t i o n  IDSEQ would t a k e  t h e  f i $ s t  d i f f e r e n c e s ,  namely 1,  1,  
14, -12, 1  1, 1, 609. I t  would s e e  t h a t  more than h a l f  o f  t h i s  
l i s t  were ones ;  i t  would then  produce t h e  sequence t h a t  would r e -  
s u l t  . i f  a l 1  numbers i n  t h e  d i f f e r e n c e  l i s t  had been ones ,  namely 
1,  2, 3, 4, 5, 6,  7, 8, 9, whick i s  t h e  " i d e a l  sequence" w i th  r e s -  
p e c t  t o  t h e  g iven  sequence .  

Re tu rn ing  t o  t h e  sequence (1 )  above, we s e e  t h a t  IDSEQ w i l l  
produce a  l i s t  of  t h i r t y - f o u r  z e r o e s  ( t h e  l i s t  has  34 members). 
A compact d e s c r i p t i o n  o f  t h e  p a t t e r n  o f  t h e  l i s t  p roduced ' by  
IDSEQ could  be p r i n t e d  o u t  a t  t h i s  p o i n t .  Such a  d e s c r i p t i o n  
would r e p r e s e n t  a  common occurence  i n  s c i e n t i f i c  e x p l a n a t i o n :  
namely, t h e  fo rmu la t i on  o f  a  p r o v i s i o n a l  h y p o t h e s i s  which e x p l a i n s  
much b u t  no t  a l 1  of  t h e  d a t a .  

The nex t  s t e p ,  of  cou r se ,  i s  t o  t r y  t o  unders tand  t h e  excep- 
t i o n s  t o  t h e  h y p o t h e s i s .  To accomplish t h i s ,  NEXT w i l l  compare 
t h e  members of  t h e  o r i g i n a l  sequence (1)  t o  t h e  o u t p u t  sequence 
o f  IDSEQ. I n  p a r t i c u l a r  i t  w i l l  make a  l i s t  of  t h e  p o s i t i o n s  a t  
which e x c e p t i o n s  o c c u r .  

( 2 )  2, 5, 9, 14, 20, 27 ( e x c e p t i o n  l i s t )  

and a  co r r e spond ing  l i s t  o f  t h e  va lue s  o f  t h e  e x c e p t i o n s  

( 3 )  1 ,  2, 3 ,  4 ,  5 ,  6  ( v a l u e  l i s t )  

The program then performs t h e  r e c u r s i v e  o p e r a t i o n  of  c a l l i n g  
i t s e l f  t o  s e e  i f  i t  can p r e d i c t  t h e  nex t  member o f  ( 2 ) ;  t h i s  oper- 
a t i o n ,  i f  s u c c e s s f u l ,  would i n d i c a t e  the p o s i t i o n  where we would 
expec t  t h e  nex t  e x c e p t i o n  t o  occu r .  I n  t h i s  c a s e  i t  would d i s -  



c o v e r  t h a t  second d i f f e r e n c e s  o f  ( 2 )  a r e  c o n s t a n t ;  s o  t h a t  IDSEQ 
o f  ( 2 )  would be i d e n t i c a l  t o  (21,  t h a t  i s ,  t h e  e x c e p t i o n  l i s t  
i t s e l f  has  no e x c e p t i o n s .  T h e r e f o r e  i t  would c o n f i d e n t l y  p r e d i c t  
t h e  n e x t  member o f  ( 2 )  t o  be  35, b a s i n g  i t s  p r e d i c t i o n  on t h e  a s -  
sumpt ion t h a t  t h e  second d i f f e r e n c e s  o f  ( 2 )  ough t  t o  remain con- 
s t a n t  when new te rms  a r e  added .  

Having d i s c o v e r e d  where  t h e  n e x t  e x c e p t i o n  c o u l d  be  e x p e c t e d  
t o  o c c u r  (namely,  a t  p o s i t i o n  351, IDSEQ t h e n  l o o k s  t o  s e e  i f  
t h i s  p o s i t i o n  i s  t h e  same a s  t h e  p o s i t i o n  a t  which we a r e  r e q u i r e d  
t o  p r e d i c t .  I n  o t h e r  words,  i s  i t  t h e  same a s  t h e  l e n g t h  o f  t h e  
o r i g i n a l  sequence  p l u s  one? F i n d i n g  t h i s  t o  be  t h e  c a s e ,  t h e  pro- 
gram c a l l s  i t s e l f  w i t h  t h e  l i s t  o f  v a l u e s  which o c c u r r e d  a t  t h e  
e x c e p t i o n a l  p o s i t i o n s ,  u s i n g  ( 3 )  a s  i t s  argument ,  and by means 
o f  t h e  t e c h n i q u e s  d e s c r i b e d  above would o b t a i n  7 a s  t h e  n e x t  mem- 
b e r  o f  ( 3 ) .  I t  would now d e c l a r e  7 a s  t h e  n e x t  member o f  ( 1 ) .  

I t  i s  n e c e s s a r y  t o  e x p l a i n  what would have happened i f  ce r -  
t a i n  o f  t h e  q u e s t i o n s  a s k e d  by t h e  program had been answered i n  
t h e  n e g a t i v e .  Suppose,  f o r  example,  t h a t  t h e  n e x t  member o f  (2)  
had been d i f f e r e n t  from 35. I n  t h i s  c a s e  i t  would n o t  e x p e c t  a n  
e x c e p t i o n  t o  o c c u r  a t  p o s i t i o n  35 and would t h e r e f o r e  a p p l y  i t -  
s e l f  t o  t h e  i d e a l  sequence  o f  ( 1 )  and d e c l a r e  z e r o  a s  o u t p u t .  I t  
would a l s o  p roduce  a  z e r o  i f  i t  had been u n a b l e  t o  f i n d  a n y  p a t -  
t e r n  w h a t s o e v e r  i n  ( 2 ) .  Another  p o s s i b i l i t y  would o c c u r  i f  NEXT 
a p p l i e d  t o  ( 2 )  - had y i e l d e d  35 b u t  t h e  v a l u e s  a t  e x c e p t i o n a l  p o s i -  
t i o n s ,  (31, had been anomalous o r  i r r e g u l a r .  I n  t h i s  e v e n t  t h e  
program would c o n c l u d e  t h a t  an e x c e p t i o n  i s  e x p e c t e d  a t  p o s i t i o n  
35 b u t  t h a t  i t s  v a l u e  c o u l d  n o t  be  d e t e r m i n e d  and i t  would t h e r e -  
f o r e  r e f r a i n  from making any  p r e d i c t i o n  a t  a l 1  and would s i m p l y  
Say "no p a t t e r n  found".  

Concern ing  t h e  r e c u r s i v e  a s p e c t  o f  t h e  above  program, i t  
s h o u l d  be  n o t e d  t h a t  when NEXT i s  c a l l e d  t o  p r e d i c t  t h e  n e x t  mem- 
b e r  o f  (21,  i t  t r e a t s  ( 2 )  e x a c t l y  a s  i t  t r e a t s  ( 1 ) ;  t h a t  i s ,  i f  
( 2 )  had i n s t e a d  been 

i t  would have formed a n  e x c e p t i o n  l i s t  ( 2 a t )  and a v a l u e  l i s t  
( 2 b r )  

( e x c e p t i o n  l i s t )  
( v a l u e  l i s t )  

and i f  n e c e s s a r y  would have done t h e  same a g a i n  f o r  ( 2 a r )  and f o r  
( 2 b t )  and s i m i l a r l y  f o r  ( 3 )  and i n  f a c t  a p p l y  i t s  whole r a n g e  o f  
t e c h n i q u e s  t o  e v e r y  sequence  s o  d e r i v e d  ( u n t i l  t h e  l e n g t h  o f  r e -  
s u l t i n g  l i s t s  f e l l  below s p e c i f i e d  c r i t e r i a ) .  



PERTEST 

The program PERTEST i s  d e s i g n e d  t o  a c c e p t  l e t t e r  sequences  
and r e t u r n  a  p r e d i c t i o n  o f  t h e  n e x t  l e t t e r .  The program was 
w r i t t e n  a s  a  r e s u l t  o f  s e e i n g  a  p r e v i o u s  program deve loped  by 
~ i m o n . ~  Simon's program was deve loped  f o r  t h e  p u r p o s e  o f  s imula -  
t i n g  t h e  obse rved  b e h a v i o r  o f  p e o p l e  when t r y i n g  t o  s o l v e  problems 
o f  p r e d i c t i n g  l e t t e r  s e q u e n c e s  from an i n t e l l i g e n c e  t e s t .  The 
program PERTEST, on t h e  o t h e r  hand ,  was o r i e n t e d  towards  t h e  a u t o -  
ma t ion  o f  i n d u c t i v e  t h i n k i n g  r a t h e r  than  t h e  s i m u l a t i o n  o f  human 
b e i n g s ;  t h e r e f o r e ,  we deve loped  somewhat s i m p l e r  though p e r h a p s  
more mathemat ica l  ways o f  d e a l i n g  w i t h  t h e  problem.  We can des -  
c r i b e  f a i r l y  a c c u r a t e l y  t h e  c l a s s  o f  l e t t e r  sequences  which t h e  
program w i l l  h a n d l e .  

1 )  C y c l i c  s e q u e n c e s ,  such a s :  a ,  b, a ,  b, a ,  b, 
o r b , a , c , b , a , c , b , a , c  

2)  Sequences  w i t h  a  c o n s t a n t  s k i p ,  such a s :  a ,  
b, c ,  d, o r  u ,  r ,  O ,  1 

3) Sequences  which a r e  made up o f  i n t e r t w i n i n g s  4  
o f  t h e  above  two t y p e s ,  such a s :  a ,  u, b, r ,  
~ , 0 , d , 1 , 0 r a , b , a , c , d , b , e , f , c , g ,  
h, d  

The program i l l u s t r a t e s  t h e  f o l l o w i n g  method o f  a t t a c k  on t h e  
problem o f  p r e d i c t i o n .  

When a  s e r i e s  i s  p e r i o d i c ,  t h e n  we can  a lways  p r e d i c t  t h e  
n e x t  member. T h e r e f o r e ,  whenever we can r e d u c e  a  s e r i e s  t o  o n e  
t h a t  i s  p e r i o d i c  by means o f  t r a n s f o r m a t i o n s  which may be  r e -  
v e r s e d ,  t h e n  we can p r e d i c t  t h e  n e x t  member o f  t h e  c y c l i c  s e r i e s  
t h a t  was o b t a i n e d  from t h e  o r i g i n a l ,  p r e d i c t  i t s  n e x t  member, and 
then  a p p l y  t h e  t r a n s f o r m a t i o n s  t h a t  produced t h e  p e r i o d i c  s e r i e s  
i n  r e v e r s e  o r d e r  and t h u s  d e t e r m i n e  t h e  n e x t  member o f  t h e  o r i g i n -  
a l  s e r i e s .  

I n  t h e  c a s e  o f  OUTFCN ( d e s c r i b e d  above)  t h i s  p r i n c i p l e  i s  
used by t a k i n g  d i f f e r e n c e s .  Note  t h a t  i f  t h e  s e r i e s  i s  1, 2, 3, 
4 ,  5, 6, 7, 8, 9,  10,  11 t h e n  t h e  f i r s t  d i f f e r e n c e  i s  p e r i o d i c ;  
. e t  1 ,  1 ,  1 1 ,  1, 1  1 1  1, 1 1 s  o f  p e r d  o n e .  Note  a l -  
s o  t h a t  t h i s  t r a n s f o r m a t i o n  i s  r e v e r s i b l e ;  t h a t  i s ,  g i v e n  t h e  
f i r s t  member o f  t h e  o r i g i n a l  s e r i e s ,  "1" and  t h e  d i f f e r e n c e  l i s t ,  
one  can p roduce  t h e  o r i g i n a l  s e r i e s .  Thus, t h e  o p e r a t i o n  o f  t ak -  
i n g  d i f f e r e n c e s  i s  r e v e r s i b l e .  I n  t h e  p r e s e n t  program, PERTEST, 
we used i n  t h i s  a  g e n e r a l i z a t i o n  o f  t h e  o p e r a t i o n  o f  t a k i n g  d i f -  
f e r e n c e s .  T h i s  i s  c a l l e d  t h e  s h i f t  d i f f e r e n c e .  If we t h i n k  o f  
f i r s t  d i f f e r e n c e s  a s  a r i s i n g  from t a k i n g  a  l i s t  o f  numbers, s e t -  
t i n g  a  d u p l i c a t e  o f  t h e  l i s t  d i r e c t l y  below i t s e l f ,  s h i f t i n g  t h e  



lower l i s t  l e f t  once,  removiny t h e  r i gh thand  nurnber frorn t h e  low- 
e r  l i s t ,  and t h e  l e f t h a n d  number from t h e  upper l i s t ,  and then 
s u b t r a c t i n g  members i n  t h e  lower l i s t  from t h e  ones d i r e c t l y  above 
them i n  t h e  t o p  l i s t ,  t h en ,  i n  t h i s  f a sh ion ,  t h e  l i s t  of d i f f e r -  
ence s  produced w i l l  be i d e n t i c a l  t o  t h e  f i r s t  d i f f e r e n c e s .  Now i f  
i n s t e a d  of  s h i f t i n g  t h e  lower numbers l e f t  one space  we s h i f t  them 
two, t h r e e ,  o r  n spaces ,  and remove t h e  n r i g h t h a n d  numbers pro- 
j e c t i n g  o u t  on t h e  l e f t  p o r t i o n  of  t h e  upper l i s t ,  and t h e  n n u m -  
b e r s  p r o j e c t i n g  o u t  on t h e  r i g h t  o f  t h e  lower l i s t ,  then by sub- 
t r a c t i n g  members of  t h e  lower l i s t  from co r r e spond ing  members of  
t h e  upper l i s t  we o b t a i n  a  s h i f t  d i f f e r e n c e  w i t h  a  s h i f t  n o f  t h e  
o r i g i n a l  l i s t .  I f  we d e n o t e  a  l i s t  by L  and t h e  r e s u l t  of  s h i f t -  
i n g  n p l a c e s  and t a k i n g  d i f f e r e n c e s  by Sn, then t h e  f i r s t  d i f f e r -  
ence  becomes S l i L ) .  The Sn ' s  then  become a  c l a s s  o f  t rans forma-  
t i o n s  which may be used t o  t r an s fo rm  a  s e r i e s  i n t o  one t h a t  i s  
p e r i o d i c .  

Now we can e x p l a i n  horv t h e  l e t t e r  sequence program worlis. I t  
f i r s t  c o n v e r t s  t h e  given s e r i e s  of  l e t t e r s  which we deno t e  by L  
i n t o  numbers, t a k i n g  A a s  O, B a s  1,  and s o  f o r t h ,  Z be ing  25. 
A f t e r  t h i s  o p e r a t i o n  i t  a p p l i e s  S1, S2, e t c . ,  t o  L.  Each opera-  
t i o n  i s  a p p l i e d  t o  t h e  l i s t  L, not  t o  t h e  r e s u l t s  of  p r ev ious  
t r a n s f o r m a t i o n s  o f  L, though such a  compounding o f  o p e r a t i o n s  i s  
nece s sa ry  when d e a l i n g  w i t h  more complex sequences .  A f t e r  each 
a p p l i c a t i o n  of  an Sn, t h e  program t e s t s  t h e  r e s u l t i n g  l i s t  t o  
s e e  i f  i t  i s  c y c l i c .  When i t  d i s c o v e r s  a  c y c l i c  s e r i e s  i n  t h i s  
f a s h i o n  i t  p r e d i c t s  i t s  nex t  member, a d j o i n s  i t  t o  t h e  c y c l i c  
s e r i e s  and then r e v e r s e s  t h e  t r a n s f o r m a t i o n  t o  o b t a i n  t h e  nex t  
member o f  t h e  o r i g i n a l  s e r i e s  L. 

I n  t h i s  a s  i n  o t h e r  p a t t e r n - f i n d i n g  programs t h e  q u e s t i o n  
a r i s e s  a s  t o  how wel l  e s t a b l i s h e d  t h e  a p p a r e n t  p a t t e r n s  must be 
f o r  t h e  program t o  f e e l  j u s t i f i e d  i n  making a  p r e d i c t i o n .  I n  our  
program t h i s  i s  a  parameter  which t h e  programmer s e t s  a t  p r e s e n t ;  
i n  more s o p h i s t i c a t e d  v e r s i o n s  t h e  paramete r  can be s e t  by t h e  
program i t s e l f ,  e s p e c i a l l y  when t h e  program uses  some t e chn ique  
f o r  measur ing t h e  goodness o f  a  p a t t e r n  ( such  a s  r a t i o  of  l e n g t h  
o f  o r i g i n a l  form t o  encoded form.)  

TEST i s  a  somewhat more s o p h i s t i c a t e d  program f o r  sequence 
a n a l y s i s .  I n  TEST we a r e  d e a l i n g  w i t h  e s s e n t i a l l y  two d i f f e r e n t  
methods f o r  s o l v i n g  a  g iven  sequence.  One o f  t h e s e  i s  c a l l e d  e l -  
l i p t i c  d i f f e r e n c i n g .  The method i s  a s  f o l l o w s :  suppose we a r e  
given a  two-element f requency  d i s t r i b u t i o n  c r e a t e d  by a  human 
be ing  o r  by a  computer program. Presumably t h e  p a i r s  of  e lements  



( 1  21, ( 2  31,  and i n  g e n e r a l  (n n t 1 1  w i l l  have much h i g h e r  f r e -  
quenc i e s  than o t h e r s .  More p r e c i s e l y ,  t h e  c o n d i t i o n a l  p r o b a b i l i -  
t y  of n + l  g iven  r~ would be expec t ed  t o  be h i g h e r  t h a n  any o t h e r  
e lement ' s  c o n d i t i o n a l  p r o b a b i l i t y .  

Now suppose we a r e  g iven  a  sequence  (1 ,  3, 5, 7) and asked  
t o  p r e d i c t  t h e  nex t  e lement  w i thou t  u s i n g  any o f  t h e  knowledge 
we have abou t  t h e  p r o p e r t i e s  o f  t h e  numbers i n  t h e  sequence,  u s i n g  
j u s t  t h e  i n fo rma t ion  i n  t h e  f requency  d i s t r i b u t i o n .  Then i f  we 
a sk  f o r  t h e  most p robab l e  p a t h ,  based on t h e  f requency  d i s t r i b u -  
t i o n ,  from 1 t o  3 ( a s  i n d i c a t e d  by t h e  f i r s t  two elernents i n  t h e  
sequence)  we f i n d  t h a t  i t  i s  (1 ,  2, 3 ) .  Thus, t h e  sequence has  
l e f t  o u t  one e lement  between the f i r s t  two. Repea t i ng  the p r o c e s s  
f o r  t h e  second and t h i r d  e lements  o f  t h e  sequence we f i n d  t h a t  
aga in  one e lement  has been l e f t  o u t ,  t h a t  i s ,  t h a t  t h e  e l l i p s i s  
between them i s  1 .  By c o n t i n u i n g  t o  s e a r c h  f o r  t h e  e l l i p s i s  be t -  
ween s u c c e s s i v e  p a i r s  o f  e lements  i n  t h e  sequence and n o t i n g  t h e  
magni tude of  t h e  e l l i p s i s ,  we can form t h e  e l l i p t i c  f i r s t  d i f f e r -  
ence  f o r  t h e  sequence,  which f o r  t h e  sequence  ( 1 ,  3, 5, 7)  would 
be 1  1  1 .  Note t h a t  t h e  method employed h e r e  would work 
e q u a l l y  we l l  on l e t t e r s .  I n  any even t ,  t h e  e l l i p t i c  f i r s t  d i f -  
f e r e n c e  w i l l  be numer ica l ,  and t hus  we may u se  numerical  methods 
f o r  t h e  rernainder of  t h e  s o l u t i o n .  

I n  t h e  a c t u a l  computer program t h e  r o u t i n e s  invo lved  i n  t h e  
above d i s c u s s i o n  a r e  E  and G .  These may c a l l  upon one a n o t h e r  
r e c u r s i v e l y  t o  de t e rmine  the b e s t  (most p robab l e )  p a t h  between 
two e l emen t s .  The r o u t i n e  E  i s  c a l l e d  from t h e  o u t s i d e  w i th  t h e  
f o l l o w i n g  paramete rs :  P l  t h e  p a i r  (m n )  which r e p r e s e n t s  t h e  
endpo in t s  o f  t h e  pa th  f o r  which we a r e  s e a r c h i n g ;  L, t h e  f requen-  
cy d i s t r i b u t i o n  l i s t  o f  p a i r s  o f  e lements  ( a  d i s c u s s i o n  o c c u r s  
below d e s c r i b i n g  t h e  forma1 of  L I ;  a s  a  f o u r t h  pa r ame te r ,  M l  an- 
o t h e r  copy of  t h e  l i s t  L.  The r o u t i n e s  E  and G produce a s  a  re- 
s u l t  a  l i s t  which r e p r e s e n t s  t h e  b e s t  p o s s i b l e  p a t h ,  Say ( 1 ,  2 ,  
3) perhaps  f o r  t h e  i n p u t  P o f  ( 1  31, o r  i f  no such p a t h  e x i s t s ,  
then t h e  va lue  i s  NIL. These two r o u t i n e s  c a l l  on s e v e r a l  o t h e r  
r o u t i n e s .  One such r o u t i n e  VALUE, g i v e s  a s  a  r e s u l t  t h e  p robab i -  
l i t y  of  t h e  pa th  i t  i s  g iven  a s  an  argument,  based on t h e  f requen-  
cy d i s t r i b u t i o n .  TRANS, a n o t h e r  r o u t i n e ,  g i v e s  a s  a  r e s u l t  t h e  
p r o b a b i l i t y  of  t h e  p a i r  g iven  i t .  ( 1  2 )  might ,  f o r  i n s t a n c e ,  g i v e  
a  r e s u l t  o f  0.75. (Obviously ,  VALUE w i l l  c a l l  upon TRANS.) 

The r o u t i n e s  E  and G o p e r a t e  b a s i c a l l y  a s  f o l l o w s .  F i r s t ,  
t h ey  ask :  Does t h e  nex t  e lement  which may be appended t o  t h e  
end o f  t h e  pa th  c r e a t e d  s o  f a r  b r i n g  t h e  VALUE o f  t h a t  p a t h  t o  
l e s s  than a  s p e c i f i e d  t h r e s h o l d ?  I f  s o l  t h a t  e lement  i s  sk ipped  
and t h e  nex t  looked a t .  I f  n o t ,  i t  then a s k s ,  does t h a t  e lement  
complete  t h e  pa th  ( i . e . ,  i s  t h a t  e lement  equa l  t o  t h e  n o f  (m n ) ?  



I f  s o l  t h e  cornpleted pa th  i s  no t ed ;  t h e  r o u t i n e  con t i nues  t o  scan 
t h e  rernainder o f  t h e  p o ç s i b i l i t i e s ,  b u t  w i t h  a h igher  t h r e s h o l d ,  
namely t h e  VALUE of  t h e  a l r e a d y  cornpleted p a t h .  

The second method used i n  TEST i s  t h e  ORACLE rnethod, which 
i s  a s  f o l l ows :  f o r  each p a i r  o f  e lements  i n  t h e  system, ORACLE 
( a n o t h e r  r o u t i n e )  t e l l s  us of  i n t e r e s t i n g  r e l a t i o n s h i p s  between 
them. Thus ORACLE rnight p o i n t  o u t ,  w i t h  t h e  p a i r  ( 3  27 ) ,  t h a t  
t h e  f i r s t  can be t rans formed  i n t o  t h e  second by t h e  f u n c t i o n a l :  
+24, x9 ,  o r  ( 1 3 ;  i n  o t h e r  words,  3+24=27, 3x9-27, 33=27. Of 
t h e  p a i r  (41 43) i t  might p o i n t  o u t  t h a t  t h e  second i s  t h e  suc- 
c e s s o r  prime t o  t h e  f i r s t .  ORACLE is a  two argument program, 
t h e  two arguments be ing  t h e  e l emen t s  m and n  of (m n) . Cur ren t -  
l y  t h e  program ORACLE c o n f i n e s  them t o  be i n t e g e r s ;  however, a  
t r i v i a l  m o d i f i c a t i o n  w i l l  a l l o w  more g e n e r a l i z a t i o n .  The r e s u l t  
o f  ORACLE i s  a l i s t  of  p o s s i b l e  t r a n s f o r m a t i o n s  which w i l l  t r a n s -  
form t h e  f i r s t  e lement  i n t o  t h e  second. I f  t h e  arguments o f  
ORACLE were 4  and 16 ,  t h e  r e s u l t  would be,  i n  LISP n o t a t i o n :  

( (TIMES X 4) (PLUS X 12) (POWER X 2) ) 

PREDICT 

We a r e  now i n  a  p o s i t i o n  t o  d i s c u s s  t h e  main r o u t i n e  of  TEST, 
which i s  PREDICT. TEST i t s e l f  i s  used t o  c o n s t r u c t  t h e  p a i r  f r e -  
quency t a b l e  w i th  ORACLE va lue s  a t t a c h e d  t o  each p a i r .  PREDICT 
w i l l  o p e r a t e  a s  f o l l ows :  g iven  t h e  sequence S  and t h e  f requency  
t a b l e  L, i t  a s k s  f i r s t  i f  t h e  sequence can be so lved  by a  s imp le  
c y c l e  t e s t ,  by c a l l i n g  CYCLES. CYCLES i s  a  smal l  r o u t i n e  which 
examines whether  a  sequence i s  c y c l i c ,  and i f  s o l  g i v e s  a s  t h e  
v a l u e  t h e  nex t  e l emen t . )  I f  i t  i s  not  c y c l i c ,  then t h e  v a l u e  i s  
NIL. CYCLES i s  a  g e n e r a l  program and w i l l  work on any l i s t  which 
i s  pu rpo r t ed  t o  be  a  sequence - t h a t  i s ,  t h e  e lements  o f  t h e  se- 
quence may be any g e n e r a l  e x p r e s s i o n  o r  l i s t s  themse lves .  I f  t h e  
v a l u e  o f  CYCLES i s  no t  NIL, then we a r e  done,  and PREDICT g i v e s  
i t s  answer .  More l i k e l y  t h i s  i s  no t  t h e  c a s e ,  and then  PREDICT 
o p e r a t e s  a s  f o l l o w s .  

PREDICT a t t e m p t s  t o  e x t r a p o l a t e  from t h e  sequence o f  l i s t s  
o r  ORACLE va lue s  a  sequence of  t r a n s f o r m a t i o n s  from which t h e  
o r i g i n a l  sequence was d e r i v e d .  An example a t  t h i s  p o i n t  may 
make t h i s  c l e a r .  Suppose t h e  o r i g i n a l  sequence was ( 1 ,  2, 6 ,  24,  
1201, t h a t  i s ,  t h e  f a c t o r i a l  sequence.  Forming t h e  l i s t  o f  l i s t s  
o f  ORACLE v a l u e s  f o r  t h e  s u c c e s s i v e  p a i r s ,  ( 1  21,  ( 2  61 ,  ( 6  241, 
e t c . ,  we would o b t a i n ,  a g a i n  i n  LISP n o t a t i o n ,  (((TIMES X 2 )  
(PLUS X 1 ) )  ((TIMES X 3 )  (PLUS X 4 ) )  ((TIMES X 4 )  (PLUS X 1 8 ) )  
((TIMES X 5) (PLUS X 9 6 ) ) ) .  Th i s  i s  a  l i s t  o f  4 e l emen t s ,  each 



of  which i s  a  l i s t  of  t r a n s f o r m a t i o n s .  Note t h a t  w i t h i n  each 
l i s t  t h e  t r an s fo rma t ion  (TIMES X n) occu r s ,  f o r  d i f f e r e n t  n.  We 
would wish t o  no t e  t h a t  f a c t ,  and t a k e  a s  a  sequence t o  be  so lved  
t h e  s u c c e s s i v e  n ' s ,  narnely (2 ,  3,  4,  5 ) .  S o l v i n g  t h i s  sequence 
and o b t a i n i n g  6  a s  a  r e s u l t ,  we should  l i k e  t o  s a y  t h a t  t h e  se- 
quence of  t r a n s f o r m a t i o n s  y i e l d e d  t h e  v a l u e  (TIMES X 61 ,  which 
would be a p p l i e d  t o  t h e  l a s t  elernent i n  t h e  o r i g i n a l  sequence,  
120, t o  o b t a i n  t h e  r e s u l t  720. T h i s  of  c o u r s e  would be t h e  cor-  
r e c t  answer .  

I n  o r d e r  t o  accomplish t h e  o p e r a t i o n s  d e s c r i b e d  i n  t h e  para-  
graph above, t h e  program PREDICT c a l l s  upon a  program SBAR, which 
performs t h e s e  o p e r a t i o n s .  The main r o u t i n e  of  SBAR i s  FORM, 
which s eeks  s i r n i l a r i t i e s  between two e x p r e s s i o n s  and n o t e s  their 
d i f f e r e n c e s .  FORM a p p l i e d  t o  (A, B I  C l ,  (Cl D l  E) would produce 
( ( A  C) ( B  Dl (C E l ) ,  i . e . ,  a  l i s t  of  s u b s t i t u t i o n s  which when 
a p p l i e d  t o  t h e  f i r s t  argument w i l l  y i e l d  t h e  second.  SBAR use s  
FORM t o  de te rmine  i f  any o f  the ORACLE v a l u e s  i n  t h e  l i s t s  a r e  
s i m i l a r ,  and r e j e c t s  a l 1  b u t  t h o s e  whose d i f f e r e n c e s  occur  o n l y  
i n  numbers. (Th i s  i s  o n l y  a  temporary r e s t r i c t i o n  and w i l l  be  
l i f t e d  when we go t o  more g e n e r a l i z e d  e x p r e s s i o n s ) .  Thus, i f  
each e lement  i n  t h e  sequence were a m u l t i p l e  o f  i t s  p r edeces so r ,  
then t h e  f u n c t i o n a l  (TIMES X n) would appear  i n  each o f  t h e  l i s t s ,  
and t h e  r o u t i n e  SBAR would n o t e  t h i s .  I t  would then s e t  up a s  a  
sequence t o  be so lved  t h e  n ' s  i n  t h e  f u n c t i o n a l s ;  and i n  t h i s  way 
i t  would s o l v e  t h e  f a c t o r i a l  sequence.  

S t r u c t u r e  o f  t h e  Frequency D i s t r i b u t i o n  L i s t  i n  TEST 

I n  c o n s i d e r i n g  t h e  s t r u c t u r e  o f  t h e  f requency  d i s t r i b u t i o n  
l i s t ,  suppose t h e  number o f  occu r r ences  o f  t h e  p a i r  ( i  j )  i s  a i j .  
Then t h e  l i s t  s h a l l  be  s t r u c t u r e d  a s  f o l l ows :  

That i s ,  t h e  f requency  d i s t r i b u t i o n  i s  a  l i s t ,  each e lement  o f  
which beg in s  w i t h  a  number i ,  fo l lowed  by t h e  t o t a l  number o f  
p a i r s  t h a t  begin w i t h  i ,  fo l lowed  by a  sequence o f  l i s t s ,  each 
one cor responding  t o  an occu r r ence  o f  a  p a i r  beg inn ing  w i t h  i b u t  
end ing  w i t h  j ,  and w i t h i n  t h i s  l i s t  i s  t h e  p a i r  ( j  a i . ) .  An op- 
t i o n a l  f e a t u r e ,  which i s  used i n  t h e  o p e r a t i n g  v e r s i o d s  o f  t h i s  
prograrn, i s  t o  p u t  t h e  ORACLE v a l u e  f o r  i, j a t  t h e  end o f  t h e  
p a i r ,  so  t h a t  t h e  elernent on t h e  i - l i s t  w i l l  be ( j  a i j  ( l i s t  o f  
ORACLE(i , j ) ) ) .  

We c l o s e  t h i s  r e p o r t  w i t h  a  s i g n i f i c a n t  q u o t a t i o n  from 
~ t t n e a v e ~ .  I t  cornes from a  survey  by t h e  same a u t h o r  of  a  whole 
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Application of LISP 

to Checking Mathematical Proofs 
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1. Introduction 

One of the things t o  rh ich  LISP has been applied is the  con- 
s t ruc t ion  of an experimentai computer program known as the Proof- 
checker f o r  checking mathematical proofs. The idea ras original- 
l y  suggested by McCarthg [ 3 ]  , and the  investigations a re  des- 
cribed by Abrahams [Il . This paper is intended t o  s h o ~  how LISP 
was used i n  the construction of the Proofchecker and what p r o p  
e r t i e s  of LISP were part icuïar ly useful;  l i t t l e  emphasis w i l l  be 
placed on those aspects of the Proofchecker t h a t  r e l a t e  primarily 
to mathematical logic. 

The boofchecker ras primarily directed towards the  ver i f i -  
cation of textbook proofa, Le.,  proofs resenbling those that 
normally appear i n  mathematioal textbooks and journals. Aithough 
textbook proofs dea l  with widely varying subject matter, they a r e  
qui te  s imilar  i n  terms of the kinds of inference khey employ. 
The differences l i e  i n  terms of the  objects being discussed, the  
nature and number of the  postulates used, and t he  l eve l  of d e t a i l  
provided. The Proofchecker ras designed t o  operate impar t id ly  
with respect to these differences, j u s t  as a hwnan mathematicfan 
does. 

If a computer gere t o  check a textbook proof verbatirn, it 



would require  f a r  more intel l igence than is  possible with the 
present a t a t e  of the programming art. Therefore, the  user must 
c rea te  a rigorous, i.e., completely formalized, proof t h a t  he be- 
l i eves  represents the i n t en t  of the  author of the  textbook proof, 
and use the  computer t o  check t h i s  rigorous proof. 

It is a t r i v i a l  task t o  program a computer t o  check a rigor- 
ous proof; hovever, it is  not a t r iv ia l  task to create  such a 
proof from a textbook proof. Therefore, a primary function of 
t h e  Proofchecker vas t o  aid i n  t rans la t ing  from a textbook proof 
to a rigorous proof. To this end, a language f o r  input proofs 
was specified; t h i s  language bears a close resemblance t o  programs 
written using the  LISP program fea ture  PRûG, anà i a  based upon 
the construction of nmacro-steps. The input proof language 
ras intended t o  represent a halfiray point between texfibook proofs 
and rigorous proofs, the  t rans la t ion  from textbook proof to input 
proof being performed by a mathematician and from input  proof to 
rigoroua proof by the Proofchecker, 

The formai system used f o r  s t a t i n g  rigorous proofs was based 
upon the na tura l  deduction sgstem of Suppes 171. It a lso  included 
features  f o r  handling def in i t ions  and f o r  introducing the  r e ~ u î t s  
of calcuîations in to  a rigorous proof. Though the  s e t  of ru les  
of inference ras fixed, the m i e s  were such t h a t  i f  was possible 
t o  introduce addi t ional  rules  via axioms; h-conversion, f o r  in- 
stance, was handled i n  t h i s  way. 

Both the  checHng of a rigorous proof within t h i s  formai 
system and the generation of the  rigorous proof from an input 
proof were performed by the Proofchecker, The Proofchecker was 
wri t ten i n  LISP, and consequently the  well-formed formulas of the 
formai system were LISP S-expressions. The Proofchecker accom- 
plished the  t rans la t ion  from an input proof t o  a rigorous proof 
through the  use of macro-steps, which bear the same re l a t ion  t o  
rigorous proof s teps t h a t  macro-bstructions in a computer macro- 
assembly language bear t o  machine instruct ions i n  t h a t  language. 
A l i b r a r y  of macro-steps was developed to demonstrate the  poten- 
tial capab i l i t i e s  of a computer i n  making the input proof as 
close t o  t h e  te~rtbook as possible, and i n  expanding s t e m  of the  
input proof bg heur i s t i c  techniques. 

The Proofchecker was actual ly  applied t o  Chapter II of 
Principia  Mathernatica, by Russe l i  and- W i  tehead [ 5 1. The proof s 
from t h i s  chapter a r e  a11 i n  propositional calculus, and use only 
the connectives v , N , and 3 . Macro-steps were constructed 
so t h a t  the textbook proofs could be transcribed pract ical ly  ver- 
batim, except fo r  the t rans la t ion  from i n f i x  notation (e.ge, "p 
v q 2 q v pn) t o  LISP notation (e.g., (IIIPLIES (OR P Q) 



(OR Q P))"). During t h i s  transcription process, a number of 
logical gaps were found i n  the proofs given in Principia. 

The Proofchecker was able to check most of these proofs on 
the IBM 7090 in a few seconds; kit a notable and unpieastint ex- 
ception concerned those proofs involvin@; replacement, Le., the 
substitution of p 3 q f o r ~ p  v q and conversely. Because the 
f a c i l i t i e s  of the Proofchecker were used for  handling definitions, 
it turned out to require 50 rigorous steps and about 30 seconds 
for each replacement step i n  the input proof. Fnrthemore, in 
textbook proofs involving more than one replacement operation, 
the program exhausteci the available storage and the rigorow 
proof could not be completed. An attempt ras al80 made t o  applg 
the Proofchecker t o  some elementary group theory proofs, kit 
this required a larger l ibrary of macro-ateps, and consequently 
the program ran out of storage on the i n i t i a l  t e s t  cases. 

A notable feature of the Proofchecker as far as LISP i s  con- 
cerned i s  the use of the syntax of LISP on a metamathematical 
level. in metapoathematics, one deals not with l o g i c d  formuïas 
ht rather with the names of these formulas. For instance, one 
employs theorems stat ing tha t  i f  the expression has such-and- 
such a syntactic property, then adenotes a t rue  statement. One 
frequently reasons from properties of symbolic expressions to  
properties of the formulas that  theg denote, I n  practice, a 
great deal of what is called mathematics is actually metamathe- 
matics. Often one requires metamathematical statements that are 
mechanically verif iable through the use of the LISP function -9 eval 
and the ab i l i t y  t o  perform t h i s  verif icat ion is  one of the most 
significant features of the Proofchecker, 

II. Rigorous Proofs in the Proofchecker 

The Proofchecker can best be conceived of as  divided into 
two parts: a part that  generates rigorous proofs and a part that 
checks them. These two parts operate in tandem; the proof gener- 
a tor  spews out a step from time t o  time, whereupon the proof 
checker examines the step, ei ther  accepts or re jects  it, and then 
returns control t o  the proof generator. 

The Proofchecker makes use of a l i s t  of peviously proven 
theorems. This l i s t  i n i t i a l l y  contains al1 the axioms of the 
Proofchecker, as  well as  the postulates of the theory under 
examination, Each theorem is  stored as  a l ist of three elements: 
the name of the theorem, the list of i t s  substitutable variables, 
and i t s  form, Le . ,  i t s  statement (as an S-expression). f i e n  we 
wish t o  use a previously proven theorem or  an axiom, we give i t 8  



name and a l i s t  of the  quant i t ies  t o  be subst i tuted f o r  i t s  su& 
s t i t u t a b l e  variables. There a re  r e s t r i c t ions  on the  subst i tut ions 
s ince  we must prevent the quant i f ie rs  of the theorem from captur- 
h g  f r e e  var iables  i n  the  subst i tuted quant i t ies ,  and we must 
a l s o  avoid subs t i tu t ions  i n t o  the middle of a quotation. 

To see how a theorem is represented, consider t h e  tautology 

If we name t h i s  tautology CONJ, then it would be stored on the  
theorem l i s t  as 

A rigorous proof i s  specified by a sequence of steps,  Each 
s t e p  consis ts  of the  s t e  t e followed bg a s e t  of parameters, 
There a r e  a f ixed nwn 663% r O s e p  types, and f o r  each s t e p  type 
there  a r e  r e s t r i c t i ~ n s  on the number and form of the parameters, 
The Proofchecker examines the  s teps  one by one, and i f  a s t e p  is 
legi t imate t h e  Proofchecker generâtes a 
the  s t e p  together with its parameters 
t o  the Loo? checker; i f  the- ins t ruc t ion  is i n  proper form, it 
r e s u l t s  i n  a l i n e  of proof, 

A l i n e  of proof represents a proposition t h a t  has been 
demonstrated. Each l i n e  of proof is a l i s t  of three elements: 
the line number (simply a s e r i a l  number) ; the t e x t  of the l ine ,  
Le., the  proposition demonstrated on t h a t  l i ne ;  and a l i s t  of 
antecedents of the  l i n e  (as  l i n e  numbers). The antecedents 
specif'y the assumptions on which the  l i n e  depends. Unlike Suppes' 
system, there  i s  no provision f o r  flagging of variables,  The 
proof is correc t  if the t e x t  of the  l a s t  l i n e  corresponds t o  the  
theorem and has no antecendents. I n  t h i s  case, the  theorem is 
added t o  the theorem lista 

There a r e  various tirnes when the  Proofchecker needs an atomic 
symbol which has not been used before, as f o r  an ambiguous name 
generated by special iz ing an e x i s t e n t i d  quant if ier .  Since it is 
d i f f i c u i t  (though not impossible) i n  LISP t o  d is t inguish  among 
d i f f e ren t  types of atomic symbols i n  the  w a y  t h a t  ne dis t inguish 
Lat in and Greek l e t t e r s ,  we must be sure t h a t  these new symbols 
do not appear i n  a part of the  proof which we have not y e t  exam- 
ined, There is a LISP function g;ensytn[] which can be used f o r  
t h i s  purpose. Each time ens i s  evaluated, it yie lds  a f resh ly  Y!= created atomic symbol, cons ructed i n  such a way t h a t  no other 
symbol can be equal to it, not even one with the same name! This 
is accomplished by not putting the symbol on the object  l is t .  



m e n  we r e f e r  to a generated symbol, we ni11 hereaf te r  mean t h a t  
the  symbol has been obtained by evaluating gensym. 

When the  Proofchecker checks t h e  rigorous proof, it first 
constructs a subs t i tu t ion  list, in which each subs t i tu tab le  
var iable  of the proof is paired r i t h  a generated s9mbol. This 
provides f o r  unintended constants among these variables.  During 
the  checking of the  proof, each expression taken from the s t e p  
l i s t  i s  relabeled bg subs t i tu t ing  generated symbols f o r  the sub- 
s t i t u t a b l e  var iables  according t o  t h i s  list. This subs t i tu t ion  
l ist  (referred t o  as the re labe l in  l ist) w i l l  be augmented 
during the  proof whenever * an exis  en a ly quantified variable  is 

but is t reated d i f f e ren t ly  from the  relabel ing l ist when we per- 
form an ES step. The prht labels  a r e  needed-in pr int ing out  
the  l ines  of proof, since otherwise the generated symbols would 
maire the proof harder to read. 

We can i l l u s t r a t e  how t h e  relabel ing works, leaving aside 
f o r  the moment t h e  question of l abe l s  a r i s ing  from ES. Suppose 
t h a t  the  subs t i tu tab le  var iables  of the  theorem a r e  (G H). Then 
the  relabeling l ist  might initiallg be 

( (G  . ~00157)  (H ~ 1 5 8 ) )  

rhere Go157 and W 1 5 8  a r e  typica l  generated symbols. If the  
expression 

were t o  appear i n  one of the  steps,  it would be relabeled and s a  
become 

The relabel ing process operates even inside a quotation. 

We a lso  have a l i s t  of ambiguous names, i n i t i a l l y  NIL. When- 
ever ne do an ES step,  ne add a name to the  list. We need this 
l i s t  t o  prevent universal generalization on an ambiguous name. 

The Proofchecker employs ten ru le s  of inference, There is 
one rule ,  USi?T.HM, concerned with introducing axioms and previous 
theorems into the  proof. There a r e  four rules ,  CONJOIN, WDLIS, 
A D D M ,  and MAKEIMP f o r  handling the  purely propositional aspects 
of a proof. There a r e  two ru les ,  CBLCEQUAL and VALEQ, concerned 
with calculation. There are two ru le s  f o r  handling quant if iers ,  



GENERALIZE and SPECIALIZE, And ffnally, there is one rule, 
USEDEFN, for using definitions, We shall now describe these 
rules in detail. 

(1) USETHM has two parameters: the name of a theorern and a 
list of substitutions. The theorem must appear on the 
theorem list and the substitutions must satisfy certain 
logical criteria, Each of the substituted expressions is 
relabeled before the substitution is made, h t  the theorem 
itself is not relabeled. If the step is legitimate, a line 
of proof is generated. The text of the line of proof is the 
resuït of the substitution, The line has no antecedenta, 
i.e,, its antecedent list is set to Na. 

Example: Suppose that the theorem list contains the entrg 

and step 18 is: 

(USETHM TRANSEQ ( (GUT A B) (GMULT A c ) (GMULT D C ) ) ) , 

We ri11 ignore the relabeling in this example, In this case, 
the substitutions into TRANSEQ are: 

The resulting line of proof is 

(2) CONJOIN has as its single parameter a list of integers 
which represent line numbers. The text of the resülting 
line is the logical conjunction of the texts of the given 
lines, in the same order, The antecedents of the resulting 
line consist of the union of the antecedents of the given 
lines. 

(3) MoDm is a rule which takes tno line numbers as param- 
eters, if the text of the first line isoc , the text of the 
second line must be (IMPLIESH,~'), for some ,b' . The re- 
sulting line has text f i  , and its antecedents are the union 
of the antecedents of the parameter lines, 

(4) ADDPREM has one parameter, which is an expression, 



The resulting l ine  has t h i s  expression as text,  and its 
single antecedent is the Une i t s e l f ,  

(5) IYULXEïW has two parameters. The f i r s t  is ei ther  a single 
l i ne  number o r  a list of l ine  nmbers, and the second is a 
l ine  number. Each ï ine  i n  the f i r s t  parameter must be a 
preniss, Le , ,  a l in8 introduced by ADDPFBM, if the f i r s t  
parameter is a single line nihose text  is a, and the second 
parameter has te& R , then the resulting l h e  has text 
(I~PLIEs B ) . Otherwise, the f i r s t  parameter a i l 1  be a 
list of l ines  dl , 2 , . . . , O( n; in th i s  case, the resuït- 
ing l ine  has text (IMPLIES (ANDdl d2 ...dn) B ). In ei ther  
case, the antecedents of the resulting l i ne  are obtained bg 
removing the l i ne  numbers i n  the first parameter from the 
antecedents of the l ine  given by the second parameter. 

Example: Suppose that we already have the l ines  

and step 12 i s  

The resulting l i ne  w i l l  be 

On the other hand, if ne have the s tep  

the resulting l ine  w i l l  be 

(6) CUEQUAJ., has one parameter, which is an expression to 
be evaluated, If the parameter i s  o< and eval1.d' ; N ï i  ) =8, 
then the text  of the resulting l in8 is (QUAL oc' (QUOTE 8 ) ) , 
If eval [a; NIL] is undefined, then the step fa i l s .  The 
resulting l i ne  has no antecedents. This step i s  called the 
calculation rule. 

(7) VALEQ ha8 one parameter, which is an expression . 



The resuiting l i ne  has text  (QU OC (EvAL~ (QIWTE )) ) , 
and no antecedents. 

(8) GEhTERBLIZE has two parameters: a l i n e  number and a 
l ist of atomic symbols, Let the atomic sgnibols of the l ist 
be q , w2 , . . , a'n , If appropriate conditions are 
sat isf ied,  a l i n e  is generated with text  (FWUL acl (FORAU 
o< 2 . a .  ( H ) R B L ~ w ~ $ ) )  ,..), where P is the t ex t  of the giv- 
line, and the new l i ne  has no antecedents, 

Example: If we already have the l i n e  

and s tep  15 is 

the result ing l i n e  is  

(9) USEDEFN has one parameter, which must be a defined tem. 
The effect  of t h i s  atep is, essentially, to replace the terai 

by its defining expression. 

(10) SPECIALIZE i s  a s tep  used f o r  exis tent ia l  specifica- 
tion, Its operation is quite complicated and its explana- 
t ion wouïd en ta i l  detailed familiari ty with the Suppee sys- 
tem; as it is not necessary in the sequel, f'urther d e s c r i p  
t ion is omitted, The reader i a  referred to Abrahams C l 1  for  
a complete description of SPECIALIZE. 

These rules of inference by thenselves are not as compre- 
hensive as those of the Suppes system. Bowever, when appropriate 
d o m s  are introduced, a logical system can be obtained which i a  
more powerful than that  of Suppes, and i n  particuiar makes pro- 
vision fo r  handling quotations,R -expressions, and non-proposi- 
t ional  functions, Aithough rigorous proofs st i l l  are  stated in 
terms of the ten elementary rules, the translational machinerg 
of the Proofchecker is  used ta i n  ef fect  simulate the more power- 
ful system, 

III, Calculations and 'X -conversion 



There a r e  two d i s t i n c t  ways t o  derive statements about the 
objects  involved i n  a proof: àg deduction and by calculation. 
I n  deduction, the  t r ad i t iona l  r u l e s  of inference a r e  used t o  ob- 
t a i n  new properties of objects from old ones; these ru les  include 
the  introduction of previously proven theorems and the  use of mo- 
dus ponens. In calculation, the  propert ies  of objects a r e  de- 
termined by ac tua l  observation. The observing apparatus i n  the  
Proofchecker i s  the  LISP function e v d l ,  and i n  order to make an 
observation, t h i s  function is a p p l m o  an appropriate argument, 
e v a t l  is defined by - 

eva!l[x) = eval Lx; NIL] . 
The ru le  of inference used f o r  t h i s  p u r p s e  i s  CALCEQUAL; V U Q  
is needed i n  order t o  simplify the  r e s u l t s  of CALCQUALI i n  a man- 
ner t o  be described below. 

In order to describe the  appl icat icn of the calculation rule ,  
ne need t o  examine the  significance and properties of evakl. 
Clar i f ica t ion  of the terminology used i n  connection with & is 
i n  f a c t  of i n t e r e s t  f o r  its own sake. If we assign the  mord 
wvaluen i t s  usual mthematical connotation, then the value of the  
S-expression x i s  not d l [ x ' j ,  but ra ther  x i t s e l f .  Since e v a l  
i s  short  fo r  *evaluate," the name might seem t o  be a misnomer. 
In f ac t ,  the  name of the  function evat  stems from i t s  application, 
not t o  S-expressions, ht to iG-expressions. For instance, we can 
Say t h a t  

cons [car [(A)] ; (B)] = (A B) . 
The l e f t  s ide  of t h i s  equation is c lea r ly  an hl-expression; the 
r i g h t  side must a lso  be interpreted as an M-expression f o r  the  
s tatenent  to be correct. Now the  transform of the  l e f t  s ide into 
an S-expression is  

(COB (CAR (QUWE ( 8 ) )  (BI)) 9 

and 

This r e su l t  i l l u s t r a t e s  the general rule:  To eaaluate an M-ex- 
pression, i.e., t o  f ind  its value, transform the  hl-expression 
i n t o  an S-expression, apply eva l l  t o  t h i s  S-expression, and 
i n t e r m e t  the  r e s u i t  a s  an l:-expression. The r e s u l t  i s  to 
be converted to an M-expression by applying the  t r ans fom d e s  
i n  reverse; and i n  f ac t ,  it is not i n  general even possible to 
apply the trmsform ru les  in reverse. For instance, there i s  no 
inverse transform f o r  (A . B); Le.,  there is no M-expression 
whose S-expression transform is (A . B). 



Applying the  function e v a h  to an S-expression ~ y i . e M s  the 
denotation of OC i f  e v a l l  L d  exis ts .  T h i s  sixtement partial13 
defines what we mean by the  denotation of an S-expression, and 
t h i s  p a r t i a l  def in i t ion  has the necessary property t h a t  t he  
denotation of the  name of any S-expression is t h e  S-expression 
i t s e l f ,  i,e., 

e v d i  [(QWITE )] = -L 

f o r  any S-expression K . In  the Proofchecker, the  S-expressions 
t h a t  apwar within a proof uay have impl ic i t  denotations as well 
as e x p l i c i t  ones. An impl ic i t  denotation is  one t h a t  i s  not ob- 
ta inakle  through e v d l .  

We c m  define the  standard value of an S-expression Kto be 
t h a t  unique S-expression B such t h a t  8 i s  of the  form ( ~ U O T E ~ )  
and Y = eva Ld]. Thus, the  standard value of (QUOTE oC. ) 
f o r  any OC i s  again (QUOTE-); and the standard value of 

i s  (QUOTE (A B)). The cal-culation rule says t h a t  i f  an S-expres- 
s ion possesses a standard value, then we may obtain a l i n e  of 
proof s t a t i n g  what i t s  standard value is. In general, t he  stan- 
dard value of an expression i s  much simpler than -the expression. 

The value of an S-expression w i l l  be defined (non-uniquely) 
t o  be e i the r  the  standard value of the  S-sxpression o r  an atomic 
s p b o l  with the sane standard value as the  S-expression, This 
ambiguous usage i s  convenient i n  dealing with LISP constants 
such as in tegers  and truth-values, Thus, both 3 and (QUOTE 3) 
are values of (PLUS 1 2). 

The pr inc ipa l  appl icat ion of the  calculat ion r u l e  i n  the  
Proofchecker is t o  the ve r i f i ca t ion  of syntac t ic  statements. 
These statements take the  form of propositions concerning speciîic 
S-expressions, and thus a r e  qui te  su i t ab le  f o r  ve r i f i ca t ion  through 
calculat ion i n  LISP. A s  an example of the technique, ne ai l1 
consider the  problem of X-conversion. The discussion w i l l  il- 
l u s t r a t e  both the  solut ion to a par t icu lar  log ica l  requirement 
on the  Proofchecker, namely, t h e  a b i l i t y  ta perform >-conversions, 
and the general technique used f o r  syntact ic  calculations. 

h -conversion i s  the  r u l e  by which we obtain the  equal i ty  

The A-expression represents a function; the quant i t ies  



al ... a, are arguments for that function. The conversion is 
accomplished by substituting each ai for the corresponding xi in 
the expression & . For example, we should be able to obtain the 
resnlt 

(1) ( (-A (X Y) (AND (P X) (Q X Y))) (Hl U) U) 

in order to perform a A -conversion, re must satisfg sever- 
al conditions. The list of dumm9 variable8 (the xi) canot con- 
tain any constants; there must be the same nmber of dwaing vari- 
ables and argumenta; and when we substitute the arguments for the 
dummy variables in & , we m e t  satisFlp certain legitimacg cri- 
teria. Al1 of these conditions are syntactic; that is to Say, 
theg are conditions on the f o w  of the expressions involved, and 
have nothing to do with the meaning of those expressions. 

The A -conversion axiom is calleci W. Its substitutable 
variables are al1 intended to be names of S-expressions. The 
d o m  is: 

laml [vblist; fm; arglist] = same length [vblist; arglist]~ 
frenlist [vblist] A oksublis [pair [vblist; arglist] ; 
fm 2 evalfl [list [QUAL; cons [list [LAMBDA; vblist; 
fm 1 ; arglist] ; sublis [pair [vblist; arglist]; fm]]] 

For the example in (l), the substitutions are: 

If ne mite the d o m  as an S-expression, ne obtain 

(2) (LAMl (VBLIST FM ARGLIST) (IMPLIES (AND 
( s ~ G T H  VBLIST ARGLxSI') (FRENLIST VBLIST) 
(o~smrs ( p a n  m r s ~    LIST) m) ) 
(EVU (LIST (QUOTE EQUAL) 

(CONS (LIST (QUOTE LAMBDA) VBLIST IW) 
ARGLIsT) (SUBLIS (PAIR VBLIST ARGLIsT) 
m))))) . 



In order t o  perform a X -conversion, it i s  necessary t o  
s t a r t  s i t h  t h i s  axiom and then proceed through a standardized 
sequence of inferences t o  obtain the resu l t .  The axion LAICL 
takes the form of an implication, i n  which the antecedent repre- 
sents  the  syntact ic  requirements f o r  the  h -conversion, snd the 
consequent represents the desired resu l t .  %en the appropriate 
subst i tut ions a r e  made, the antecedent becomes an expression 
t h a t  c m  be evaluated, and the  r e s u l t  of the  evaluation w i l l  be 
W* ( the value of T). &<?III t h i s  we can deduce the consequent; 
and a f t e r  evaïuating the appropriate sub-expression of the  conse- 
quent; we g e t  the r e s ü l t  we want. 

Let us f i r s t  examine what happens when we evaluate the ante- 
cedent of (2) ahich, &ter  the  subst i tut ions a re  made, becomes 

If r e  denote t h i s  expression by cy, then the  evaluation consis ts  
of computing eval[o~], which ne si11 ca l1  f l  (and is T*).  

W cons is t s  of a conjunction of t k e e  terms; i f  each of 
them evaluates t o  W*, the e n t i r e  expression w i l l  evaluate t o  
W*. The first term s t a t e s  t h a t  the  argument l i s t  and the 
variable  l i s t  have the  same length (though of course the flmction 
samelenwth must have an appropriate LISP def inf t ion)  . Similarly, 
the  function f r e n l i s t  t e s t s  whether i t s  argument i s  a l ist  of 
atomic symbols, each of which has a t  most PNUE and SPECIAL on 
its property list, and none of which a r e  nwnbers, i.e., none of 
the  symbols are constants. Thus the second term guarantees t h a t  
the dwnmy var iab le  list is grammatically correct. The function 
oksublis Lx; y] expects i t s  f i r s t  argument x to be a l i s t  of 
pairs, each of which spec i f ies  a subs t i tu t ion  and i s  of the  form 
(a . e ) ,  where e is  t o  be subst i tuted f o r  t h e  atomic symbol a. 
oksublis t e s t s  whether a l 1  the  subs t i tu t ians  gTven i n  x are 
legitimate; i t s  value is W* i f  they are. I n  (3), the  f i r s t  seg- 
ment of oksublis is 

and the second argument i s  

these two arguments do s a t i s f y  the c r i te r ion ,  so  t h a t  the th i rd  
term evaluates t o  W* also and hence O< evaluates t o  W*. 



Had t h e  subst i tut ions been incorrect,  the  evaluation of cc 
could have f a i l e d  i n  e i t h e r  of two ways. Obviously, sc might 
have evaluated out t o  NIL instead of to W* in such a case. 
Another poss ib i l i t y  i s  t h a t  the evaluation might have led t o  a 
LISP er ror  complai~it. The l a t t e r  i s  i n  f a c t  the  more l ike ly  pos- 
s i b i l i t y ,  Suppose, fo r  instance, that we had fai led t o  quote the 
subst i tuted expressions. The r e s u l t  would have been a complaint 
from the  LISP system that X was an undefined function. 

Let us now examine the  consequent of the  implication i n  (2). 
After the  subst i tut ions are made, ne have: 

Let us denote the expression following E U 1  i n  (4) bg y , and 
the  expression i n  (1) by 8 . Then 8 is the  desired r e su l t ,  
and furthermore, 

Thus, from the calcutation rule ,  we obtain 

We now need an d o m  f o r  substi tution. The axiom is: 

s u b s t i t  [fn; argl ;  arg2] = equal [argl; arg2] 3 
equal [fn [argl] ; fr, ïarg2H 

We use this d o m  with the  arguments 

Using !KIDUS on (5) and t h i s  axiom, we obtain 

Using the r u l e  of inference VALEQ, ne obtain 

VUE& must be a r u l e  of inference because r e  cannot i n  general 



subs t i tu t e  in to  a quotation within an axiom. In  t h i s  case 6 i s  
subst i tuted within a quotation. We now use an euciorn f o r  the 
t r a n s i t i v i t y  of equality,  together with CONJOIN and MODUS, t o  o b  
t a i n  the r e s u l t  

New since we have shonn tha t  t he  antecedent of (2) is true,  Le . ,  
we have obtained it as a l i n e  of proof, we can deduce the conse- 
quent, L e , ,  (4). But (4)  i s  jus t  (EVAL~ 7 ) . Since t h i s  i a  
log ica l ly  equivalent t o  6 by (8), we can deduce 6 from (8), 
and 6 is  the desired resul t .  

Now t h a t  we have presented the en t i r e  argument, l e t  us re- 
vieu it brief ly .  If rie wish t o  perform a A -conversion, we must 
first subs t i tu t e  appropriate arguments in to  the  axiom LAMI, and 
these arguments a r e  the  names of various par t s  of the desired re- 
su l t .  LAbKî is i n  the form of an implication; bg calculating the 
antecedent, ne determine tha t  t he  conversion is legitimate,  and 
by calculat ing the  consequent, we obtain the  actual  expression 
of the resu l t .  Since the  antecedent is  t rue,  the  consequent must 
be true,  and so we have the resu l t .  

The use of the  'X -conversion d o m  is an example of a tech- 
nique t h a t  is employed repeatedly by the  Proofchecker. It is 
possible only because of  the  existence of the calculat ion rule. 
The Proofchecker has been s e t  up i n  such a way t h a t  it is easy t o  
c rea te  macro-steps t h a t  fo l lov  t h i s  pattern; and i n  ac tua l  prac- 
t i c e ,  ne can do an en t i r e  %-conversion with one macro-step. 

IV ,  Macro-stem and the macro-ste~ i n t e r w e t e r  

There i s  a very strong analogy between the problem of com- 
posing a rigorous proof f o r  a theorem and writing a machine-lan- 
guage program. I n  each case, we have avai lable  cer tain operators 
which a l t e r  our data. I n  the Proofchecker, the  operators a r e  the 
ten rules of inference, and the da ta  i s  the l ist of previously 
derived r e su i t s ,  In  a machine-language coinputer program, the  
operators a r e  the  machine instruct ions and the data  is the  s e t  of 
machine r eg i s t e r s  which have been s e t  aside f o r  storage. In each 
case, we a re  faced with the d i f f i c u l t y  t h a t  a s ingle  application 
of an operator produces only a small change i n  the data, and tha t  
a grea t  many applications of the  operators a re  needed i n  order t o  
obtain s ignl f icant  resu l t s ,  

A feature comxon t o  both s i tua t ions  i s  t h a t  there a re  re- 
curring patterns of application of the  operators. I n  the case 



of machine coding, there a re  two kinds of approaches which have 
been used to take advantage of t h i s  situation. One of these is 
the  analyt ic  approach; we develop an a r t i f i c i a l  programming 
language (e.g., FORTRAN, or f o r  that matter, LISP) which enables 
us to describe the  calculations we wish to perform, but bears 
l i t t l e  o r  no relat ionship t o  machine language. More o î ten  than 
not, t h i s  language n i11  be machine-ixiàependent. Then we build a 
t rans la tor  which reads a progran i n  the  a r t i f i c i a l  language and 
creates  a corresponüing machine-language program. 

The other approach, which is the  one ne a re  interested in ,  
is the  synthetic approach, and is represented by macro-assemblers 
such as SCAT and MACRû-FU C43 . These macro-assemblers greu 
out of the  older-style assembly programa, and i n  f a c t  they almost 
invariably contain a t r ad i t iona l  assembly program as par t  of theFr 
operation, They a re  designed so t h a t  frequently used sequences 
of instruct ions may be abbreviated by a s ingle instruction. 

In  the Proofchecker, the r o l e  of the  macro-assembler is 
played by t he  macro-step in terpre ter  meth 1. Macro-step defini- 
t ions,  which closely resenble LISP PRDG-type programs, play the 
r o l e  of macro-instruction definitions.  The macro-step defini- 
t ions  may oontain actuaï  proof steps,  calculations t o  be performeà, 
o r  c a l l s  to other macros. neth 1 uses the  LISP function errorset  
to supervise most calculations so t h a t  in the  case of error,  
meth 1 s t i l l  r e t a ins  control, - 

A s  a proof i s  generated, two records a re  kept of it: a list 
of rigorous steps,  known as STEPLIST, and a corresponding l i s t  of 
l i n e s  of proof, known as  LINESET, Each s t ep  is i n  f a c t  an in- 
s t ruc t ion  on how to generate the  corresponding line.  Whenever 
a rigorous proof step is encountered by meth 1 i n  i ts  interpreta- 
t i o n  of a macro, meth 1 c a l l s  upon a function cal led s te~check.  
s t e ~ c h e c k  checks the s t e p  f o r  legitimacy, using the  appropriate 
rulecheck (there i s  one f o r  each r u l e  of inference), If the 
s t e p  is legitimate,  s t e ~ c h e c k  creates  the  appropriate l i n e  of 
proof, adds it t o  LINESFT, and adds the  s t ep  to STEPLIST. If 
the s t ep  is i l l e g a l ,  s t e ~ c h e c k  communicates an er ror  indicator 
t o  meth 1. Generated l ines  of proof a re  numbered consecutivelg, 
and the variable  LINECOUNT records the current count. 

Since rigorous proofs a re  d i f f i c u l t  to handle, meth 1 serves 
as an interface between the mathematician and the  rigorous proof. 
For instance, the  mathematician who uses a macro-step does not 
ordinari ly  imow how many rigorous l i n e s  of proof it w i l l  gener- 
ate. Thus he cannot r e fe r  to previous resul t s ,  s ince these a re  
indexed by l i n e  number. Hence provision is made i n  the  Proof- 
checker to accept input proof s teps with attached labels ;  the  



l abe l s  a re  then t i e d  to the l a s t  l i n e  generated by the  macro-step 
via a s p b o l  table  knom as  LBBFL £BLIN'S. A t  any stage, the re- 
s u l t  of the immediately previons macro-step i s  given the implici t  
l abe l  NIL. This arrangement makes it possible t o  r e f e r  t o  t h e  
immediately preceding r e s u l t  nithout labeling it; since i n  many  
proofs a r e s u l t  i s  used oxiiy to support the  immediately follow- 
ing step, this arrangement eliminates a great  many labels. 

Another useful a id  ta the mathematician i s  a l i s t  cal led 
I(EYLINES. Any l i n e  of the input proof may be indicated a s  a key 
l ine ;  i n  addition, a t  any stage, the r e s u l t  of the l a s t  executed 
macro-step, Le. ,  the one impl ic i t ly  labeled Nn, w i l l  be auta- 
matically included i n  KEYLINES. The infornation i n  gEnINES may 
be referred to impïici t ly  as well as explici t ly .  This e f fec t  is 
achieved by having macros t h a t  search through gEPLINES rhen an 
additionaï r e s u l t  is needed to support a conclusion, In other 
woràs, the user, a t  l e a s t  i n  some cases, need not c i t e  a l 1  the  
s teps upon which a given l i n e  depends; he c m  l e t  the  Proofcheck- 
er f ind them by a search through KEXLINES, O f  course, i f  too 
many en t r i e s  appear i n  KEYLINES the  search becomes woefully inef- 
f iclent. 

The Proofchecker programs i n  general, and meth 1 i n  particu- 
lar, make extensive use of the  LISP Function errorset ,  e r rorse t  
performs the same calculation a s  eval, with the following i m -  
portant difference: if the evaluation succeeds, l ist  of the  re- 
sult i s  returned, and if it f a i l s  due to a LISP system error,  N I L  
is retwned via a system error  recovery routine, Thus, e r rorse t  
makes it possible f o r  the program to attempt evaluations even 
rhen they lead t o  system errors,  without control being l o s t  bg 
the function t h a t  called errorset ,  Rith t h i s  function, it is 
possible f o r  a program to t r y  an evaluation and see whether it 
1s legitimate without losing control. Since such things a s  
evaluating unsat isf ied conditional expressions or  unbound vari- 
ables a i l 1  cause system errors,  t h i s  type of er ror  recovery is 
frequently desirable. Although e r ro r se t  was exp l i c i t ly  con- 
s tructed f o r  the sake of the Proofchecker, it is usef'ul i n  other 
applications also. It is explained i n  d e t a i l  i n  the  LISP 1.5 
Maaual DJ 

hcro-s teps  are of two kinds: external macro-step and in- 
t e rna l  macro-steps, Only external macros can be used i n  the in- 
put proof. An external macro-step receives its parruneters from 
meth 1 i n  a par t icuiar  format which d i f f e r s  from t h a t  used by 
most other macro-steps. Normally, however, an external macro- 
s t e p  w i l l  c a l 1  one o r  more in ternal  macro-steps, which are not 
sui table f o r  external use. An example of the specif icat ion of 
an in ternal  macro-step i s  the following: 



This def in i t ion  i s  attached t o  the  propertg l i s t  of EQL1 follow- 
ing the  indicator  APVAL, The macro makes use of the d o m  

We use t h i s  macro-step when we have two l i n e s  of proof the first 
being an expression c* and the  second being (EJUAL 8 ). Using 
t h i s  macro-step, we derive the  l i n e  B , The Function f indl ine  
L.Qj  takes a l i n e  number as argument, and i t s  value i s  the t ex t  of 
t h a t  l ine ,  I f  1 does not correspond t o  a l i n e  number, a LISP 
e r ro r  occurs. The function lcmrk3 has the  value LINECOUNT - k, 

On the f i r s t  l i n e  of the def in i t ion ,  we f ind  the parameters 
of the macro-step, i.e., i t s  arguments, and i t s  program vari-  
ables, In  t h i s  case the macro-step name i s  EQL1, its parameters 
a r e  L1 and L2, and its program variable  i s  L3. L1 and L2 w i l l  
have as values the l i n e  numbers o f d  and ( E Q U A I A ~ )  respectively, 
The first s t e p  of the  macro i s  

This s t e p  causes the  program var iab le  L 3  t o  be s e t  equal to the 
value of (FIN'DLINE~ LZ), i,e., (EQUAL OC. ,&? ), The next l i n e  is 

Since the symbol i n  the function posit ion here i s  one of the  
ru les  of inference, meth 1 does not merely evaluate it; instead, 
it evaluates the  parameter of CONJOIN, giving a l i s t  of tw in- 
tegers,  and then uses stepcbeck to attempt t o  CONJ'IN step, with 
the l ist  of two integers  as parameter, The next s t e p  is 

(UUOTE mL1) is  used r a the r  than EQL1 because t h e  parameters of 
USETHM are evaluated before they a r e  given to s t e  check. Evaïu- 
a t ing  the second parameter o r  USETHM gives the  -7- list oc. p ) ,  
Thus, USFTHM w i l l  introduce the  axiorn EQLl with oC as P and f3 
as  &, The f i n a l  s t e p  is 



This combines the  r e s u l t s  of the  two previous l i n e s  so t h a t  the 
new l i n e  is  ,$ . To i l l u s t r a t e :  suppose t h a t  Re already have 
the l i n e s  

and t h a t  t h e  l a s t  l i n e  generated is  15, Then evaluatiag meth 1 
( E & L ~  î2 9) w i l l  cause the  following s t eps  to be generated: 

The corresponding l i n e s  are: 

(16 L ND (P X) (Q Y)) (12 3 4 ) )  
(17 (=ES (AND P X) (NUAL (P X) (Q Y))) ((2 Y ) )  NIL) 
(18 (Q y) (12 3 4 ) )  

Although t h i s  macro is occasion ail^ n e d e d  on t h e  top  l e v e l  
of  a proof, i ts  g rea t e s t  value is f o r  use within o ther  macros. 
For the  top  level, its inputs  are not  i n  t h e  necessary f o n a t ,  so  
ne s t i l l  need an external  macro to c a l 1  it. 

A macro de f in i t i on  is wr i t ten  i n  the  same form as a LISP 
program. There is a preamble specifying the  name and arguments 
of the  macro, followed by a sequence o f  S-expressions. Any a- 
tomic symbols within this list a r e  takeo t o  be l a b e l s  of  t he  
first following non-atomic S-expression. Each l i n e  of t he  macro- 
s t e p  is axamined i n  turn. If the first element of t h e  l i n e  i s  
t h e  name of a rule of inference, then s temheck is invoked. If 
t h e  s t e p  f a i l s ,  an e r r o r  condition is established; o t h e m i s e  a 
U n e  of proof i s  generated by stepcheck, If the  first element 
of t he  l i n e  is MACRO, then meth 1 is ca i led  recurs ively t o  in te r -  
p re t  t he  maoro (nith paramèiërr;f-specified by t h e  remainder of 
t h e  l ine.  Bng e r r o r  condition within the  called macro wiU i n  
tu rn  set up an e r r o r  condition i n  t he  ca l l i ng  macro, Lines be- 
ginning witb GCrrO o r  C o l  are t r ea t ed  l i k e  GO and COND i n  the  
usual VROG function def in i t ion ;  f o r  technicel  reasons, d i f f e r eu t  
names must be used. RETWJ a c t s  l i k e  RETURN i n  a PKOG funct8ion 
def ini t ion,  With the  exception of l i n e s  beginning with CONTINüE,  
any other  l i n e  i s  mer el^ evduated under the  cont ro l  of e r rorse t ;  
i f  the e v e l w t i o n  causes a systen e r ro r ,  an e r r o r  condition is 
set up r i t h i n  t he  macro, 

One in t e r e s t i ng  aspect of meth 1 i s  its provision f o r  e r ro r  
recovery, It was pointed out  tkat errors c m  occur ahen ~ e t h  1 



opmates  on a line. However, before any act ion is taken, the  
l i n e  following the  erroneous one i e  examined. If it is  of the 
form (CDGTINUE x), where x i s  an atomic sgmbol, then control is 
transferred t o  the  l i n e  of the macro-step labeled bg x, jus t  as 
if the  CONfLNaE were a WTO. If CONTINUE is  encountered under 
any other circumstances, it is  ignored. Ordinarily, when a l i n e  
of a macro-step creates  an er ror  condition, in te rpre ta t ion  of the  
macro-step ceases and control  passes t o  the next higher macro. 
Since t h i s  macro i n  turn de tec ts  an e r ro r  condition, control 
passec a l 1  the  way up to the topmost l e v e l  of in te rpre ta t ion ,  i.e., 
interpretat ion of an input proof step. However, the  appearance 
of COhTïBUE fo l los ing  a macro ca l1  at  any l eve l  of  the hierarchy 
ri11 cause the macro a t  t h a t  l eve l  t o  r e t a in  control. Thus it 
is possible to attempt proof steps,  e i ther  elementary o r  on the 
macro level ,  even i f  it is not cer te in  they a i l 1  nork. It would 
in  f a c t  appear that  t h i s  pr inciple  -- narr.elg, of being able  to 
t r y  things t h a t  cause system er rors  and a c t  on the  basis  of 
whether these e r ro r s  occur -- is a generally usefui  one i n  pro- 
gramruing systems design. 

men an e r ro r  condition is passed al1 the w a y  up to the top 
l e v e l  of interpretat ion,  a backtrace i s  generated and printed out. 
This backtrace shows a l 1  macros entered at t h e  intermediate levels  
betneen the e r ro r  and the input proof step, and what the  parameters 
of each macro nere. Since an er ror  i n  an input proof s t e p  fre- 
quently does not show up u n t i l  some macro (or an elementary proof 
s tep)  several leve ls  dom is examined, this bachtrace i a  invalu- 
able i n  determining why a s t e p  i s  erroneous. It is also qui te  
helpful as a debugging aid f o r  macro-step definit iohs.  Fihen a 
s t ep  of the input proof f a i l s  t o  check, the r e s u l t  is asswned and 
the proof continued. Consequentlp, it i s  possible t o  learn of 
many er rors  i n  one pass. 

One exan;ple of a macro-step i s  the  macro U C û N 1 ,  which is 
used t o  mechanize the  A-conversion procedure discussed i n  the 
previous section. The single  ameter of LaMCONl is an expres- 
sion of the form (g ala2... anP>where g is a A -expression f o r  
a function and al ,  a2, . . . , an a r e  i t s  arguments. Executing 
the  macro performs the  -conversion and generates the  l i n e  

where E i s  the  r e s u l t  of the -conversion. The in terpre ta t ion  
of LAIViCON1 generates 17 rigorous s teps;  the last one of these is 
the desired resul t .  

TWO other macros of in t e ree t  a r e  OWSTEP-DED and NODUS- 
FUNFSJS. ONE-SEP-DED i s  an interna1 macro tha t  makes cer ta in  
%bvious" deductions, which a re  called one s t ep  deductions. It 



h ~ a  th ree  parameters: a conclusicn, a premiss, and the l i n e  
nurnber of the  premiss, which must be a p rev iou~  r e s u l t .  ONE- 
S'TEP-DED attempts to derive the conc1usi.cn from the preniss. 
There is a re la te?  external macro ONESTEP which has a l abe l  as  
paraneter; ONESTEP uses the label t o  obtain both the t e x t  and 
the  l i n e  number of the  premiss, and then c a l l s  ONE-STEP-DED r i t h  
the desired r e s u l t  as the conc lus i~~n  and the premiss and the  l i n e  
number corresponding to the given label. 

CINE-ETEP-DED i t s e l f  determines nhat s o r t  of deduction i s  
appropriate to obtain the  conclusion. It handles t h e  following 
cases 3 

(a)  The premiss i s  a conjunction of several terms, and the  
conclusion is one of them. 

(b) The premics i s  an implication whose antecedent i s  
e i t h e r  among KEYLINES o r  i s  calculably true,  and whose con- 
sequent corresponds t o  the  conclusion. 

(c) The premiss i s  preceded by one o r  more universal quanti- 
f i e r s ,  and the consequent ma$ be obtained by a sequence of 
apecial izat ion of these quantffiers.  

(d) The premiss is a defined term, and e i the r  the conclu- 
sion can be obtaineci from the definiens of the prerniss by a 
one s t e p  deduction, o r  t h e  definiens of the  premiss is a 
conjunction of several terns ,  and the conclusion may be ob- 
tained by a one s t ep  deduction from one of them. 

These cases were selected on the basis of observation a s  t o  the 
s o r t  of thing which i s  frequently needed i n  a proof. Although 
there a re  many other kinds of deductions which might be included 
in t h i s  s tep,  adding them would lengthen the  e x e c u t i ~ n  time of 
the  step. This e f fec t  would be par t icu lar ly  pronounced because 
of the recursive nature of the  deduction i n  case (d). The re- 
cursive nature of the s t ep  has the  e f f ec t  of permitting some de- 
ducticns nhich are actual ly  several  s teps i n  length. 

The cornparison of case (a) with the subcase of case (d) 
wnere the  definiens ie a conjunction of several terms i l l u s t r a t e s  
the  heur is t ic  bas is  of the choice of permitted deductions. I f  the  
premiss is a defined tern,  ne w i l l  check each component of the  
definiens t o  see if the conclusion follows by a one s t e p  deduction; 
but i f  t he  premiss i s  alreûdy a conjunction, me l i m i t  ourselves 
to an iden t i ty  check. This s i tua t ion  is based on the observation 
t h a t  conjunctions of terms i n  a proof a r i s e  frequently from 
defini t ions,  and tha t  i n  t h i s  case we a r e  qui te  l i k e l y  t o  be able 



t o  achieve the desired r e s u l t  by another application of ONE-STEP- 
Dm. 

The macro MODIE-F%NENS is used to handle c i t a t ions  of 
theorems. Its first parameter is  the  name of a theorem; its 
second paranieter i s  a list containing two types of elements; sug- 
gested subst i tut ions in to  the theorem, and previous resu l t s  a p  
pearing i n  the hypotheses of the  theorem. The desired r e s u l t  is 
a l so  provided. MODUS-POIJENS first compares the desired r e s u l t  
with the consequent of the ci ted theorem (nhich must be i n  the  
form of an implication o r  equivalence) t o  determine any snbsti- 
tu t ions  l e f t  unspecified. Substitutions not appearing i n  the  
consequent must be specified, though i n  practice al1 subst i tutable 
variables appear i n  the consequent more often than note After 
determining the en t i r e  s e t  of substitutions, the  macro can then 
f ind  precisely what hypotheses must be established. It then at- 
tempts to es tabl i sh  these one at a time, by using ONE-STEP-DED on 
pairings between the  c i ted  previous resuïts and t h e  necessary 
hypotheses. Hypotheses t h a t  a re  e i t h e r  calculably trme (Le., 
t h a t  evaluate t o  T )  o r  that are among KEYLINES need not be sub- 
stantiated. The l a s t  l i n e  generated by MGDUS-FUNENS is the de- 
s i red  resu l t ;  the  intermediate l i n e s  are those needed to estab- 
l i s h  the hgpotheses, followed bg the  actual  application of the  
theorem via  USETHYI and MDDUSo 

The macro-step mechanism ne have described makes it possible 
to achieve a great  deal  of abbreviation i n  specifying a proof. 
Unabbreviated proofs are  extremely tedious to compose, and hence 
t h e i r  composition is highlg minerable  t o  error. F'urthermore, 
composing such proofs is a task which few people a r e  nill ing ta 
undertake; the  proof of this l i e s  i n  the f a c t  that  the  task  has 
been undertaken only f o r  the most elementary logica l  theorems. 
Macro-steps are  no more than an abbreviative device, but neT;er- 
the less  such a device seems essent ial ,  

Macro-steps avoid the  necessity of proving many derived ru les  
of inference, Each derived n i l e  i s  represented bg a macro, and 
t h i s  macro ac tual lg  generates the s teps corresponding t o  the der- 
ived rule. The Froofchecker is s e t  up i n  such a wag than an arror 
i n  a macro-step simply causes the  proof generator to fail  (and 
simuïtaneously t o  pour f o r t h  a wealth of diagnostic infornation). 
Thus, if  the conception of a derived rule has been i n  error,  t h i s  
ri11 r e f l e c t  i t s e l f  i n  an er ror  i n  a macro-step def in i t ion  which 
in turn w i l l  show up when an attempt i s  made to check proofs 
using t h i s  derived rule. 

Macro-steps can also be used to perform heur is t ic  searchea. 
I n  the present implementation of t h e  Proofchecker, t h i s  a b i l i t y  
was u t i l ized  i n  only a limited way, to cut dom the  amount of 



d e t a i l  that t he  user need s t a t e  a s  i n  the MODUS-PONENS macro. 
However, searching can a lso  be used to f i l 1  i n  gaps i n  a proof 
t h a t  the  mathematician has not thought of,  o r  i n  conjunction with 
proof procedures. These extensions remain to be explored. 

A fu r the r  property of  the macro-step arrangement is its 
open-endedness, It is always poss i i l e  to add new macros to the  
exts t ing l ib ra ry ,  and thus to augment the  kinds of inference tha t  
the  Proofchecker is capable of performing, One disadvantage of 
this must be noted, however: the  macro l i b r a r y  tends to consume 
storage. Storage capacity turned out  t o  be one o f  the  chief 
l imi ta t ions  on what the  Proofchecker cotiid do, 

V. Conclusions 

The construction and application of the Proofchecker demon- 
s t r a t e  that the  macro-language concept i s  a powerful and useful 
one i n  areas  other  than macro-assemblers. The macro-steps of 
the  Proofchecker permitted a notable condensation i n  specifying 
proofs. These macro-steps saved not only the  labor  of writ ing 
things dom, but a lso  the labor of f iguring many things out. 
Fùrthermore, the subroutine kind of organization inherent i n  a 
macro language permits the rapid construction of an extensive 
hierarchg of avai lable  devices and methods; an in terna1  macro 
such a s  ONE-STEP-DED, f o r  instance, can be used by many other 
macros and ye t  needs to be defined only once. 

A fu r the r  conclusion is t h a t  the  type of control  provided 
b,a e r ro r se t  i s  a usefui one i n  computer executive systems, The 
LISF function meth 1 was ef fec t ive ly  an executive program t h a t  
decided what needed t o  be done and then called upon t h e  appro- 
p r i a t e  apparatus t o  do it. Within these programs, it was pos- 
s i b l e  t o  t r y  a s t e p  and if it fa i l ed ,  t o  t r y  something e l s e  
without los ing  control. The a b i l i t y  t o  do t h i s  i n  general is 
something which is missing i n  most ex is t ing  executive and monitor 
systems; but the  r e s u l t s  of the  Proofchecker suggest t ha t  such 
features  wculd be well worthwhile. 

The self-descriptive propert ies  of LISP do indeed have more 
than theore t ica l  in te res t .  The cs lcu la t ion  ru le ,  which was based 
on the LISP f'unction -al, made possible the construction of a 
scmenhat unusuhl but very powerfui mathematical system, and i n  
par t icu lar  perni t ted the  development of the  whole apparatus of 
s j a t a c t i c  methods that was i l l u s t r a t e d  f o r  the  par t icu ler  case 
of X -conversion. In  par t icular ,  it mas possible f o r  LISP t o  
create  expressions t o  be evaluated v i a  the  calculation ru le ,  and 
tken camy out the  evaluation by considering these expressions 



t o  be LISP programs. 

lRhile LISP i s  s t i l l  the best programming language f o r  this 
type of application, it has ser ious drawbacks, both i n  terms of 
convenience and i n  terms of propaairning efficiency. The task of  
writ ing out S-expressions to define programs i s  a tedious one, 
especially s ince the LISP notation seems to run counter to t he  
natural ray t h a t  people think of mathematical expressions. For 
instance, i n  a sequence of composed fùnctions, we would l i k e  the  
function to be performed first to appear first; but i n  the  LISP 
notaticn, it i s  jus t  the opposite. Fbthernore,  the  r a t e  a t  
which LISP consumes f r e e  storage, combined ~ i t h  t h e  l imited 
amount of storage available,  greet ly  r e s t r i c t s  the  kinds of things 
t h a t  can be done i n  LISP. 

The problem of excessive storage requirements seems to be a 
general one with l ist-processing languages. The requirements of  
computations requiring l i s t  processors a r e  a strong argument f o r  
increasing the  capaci t ies  of our computers. ( ~ h e  same problems 
t h a t  plagued the  Proofchecker were encountered by Slagle  [ 6 ]  ). 
Because of the random access needed to v i r t u a l l y  ail parts of 
both program and data,  magnetic tape and other a w d l i a r y  ser ia l ly-  
accessed storage media have been of l i t t l e  help i n  easing the  
space shortage i n  LISP; although IPL has f a c l l i t i e s  f o r  s tor ing  
inforaation on a d m ,  f o r  instance, these are of l imited useful- 
ness. 

The f a c t  that the  macro-steps had to be interpreted con- 
siderably degraded the  performance of the  Pmofchecker. It 
ougllt t o  be possible to b ~ l d  a special-surpose compiler, per- 
haps using some components of the present LISP coapi ler ,  t o  con- 
v e r t  macro-steps in to  machine-language programs. This would do 
two things a t  once: it would speed up the operation of the 
macro-steps, and it would cut  down the  amount of storage they 
require (since the in t e rp re t e r  i t s e l f  uses s ign i f i can t  amounts of 
f r e e  storage). 
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METEOR: A LISP Interpreter 

for String Transformations 

Daniel G. Bobrow 

(The work r e p o r t e d  h e r e  was suppor ted  by t h e  Research Labo ra to ry  
o f  E l e c t r o n i c s  and t h e  Computation Cente r  o f  t h e  Massachuse t t s  
I n s t i t u t e  of  Technology.) 

1 .  I n t r o d u c t i o n  

Cond i t i ona l  e x p r e s s i o n s ,  composi t ion,  and r e c u r s i o n  a r e  t h e  
b a s i c  o p e r a t i o n s  used i n  L I S P ~  t o  d e f i n e  f u n c t i o n s  on l i s t  s t r u c -  
t u r e s .  Any cornputable f u n c t i o n  of  a r b i t r a r i l y  complex l i s t  s t r u c -  
t u r e s  may be d e s c r i b e d  u s ing  t h e s e  o p e r a t i o n s ,  bu t  c e r t a i n  s imp le  
t r a n s f o r m a t i o n s  o f  l i n e a r  l i s t s  ( s t r i n g s )  a r e  awkward t o  d e f i n e  
i n  t h i s  n o t a t i o n .  Such t r a n s f o r m a t i o n s  rnay be c h a r a c t e r i z e d  (and 
c a r i c a  tur i z ed )  by t h e  fo l l owing  i n s t r u c t i o n s  f o r  a  t r an s fo rma t ion :  

Find i n  t h i s  s t r i n g  t h e  s u b s t r i n g  c o n s i s t i n g  o f  
t h e  t h r e e  e lements  irnrnediately fo l l owing  t h e  f i r s t  
occu r r ence  of an A, and f i n d  t h e  e lement  j u s t  be- 
f o r e  an occu r r ence  o f  a  B which fo l l ows  t h e s e  t h r e e  
e lernents ;  i f  such elernents e x i s t ,  exchange t h e  po- 
s i t i o n  o f  t h e  t h r e e  e lements  and t h e  one e lement ,  
d e l e t e  t h e  A,  and r e p l a c e  t h e  B by a  C. 

A n o t a t i o n  f o r  e x p r e s s i n g  such t r a n s f o r m a t i o n s  i s  t h e  b a s i s  
f o r  t h e  COMIT programming language of  Y n g ~ e . ~  I t  c o n s i s t s  of  a  



forma1 method f o r  s e l e c t i n g  s u b s t r i n g s  from a  s t r i n g ,  and then  
i n d i c a t i n g  t h e  s t r u c t u r e  o f  t h e  t r a n s f o r m e d  s t r i n g .  I t  i s  e a s y  
t o  w r i t e  COMIT r u l e s  which perform s t r i n g  t r a n s f o r m a t i o n s  such 
a s  r e a r r a n g e m e n t ,  d e l e t i o n ,  i n s e r t i o n ,  and s e l e c t i o n  o f  e l e m e n t s  
from c o n t e x t .  However, COMIT d o e s  n o t  e a s i l y  a l l o w  t h e  g e n e r a l  
l i s t  p r o c e s s i n g  t h a t  can be  done i n  LISP.  

A l a n g u a g e  i n  which s t a t e m e n t s  i n  bo th  LISP f u n c t i o n a l  nota-  
t i o n  and  COMIT p r o t o t y p e  n o t a t i o n  a r e  i n t e r p r e t a b l e  would be  de- 
s i r a b l e .  As a  compromise, t o  a l l o w  e a s y  s t r i n g  m a n i p u l a t i o n  
w i t h i n  LISP, a  LISP f u n c t i o n ,  METEOR, h a s  been w r i t t e n  which w i l l  
i n t e r p r e t  COMIT-type r u l e s ,  and  pe r fo rm t h e  i n d i c a t e d  s t r i n g  
t r a n s f o r m a t i o n s .  METEOR n o t a t i o n  i s  s i r n i l a r  t o  t h a t  used i n  CO- 
MIT, w i t h  some a d d i t i o n a l  f e a t u r e s ,  such a s  u s e  o f  mnemonic names 
f o r  c e r t a i n  e x p r e s s i o n s .  T h i s  r e p o r t  d e s c r i b e s  i n  d e t a i l  t h e  
t y p e s  o f  program s t a t e m e n t s  t h a t  can b e  i n t e r p r e t e d  by METEOR, 
and  i s  h o p e f u l l y  independen t  o f  any knowledge o f  COMIT, a l t h o u g h  
some knowledge o f  LISP i s  assumed a t  t i m e s .  S i m i l a r i t i e s  t o  CO- 
MIT w i l l  be  obv ious  t o  t h e  knowledgeab le  r e a d e r ,  and o c c a s i o n a l  
warn ings  a b o u t  d i f f e r e n c e s  between METEOR and COMIT a r e  i n s e r t e d .  

S e c t i o n  II o f  t h i s  r e p o r t  i s  an  i n t r o d u c t i o n  t o  METEOR by 
examples .  Most o f  t h e  f e a t u r e s  o f  t h e  sys tem a r e  i l l u s t r a t e d .  
S e c t i o n  III  i s  a  complete ,  e x a c t  s p e c i f i c a t i o n  o f  a  METEOR pro- 
gram and i t s  i n t e r p r e t a t i o n .  S e c t i o n  I V  i s  a  c o l l e c t i o n  o f  warn- 
i n g s  f o r  t h e  unwary a b o u t  t h e  f o i b l e s  o f  t h e  sys tem - a  combina- 
t i o n  o f  t h e  w o r s t  o f  LISP and COMIT - and some p a t e r n a l  a d v i c e  
a b o u t  how o n e  can b e s t  u s e  t h e  sys tem.  

I I .  O p e r a t i o n s  w i t h  METEOR Rules  

I n  t h i s  s e c t i o n  t h e  s t r u c t u r e  and o p e r a t i o n  o f  some t y p e s  o f  
METEOR r u l e s  w i l l  be  i l l u s t r a t e d  by s i m p l e  examples .  F i g u r e  1 i s  
a  l i s t i n g  o f  a  sample  program a s  r u n  i n  t h e  LISP sys tem under  t h e  
METEOR I n t e r p r e t e r .  The o u t p u t  from t h i s  program i s  shown i n  Fig- 
u r e  2 .  The e n t i r e  program w i l l  be  d i s c u s s e d  i n  some d e t a i l .  

F i r s t ,  t h e  LISP i n t e r p r e t e r  must  b e  informed t h a t  i t  i s  t o  
u s e  t h e  METEOR program. The punch c a r d  e x p r e s s e d  i n  l i n e  O o f  
F i g u r e  1 per fo rms  t h i s  f u n c t i o n .  The two l e f t  p a r e n t h e s e s  open,  
r e s p e c t i v e l y ,  t h e  l i s t  o f  a rguments  f o r  METEOR ( i t  h a s  two) and 
t h e  l i s t  o f  r u l e s  ( t h e  f i r s t  a r g u m e n t ) .  

L i n e s  1-22 s t a t e  r u l e s ,  which w i l l  b e  a p p l i e d  s u c c e s s i v e l y  
t o  t r a n s f o r m  t h e  l i n e a r  l i s t  ( c a l l e d  t h e  workspace)  g iven  i n  l i n e  
23, and t h e  "workspace", i n  t h i s  example,  i s  " ( A  ROSE I S  A ROSE 
I S  A ROSE) ." 



FIGURE 1 

METEOR ( ( 
* (ROSE) (FLOWER) * (SIMPLE REPLACEMENT) ) 
(*  ( ( * P  THE WORKSPACE 1 s ) )  * (DEBUG PRINTOUT)) 
(* (1s A ROSE) (O * (DELETION) 
(* ( A  FLOWER 1.5) (3 1 2 )  * ( REARRANGEMENT) 
(" ( (*P  WS2) * 
(* ( FLOWER) ( 1 OF RED) * (INSERTION) 
( *  (A FLOWER) (THE 2 )  * (REPLACEMENT I N  CONTEXT)) 
* ( (*P  WS3) * 
(* (FLOWER) * (NO OPERATION) ) 
(* (RED) (1 1 )  * (DUPLICATION) 
(* ( ( " P W s 4 ) )  * 
(* (OF ( $ . I l )  ( 1 )  *(SINGLE UNKNOWN CONSTITUENT)) 
( *  $ 1  (QUESTIONl)  * (FIRST CONSTITUENT)) 
(* ( (*P WS5)) * 
(* ( ($ . 2 )  FLOWER ($ . 3 )  ) (3 2 1 ) * ( N  CONSECUTIVE CONSTITUENTS) 
(* ( (*P  WS6)) * 1 
(* (FLOWER $ ROSE) (1 3 )  * (UNKNOWN NUM OF CONSTITUENTS) ) 
( *  ( (*P WS7) * 1 
(* ($1 (START C A B D) * (REPLACING ENTIRE WORKSPACE) 
(* (START ( $ . I l  $ Dl (1 3 2 4 )  *) 
(* ( (*P  WS8)) 
(*  ($1 END 
) ( A  ROSE I S  A ROSE I S  A ROSE)) 



FIGURE 2 

(THE WORKSPACE 1s) 
( A  FLOh'ER I S  A ROSE I S  A ROSE) 
(WS2) 
(1s A FLOWER A ROSE) 
(WS3) 
(1s THE FLOWER OF RED A ROSE) 
(WS4 
(1s THE FLOWER OF RED RED A ROSE) 
(WS5 
(QUESTION I S  THE FLOWER OF RED A ROSE) 
(WS6) 
(QUESTION OF RED A FLOWER I S  THE ROSE) 
(WS7) 
(QUESTION OF RED A FLOWER ROSE) 
( WS8 
(START A B C Dl 

Replacement 
I t ems  i n  t h e  workspace may be r e p l a c e d .  The r u l e  i n  l i n e  1 

f i n d s  t h e  f i r s t  o c c u r r e n c e  i n  t h e  workspace o f  "ROSE" and r e p l a c e s  
i t  by an occu r r ence  of  "FLOWER". The l i s t  of  one e lement  "(ROSE)" 
i s  c a l l e d  t h e  l e f t  h a l f  o f  t h i s  r u l e ,  and t h e  l i s t  o f  one e lement  -- 
"(FLOWER)" i s  c a l l e d  t h e  r i g h t  h a l f  o f  t h i s  r u l e .  The " l e f t  h a l f "  - 
s e l e c t s  e lements  from t h e  workspace.  The " r i y h t  h a l f "  i n d i c a t e s  
what t h e  r e s u l t  i s  t o  be  from t r a n s f o r m i n g  t h e s e  s e l e c t e d  e lements .  

P r i n t o u t  o f  t h e  Workspace 
The c o n t e n t s  of  t h e  workspace may be p r i n t e d  o u t  w i t h  an iden- 

t i f y i n g  message by a  r u l e  s u c h - a s  t h a t  i n  l i n e  2 .  The l i s t  " ( * P  
message)"  a s  t h e  on ly  e lement  o f  t h e  l e f t  h a l f  o f  a  r u l e  w i l l  
c au se  a  p r i n t o u t  of  t h e  "message" f i r s t ,  and t hen  t h e  c o n t e n t s  
o f  t h e  workspace.  L i n e  2 p r i n t s  o u t  "(THE WORKSPACE 1s)" and then  
t h e  c o n t e n t s  o f  workspace.  Th i s  p r i n t o u t  i s  shown i n  F i g u r e  2 .  
The workspace remains  unchanged. 

D e l e t  ion 
I t ems  may be d e l e t e d  from t h e  workspace.  The r u l e  i n  l i n e  

3 f i n d s  t h e  f i r s t  occu r r ence  i n  t h e  workspace of  t h e  t h r e e  words 
" I S  A ROSE". These a r e  s p e c i f i e d  by t h e  l e f t  h a l f  o f  t h i s  r u l e .  
The atom O ( z e r o )  a s  t h e  r i g h t  h a l f  of  t h i s  r u l e  s p e c i f i e s  t h a t  
t h e s e  words should  be d e l e t e d  from t h e  workspace,  and no th ing  i n -  
s e r t e d  i n  t h e i r  p l a c e .  

Rearrangement 
I tems i n  t h e  workspace may be r e a r r a n g e d .  The r u l e  i n  l i n e  

4 f i n d s  t h e  f i r s t  o c c u r r e n c e  o f  "A FLOWER IS" and r e o r d e r s  i t  a s  



" I S  A FLOWER". This  i s  s p e c i f i e d  by t h e  o r d e r  of  t h e  elements  i n  
t h e  r i g h t  h a l f ,  t h e  l i s t  " (3  1 2 ) " .  I n  t h i s  r i g h t  h a l f ,  3 r e f e r s  
t o  t h e  element  matched by t h e  t h i r d  element  o f  t h e  l e f t  h a l f ,  1 
t o  t h e  f i r s t ,  and 2 t o  t h e  second.  D e l e t i o n  and rearrangement  can 
be done s imul taneous ly  by n o t  ment ioning i n  t h e  r i g h t  h a l f  an item 
matched i n  t h e  l e f t  h a l f .  For example, i f  t h e  r i g h t  h a l f  o f  t h i s  
l a s t  r u l e  were (3 21, t h e  s t r i n g  " IS  FLOWER" would be s u b s t i t u t e d  
f o r  "A FLOWER IS" and t h i s  occur rence  o f  "A" would no longer  ap- 
pear  i n  t h e  workspace. 

The rule i n  l i n e  5 causes  a  p r i n t o u t  o f  t h e  message WS2 f o l -  
lowed by t h e  modif ied workspace. (See F i g u r e  2 . )  

I n s e r t i o n  
New m a t e r i a l  may be i n s e r t e d  i n t o  t h e  workspace by a  METEOR 

r u l e .  The r u l e  i n  l i n e  6 f i n d s  t h e  f i r s t  occu r r ence  of  "FLOWER" 
i n  t h e  workspace, and i n s e r t s ,  j u s t  a f t e r  i t ,  t h e  elements  "OF 
RED". The 1,  of  course ,  r e f e r s  t o  t h e  occu r r ence  of  "FLOWER" a s  
t h e  f i r s t  ( i n  t h i s  c a s e ,  t h e  on ly)  l e f t  h a l f  c o n s t i t u e n t  ( p a t t e r n  
e l emen t ) .  I n s e r t i o n s  can be made b e f o r e ,  a f t e r ,  o r  between e l e -  
ments of  t h e  workspace i d e n t i f i e d  (matched) by t h e  l e f t  h a l f  o f  
t h e  r u l e .  

Replacement i n  Context  
Suppose we wish t o  r e p l a c e  t h e  a r t i c l e  "A" by t h e  a r t i c l e  

"THE" whën i t  appears  immediately b e f o r e  t h e  word "FLOWER". The 
l e f t  h a l f  " ( A ) "  cannot  be used t o  l o c a t e  t h i s  occur rence  of "A".  
This  l e f t  h a l f  w i l l  l o c a t e  t h e  f i r s t  occu r r ence  of "A" i n  t h e  - 
workspace. However, t h e  "A" found by " ( A  FLOWER)" i s  t h e  appro- 
p r i a t e  one, i . e . ,  t h e  one immediately p reced ing  "FLOWER", and t h e  
s t a t e d  t r ans fo rma t ion  i s  performed by t h e  r u l e  i n  l i n e  7 .  Line  
8 p r i n t s  o u t  "WS3" and t h i s  t ransformed workspace. 

I f  on ly  a  l e f t  h a l f  appears  i n  a  r u l e ,  a s  i n  l ine  (91, an 
occu r r ence  of  "FLOWER" i s  found i n  t h e  workspace, bu t  no t r a n s -  
format ion  i s  made, and t h e  workspace remains unchanged. 

Dup l i ca t i on  
I tems matched by t h e  l e f t  h a l f  may be d u p l i c a t e d  i n  t h e  r i g h t  

h a l f  by mentioning them more than once.  For example, r u l e  10 in- 
s e r t s  ano the r  copy o f  "RED" i n t o  t h e  workspace immediately suc- 
ceeding  t h e  f i r s t  occu r r ence ,  and r u l e  11 p r i n t s  o u t  t h e  r e s u l t -  
ing  workspace fo l l owing  t h e  message "WS4". 

Unknown C o n s t i t u e n t s  
Sometirnes on ly  t h e  c o n t e x t  of  a  d e s i r e d  i tem i s  known. To 

l o c a t e  such an i tem we need a  n o t a t i o n  f o r  an unknown i tem.  ME- 
TEOR uses  t h e  symbol " ($ .1)"  ( t h a t  i s ,  l e f t  paren,  d o l l a r ,  pe r iod ,  
1 ,  r i g h t  p a r e n ) ,  which i s  s i m i l a r  t o  t h e  COMIT n o t a t i o n .  This  



symbol r e p r e s e n t s  any s i n g l e  unknown c o n s t i t u e n t .  I n  r u l e  12,  
t h e  " ($ .1 )"  i s  used t o  f i n d  t h e  item immedia te ly  a f t e r  "OF" i n  
t h e  workspace .  S i n c e  2  (which would r e f e r  t o  t h i s  i t em found by 
t h e  l e f t  h a l f )  does  n o t  a p p e a r  i n  t h e  r i g h t  h a l f ,  t h i s  i t e m  a f t e r  
"OF" ( i . e . ,  t h e  e lement  "RED") i s  d e l e t e d  by t h i s  r u l e .  

L e f t  h a l f  s e a r c h e s  a r e  made from l e f t  t o  r i g h t  i n  t h e  work- 
space :  t h e r e f o r e  "($ .1)"  can b e  used t o  f i n d  t h e  f i r s t  c o n s t i -  
t u e n t  i n  t h e  workspace .  Ru le  1 3  f i n d s  t h i s  f i r s t  c o n s t i t u e n t  and 
i n s e r t s  "QUESTION" immedia te ly  b e f o r e  i t .  L i n e  14 p r i n t s  o u t  t h e  
c o n t e n t s  o f  t h e  workspace  a f t e r  t h i s  t r a n s f o r m a t i o n .  

The n o t a t i o n  ($.n) i s  used t o  r e p r e s e n t  n  c o n s e c u t i v e  unknown 
c o n s t i t u e n t s ,  where n  may b e  any  i n t e g e r .  ~h;s i n  r u l e  15, "($.2)" 
r e f e r s  t o  t h e  2 c o n s t i t u e n t s  immedia te ly  b e f o r e  "FLOWER" and  ( $ . 3 )  
t o  t h e  3 c o n s t i t u e n t s  j u s t  a f t e r .  T h i s  r u l e  r e a r r a n g e s  t h e s e  con- 
s t i t u e n t ~  and t h e  m o d i f i e d  workspace  i s  p r i n t e d  o u t  by t h e  r u l e  
i n  l i n e  16, f o l l o w i i l g  t h e  niessage (WS6). 

For  a n  unknown number o f  c o n s t i t u e n t s  t h e  symbol "$" i s  used .  
I n  1 7  t h e  "$" w i l l  match a l 1  i t e m s  o f  t h e  workspace  between "FLOW- 
ER" and "ROSE". The r i g h t  h a l f  s p e c i f i e s  t h a t  t h e s e  i t e m s  a r e  t o  
b e  d e l e t e d .  The r e s u l t  i s  shown by t h e  o u t p u t  produced by 18, f o l -  
lowing t h e  WS7. S i n c e  "$" w i l l  match any  number o f  c o n s t i t u e n t s ,  
i n c l u d i n g  O ( z e r o ) ,  i t  can b e  used a l o n e  i n  t h e  l e f t  h a l f  t o  match 
t h e  e n t i r e  workspace,  and f o r  example, a s  i n  19, used t o  r e p l a c e  
t h e  e n t i r e  workspace  by a  new s t r i n g .  

L i n e  20 c o n t a i n s  a  s l i g h t l y  more complex r u l e  which moves t h e  
e lement  a f t e r  "START" t o  t h e  p o s i t i o n  b e f o r e  "Du .  The r e s u l t  i s  
p r i n t e d  o u t  by t h e  r u l e  i n  l i n e  21. 

L i n e  22 i s  a  s t a n d a r d  r u l e  t o  t e r m i n a t e  a  METEOR program.  A 
METEOR program w i l l  come t o  a  normal h a l t  i f  i t  e x e c u t e s  a  r u l e  
f o r  which t h e r e  i s  a  l e f t  h a l f  match ($ a l w a y s  g i v e s  such a  match) 
and  whose "go-to" i s  t h e  atom "END". I f  no such r u l e  ends  t h e  
program an e r r o r  o c c u r s ,  METEOR compla ins ,  and p r i n t s  o u t  an  er- 
r o r  s t a t e m e n t .  

Comments I n s i d e  a  METEOR Program 
The l i s t  t o  t h e  r i g h t  o f  t h e  second "*" i n  some r u l e s  a r e  

comments which a r e  i g n o r e d  by t h e  i n t e r p r e t e r .  However, t h e y  
t a k e  v a l u a b l e  s p a c e  w i t h i n  computer s t o r a g e  ( t h e y  a r e  r e a d  i n )  - 
and t h u s  comments s h o u l d  be  used s p a r i n g l y  i f  s p a c e  i s  t i g h t .  

Flow o f  C o n t r o l  
I n  t h e  program shown i n  F i g u r e  1  t h e  r u l e s  were  e x e c u t e d  se -  

q u e n t i a l l y ,  and no r u l e  was e x e c u t e d  more t h a n  o n c e .  However, r e -  
p e a t e d  o p e r a t i o n s  can b e  done by a  s i n g l e  r u l e .  I n  o r d e r  t o  a p p l y  



t h e  same r u l e  t o  t h e  workspace s e v e r a l  t imes ,  we g i v e  t h i s  rule a 
name, which we w r i t e  i n s t e a d  o f  t h e  l e f t - h a n d  Il*" . T h e n a m e o f  
t h e  f i r s t  rule i n  t h e  program i n  F i g u r e  3 i s  CHANGE. T h i s  name 
i s  a l s o  i n s e r t e d  i n s t e a d  o f  t h e  r i g h t - h a n d  "*". As l o n g  a s  t h e  
l e f t  h a l f  f i n d s  a match i n  t h e  workspace,  t h e  t r a n s f o r m a t i o n  in-  
d i c a t e d  by t h e  r i g h t  h a l f  w i l l  be  made, and c o n t r o l  goes t o  t h e  
r u l e  named by t h e  atom r e p l a c i n g  t h e  r i g h t  hand "*", i n  t h i s  c a s e  
CHANGE a g a i n .  The workspace i s  s e a r c h e d  from l e f t  t o  r i g h t  e a c h  
t ime  t h e  r u l e  i s  e n t e r e d .  CHANGE f i n d s  t h e  f i r s t  o c c u r r e n c e  o f  
"A ROSE", changes  i t  t o  "THE FWWER" and r e p e a t s .  When t h e r e  a r e  
no more o c c u r r e n c e s  of "A ROSE" i n  t h e  workspace,  t h e  l e f t  h a l f  
" f a i l s " ,  no t r a n s f o r m a t i o n  i s  made and c o n t r o l  goes  t o  t h e  n e x t  
r u l e  i n  sequence.  RULEl i s  t h i s  n e x t  r u l e .  RULEl t e s t s  t o  s e e  
i f  t h e r e  i s  an  o c c u r r e n c e  o f  "FLOWER" i n  t h e  workspace.  If t h e r e  
were  n o t ,  RULE2 would be i n t e r p r e t e d  n e x t .  However, i n  t h i s  case ,  
s i n c e  we have j u s t  i n s e r t e d  i n t o  t h e  workspace s e v e r a l  o c c u r r e n c e s  
o f  "FLOWER", t h e  l e f t  h a l f  succeeds  and c o n t r o l  goes  t o  RULE3. 

RULE3 t e s t s  f o r  t h e  o c c u r r e n c e  o f  "ROSE" i n  t h e  workspace,  
and i f  t h e r e  were  such a n  o c c u r r e n c e ,  c o n t r o l  would go back t o  
CHANGE. There  a r e  none i n  t h i s  c a s e  and c o n t r o l  p a s s e s  t o  t h e  
n e x t  s e q u e n t i a l  r u l e  - i n  l i n e  5 ( a n  unnamed r u l e ) .  

I t  i s  sometimes d e s i r a b l e  t o  r e v e r s e  t h e  normal f low of  con- 
t r o l ,  t h a t  i s ,  t o  go t o  t h e  nex t  r u l e  when t h e  l e f t  h a l f  f i n d s  a 
match and t h e  t r a n s f o r m a t i o n  i s  made, and c o n v e r s e l y ,  t o  go t o  t h e  
r u l e  s p e c i f i e d  i n  t h e  "go-ton on f a i l u r e  o f  t h e  l e f t  h a l f .  For  
example, t h i s  a l l o w s  t h e  program t o  e x i t  from t h e  midd le  o f  a 
m u l t i - r u l e  loop  on f a i l u r e  o f  a c o n d i t i o n .  T h i s  t y p e  o f  f low i s  
i n d i c a t e d  i n  l i n e  5 and l i n e  6 by t h e  "*" which i s  t h e  second 
e lement  o f  t h e  r u l e .  S i n c e  l i n e  5 i s  t h i s  r e v e r s e - f l o w  t y p e  o f  
r u l e ,  and s i n c e  t h e r e  a r e  no o c c u r r e n c e s  o f  "ROSE" i n  t h e  work- 
space ,  t h e  l e f t  h a l f  f a i l s  and c o n t r o l  goes  t o  RULE2, which p r i n t s  
o u t  t h e  workspace, and t e r m i n a t e s  t h e  program. 

To review,  normal f low i s  t o  t h e  s p e c i f i e d  r u l e  on l e f t  h a l f  
s u c c e s s ,  and t o  t h e  n e x t  s e q u e n t i a l  r u l e  on l e f t  h a l f  f a i l u r e .  I f  
t h e  second e lement  o f  a r u l e  ( immedia te ly  f o l l o w i n g  t h e  name o r  
f i rS t  II*") i s  a "*" , t h i s  f low o f  c o n t r o l  i s  r e v e r s e d .  "*" i n  
t h e  go-to s p e c i f i e s  t h e  n e x t  s e q u e n t i a l  r u l e .  

FIGURE 3 

O. METEOR(( 
1 . (CHANGE ( A ROSE) (THE FLOWER) CHANGE (FLOW OF CONTROL) ) 
2 .  (RULE1 (FLOWER 1 RULE3 1 
3. (RULE2 * (("P WSP) ) END) 
4 .  (RULE3 (ROSE) CHAN GE 1 



5 .  ( *  * (ROSE) (FLOWER) RULE2 
6 .  * * ( (*P WSEND) END) 
7 .  ) (A ROSE I S  A ROSE I S  A ROSE)) 

a .  Program 

(WSP) 
(THE FLOWER I S  THE FLOWER I S  THE FLOWER) 

b. P r i n t o u t  

Temporary S t o r a g e  ( S h e l v e s )  
I n  t h e  example i n  F i g u r e  3, each t ime  t h e  r u l e  CHANGE i s  

e n t e r e d ,  t h e  e n t i r e  workspace i s  s ea r ched .  Succes s ive  s e a r c h e s  
can be made more e f f i c i e n t  by removing m a t e r i a l  a l r e a d y  searched ,  
and p l a c i n g  i t  on a  temporary s t o r a g e  a r e a  c a l l e d  a  s h e l f .  The 
program i n  F i g u r e  4 s t o r e s  m a t e r i a l  i n  one such a r e a  c a l l e d  
" SHELF1" . 

Temporary s t o r a g e  on t h e s e  s h e l v e s  i s  c o n t r o l l e d  by i n s t r u c -  
t i o n s  i n  t h e  " rou t i ng"  s e c t i o n  of  t h e  r u l e ;  t h e  r o u t i n g  s e c t i o n  
i s  a  l i s t  s t a r t i n g  w i th  t h e  atom "/". The r o u t i n g  i n s t r u c t i o n  i n  
l i n e  1  o f  F i g u r e  4 queues o n t 0  t h e  r i g h t  end o f  SHELFl ( i n  a  f i r s t -  
i n  f i r s t - o u t  l i s t )  t h e  i t ems  a s s o c i a t e d  w i t h  1  by t h e  l e f t  h a l f  
( i . e . ,  t h e  ones  matched by t h e  $1, and t h e  word "PRETTY". T h i s  i s  
r e p e a t e d  a s  many t imes  a s  t h e  l e f t  h a l f  match succeeds .  

When c o n t r o l  i s  f i n a l l y  t r a n s f e r r e d  t o  t h e  rule i n  l i n e  2 o f  
F i g u r e  4 ,  A l 1  t h e  m a t e r i a l  on t h i s  s h e l f  i s  r e - i n s e r t e d  i n t o  t h e  
workspace.  I t  i s  c a l l e d  i n  by t h e  l i s t  "(*A SHELF1)" i n  t h e  r i g h t  
h a l f  o f  t h e  r u l e .  A "(*N SHELF1)ll would r e t r i e v e  t h e  - Next o r  
f i r s t  i t em o n l y  of  t h i s  s h e l f .  

Any t ype  of  i tem which can be i n s e r t e d  i n t o  t h e  workspace by 
a  r i g h t  h a l f  rule can be pu t  on t0  a  s h e l f  through a  r o u t i n g  i n -  
s t r u c t i o n .  Th i s  i s  i l l u s t r a t e d  by t h e  r u l e  on l i n e s  7 and 8. 

Another t y p e  o f  r o u t i n g  i n s t r u c t i o n  i s  i l l u s t r a t e d  i n  l i n e  2 
Thi s  "*D" r o u t i n g  i n s t r u c t i o n  makes RULE3 t h e  "go-to value"  o f  
PNTRET. Thus a f t e r  t r a n s f e r r i n g  t o  PRNTWS, and i n t e r p r e t i n g  t h i s  
r u l e ,  t h e  i n t e r p r e t e r  t r e a t s  the go-to "PNTRET" a s  i f  i t  were 
"RULE3". Th i s  "go-to value"  f o r  PNTRET i s  r e s e t  a g a i n  i n  l i n e  8. 
S e t t i n g  t h e  "go-to value"  o f  a  r e t u r n  a l l o w s  ea sy  a c c e s s  and re- 
t u r n  from s t a n d a r d  r o u t i n e s  such a s  p r i n t  r o u t i n e s  o r  r e a d  rou- 
t i n e s .  

F i g u r e  5 shows a  method used f o r  communicating w i th  r e c u r s i v e  
s u b r o u t i n e s .  The "$" i n  t h e  go-to causes  t h e  f i r s t  e lement  o f  t h e  



FIGURE 4 

METEOR ( ( 
( CHANGE ($ ROSE) ( FLOWER) ( / ( *Q SHELFl 1 PRETTY) ) CHANGE) 
(* ($1 ( ( " A S H E L F ~ )  1)  (/(*D PNTRETRULE3)) *) 
(PRNTWS * ( ( * P  THE WORKSPACE 1s) PNTRET) 
(RULE2 ($1 END 1 
(RULE3 ( ( $ . I l  ( $ . I l )  0 (/(*Si ODD 1) (*Q EVEN 2) ("D PNTRET RULE3)) 

PRNTWS (THIS I S  A CONTINUATION OF THE PREVIOUS CARD) ) 
( *  ($1 ((*A ODD) (*N EVEN) ( /  (*Q ODD (*N EVEN) ONLY) 

( * P  ODD EVEN) (*D PNTRET RULE211 PRNTWS) 
) (A ROSE I S  A ROSE IS A ROSE)) 

a .  P r o g r a m  

(THE WORKSPACE 1 s )  
(A PRETTY FLOWER I S  A PRETTY FLOWER IS A PRETTY FLOWER) 
(THE WORKSPACE 1s) 
(FLOWER IS  A PRETTY FLOWER I S  A PRETTY FLOWER) 
(THE WORKSPACE 1s) 
(A PRETTY FLOWER I S  A PRETTY FLOWER) 
(THE WORKSPACE 1s) 
(FLOWER IS A PRETTY FLOWER) 
(THE WORKSPACE 1 s )  
(A PRETTY FLOWER) 
(THE WORKSPACE 1s) 
( FLOWER 
(SHELF ODD CONTAINS ( 1 s  ONLY)) 
(SHELF EVEN CONTAINS (PRETTY I S  PRETTY)) 
(THE WORKSPACE 1s) 
(A FLOWER A FLOWER A PRETTY) 

b. P r i n t o u t  



FIGURE 5 

METEOR ( ( 
(*  ( ( $ . l ) )  $1 
(BLAH ($1 END) 
(RULE ($1 END) 
( RULE BLAH ) ) 

FIGURE 6 

O. METEOR( ( 
1 .  (DEAL ($1 $1) ((FN A D D l  1 ) )  ( / (*S * 1 2 ) )  *) 
2 .  (" " ($2) PRINT) 
3 .  ( *  (5)  ((QUOTE 1 ) )  DEAL) 
4 .  (* ($1 DEAL) 
5. (PRINT ($1 ( / ("P / ) )  END 
6. ) ( 1  H l  H2 H3 H4 C l  C2 C 3  C4 D l  D2 D3 D4 S1 S2 S3 S4) )  

a .  Program 

( 4 (S4 D4 C4 H4) 3 (S3 D3 C3 H3) 2 (S2 D2 C2 H2) 1 (S1 D l  C l  H l ) )  

b .  P r i n t o u t  



workspace (no t  - i t s  s u b s c r i p t  a s  i n  COMIT) t o  be taken a s  t h e  "go- 
to" f o r  t h i s  r u l e .  I f  a  s t a c k  of r e t u r n s  i s  s t o r e d  on a  s h e l f  
( i n  a  pushdown l i s t )  and i n s e r t e d  i n t o  t h e  workspace, s u c c e s s i v e  
r e t u r n s  can be made from r e c u r s i v e  s u b r o u t i n e s .  This  of  cou r se  
l e a v e s  a  r e s i d u e  ( t h e  r e t u r n )  i n  t h e  workspace. I n  F igu re  5 ,  
c o n t r o l  would pass  from t h e  f i r s t  r u l e  t o  t h e  one l a b e l e d  RULE. 

F igu re  6 i s  t h e  l i s t i n g  and p r i n t o u t  from a  program which 
"dea l s  cards t l  ont0 she lves  1 ,  2, 3 and 4,  s t a r t i n g  wi th  t h e  "deck 
of  cards"  i n  t h e  workspace. Note t h a t  i n t e g e r  1, which i s  t h e  
f i r s t  element of  t h e  workspace, i s  no t  a  "card" bu t  w i l l  be used 
a s  an i n d i c a t o r  i n  s h e l v i n g  ( t h i s  i s  exp la ined  i n  more d e t a i l  
below) . 

I n  t h e  f i r s t  r u l e  "$1" has been used i n s t e a d  o f  t h e  " ($.1)" 
p r e v i o u s l y  desc r ibed .  S t r i c t l y  a s  a  t yp ing  convenience,  because 
t hey  a r e  used so  o f t e n ,  $1, $2, and $3 have been made s p e c i a l  
symbols which a r e  i n t e r p r e t e d  a s  ( $ . I l ,  ( $ .2 )  and ($ .3 )  respec-  
t i v e l y .  Thus t h e  f i r s t  r u l e  matches t h e  f i r s t  two e lements  o f  
t h e  workspace. The r i g h t  h a l f  of  t h i s  rule i n d i c a t e s  t h a t  t h e s e  
two elements  a r e  t o  be t ransformed i n t o  a  s i n g l e  e lement  which 
i s  t h e  r e s u l t  o f  app ly ing  t h e  LISP f u n c t i o n  A D D l  t o  t h e  f i r s t  
e lement  matched by t h e  l e f t  h a l f ,  which i s ,  t h e  f i r s t  t ime, t h e  
number 1 ,  and, t h e  second t ime,  t h e  number 2 .  The LISP f u n c t i o n  
i s  tagged by a  "FN" f o r  t h e  METEOR i n t e r p r e t e r .  

I n  t h e  r o u t i n g  i n s t r u c t i o n ,  t h e  *S s t o r e s  a  card ,  t h e  second 
element  matched ( l a b e l e d  21, on t0  a  s h e l f .  The s h e l f  name i s  
s p e c i f i e d  i n d i r e c t l y .  The "*" immediately fo l l owing  t h e  *S i n -  
d i c a t e s  t h i s  i n d i r e c t  a d d r e s s i n g .  The element  o f  t h e  workspace 
i n d i c a t e d  by t h e  "1" fo l l owing  t h e  "*" s p e c i f i e s  t h e  s h e l f  name; 
t h a t  i s ,  t h e  s h e l f  name w i l l  be t h e  number i n  t h e  workspace which 
i s  matched by t h e  f i r s t  $1 i n  t h e  l e f t  h a l f .  

The r u l e  on l i n e  3 i l l u s t r a t e s  t h e  use o f  a  quoted number i n  
a  r i g h t  h a l f .  A l e f t  h a l f  match w i l l  be found f o r  t h i s  r u l e  i f  
5 i s  t h e  f i r s t  element of  t h e  workspace. I f  the match i s  found, 
t h e  5 w i l l  be r ep l aced  by t h e  numeral 1 .  I f  1  were n o t  quoted,  
t h i s  "1" i n  t h e  r i g h t  h a l f  would be i n t e r p r e t e d  a s  t h e  f i r s t  e l e -  
ment matched i n  t h e  l e f t  h a l f ,  which i s  no t  t h e  t r ans fo rma t ion  
in t ended .  

I n  t h e  r o u t i n g  s e c t i o n  o f  t h e  rule l a b e l e d  "PRINT", t h e  
r o u t i n g  i n s t r u c t i o n  "(*P / ) "  causes  t h e  c o n t e n t s  o f  a l 1  s h e l v e s  
t o  be p r i n t e d ,  a s  shown i n  F igu re  6b .  The c o n t e n t s  o f  s h e l v e s  
4 ,  3, 2, and 1  immediately fo l low t h e  l a b e l  i n  t h e  p r i n t o u t .  



FIGURE 7 

F u l l  P r i n t o u t  G i v e n  by L I S P  f o r  a Sample METEOR P r o g r a m  

FUNCTION EVALQUOTE HAS BEEN ENTERED, ARGUMENTS.. 
METEOR 
( ( t *  DICT (BOY ((BOY / NOUN H E ) ) )  

(GIRL ( (GIRL / NOUN SHE) 1 ) )  
(LOOKUP ((WORD ( $ . 1 ) ) )  O ( /  (*Q SENT (FN GETDCT WORD DICT))  

(*P SENT) ) LOOKUP) 
(* ($) ( (*A SENT) ) END) ) 

(THE BOY AND GIRL) ) 

(SHELF SENT CONTAINS (THE))  
(SHELF SENT CONTAINS (THE (BOY / NOUN H E ) ) )  
(SHELF SENT CONTAINS (THE (BOY / NOUN HE) AND)) 
(SHELF SENT CONTAINS (THE (BOY / NOüN HE) AND (GIRL / NOUN S H E ) ) )  

END OF EVALQUOTE , VALUE IS . . 
THE (BOY / NOUN HE) AND (GIRL / NOUN S H E ) ) )  

FIGURE 8 

FUNCTION EVALQUOTE HAS BEEN ENTERED, ARGUMENTS.. 
METEOR 
( ( ( *  ((BOY / NOUN SING))  ((* /  AND 1 (DOG / NOL% MALE)) 
(*/ OR 1 (BOY / SMALL MALE) ) (*/ SUBST 1 (MAN / MALE) ) ) 
END) (THE (BOY / NOUN SING SMALL) AT HOME) 

END OF EVALQUOTE , VALUE 1s. . 
(THE (BOY / NOUN) (BOY / NOUN SING SMALL MALE) (BOY / MALE) AT HOME) 

FIGURE 9 

METEOR 
(((* ( ( $ . i l  1s ( $ . 2 )  $ THERE) ( ( * K  1 2 3 4 ) )  END)) 
(WHO I T  I S  AT M Y  DOOR I S  THERE NOW) 

END OF EVALQUOTE, VALUE 1s.. 
(WHO ( I T  I S  AT M Y  DOOR 1 s )  NOW) 



FIGURE 10 

METEOR 
( ( (  * (1s ($.1)) ( 1  (*E 2 ) )  END)) 
( 1 s  (ANYBODY AT HOME) NOW) 

END OF EVALQUOTE, VALUE 1s.. 
( 1 s  ANYBODY AT HOME NOW) 

D i c t i o n a r y  Rule and R e t r i e v a l  
F igu re  7 i l l u s t r a t e s  a  type  of  rule which s t o r e s  d e f i n i t i o n s  

o f  words f o r  very f a s t ,  hash-code r e t r i e v a l .  This  type  of  r u l e  i s  
i n d i c a t e d  by a  second element which i s  a tomic ( n o t  a  i i s t )  and 
which i s  no t  le*" . The remainder of t h e  l i s t  i s  i n t e r p r e t e d  a s  a  
l i s t  of  a s s o c i a t e d  p a i r s ,  and r e t r i e v a l  done by t h e  LISP f u n c t i o n  
GETDCT o b t a i n s  t h e  second member, g iven  t h e  f i r s t .  The r e t r i e v a l  
method i s  very f a s t  and new d e f i n i t i o n s  can be  added a t  any time. 
I n  t h i s  program t h e  "(*P SENT)" causes  t h e  p r i n t o u t  o f  t h e  con- 
t e n t s  of  t h e  s h e l f  SENT. 

F igu re  8 i l l u s t r a t e s  t h e  use of s u b s c r i p t e d  ( l a b e l e d )  atoms 
and t h e  t h r e e  modes by which s u b s c r i p t s  can be  merged; i . e . ,  in- 
t e r s e c t i o n ,  union, and s u b s t i t u t i o n .  The "*/" i n d i c a t e s  t h a t  sub- 
s c r i p t s  of t h e  c o n s t i t u e n t s  should be merged. 

The program i n  F igu re  9 shows how s e v e r a l  e lements  of  t h e  
workspace can be "compressed" (by t h e  *K i n  t h e  r i g h t  h a l f )  so a s  
t o  be t r e a t e d  a s  a  s i n g l e  item, a  l i s t  of  t h e s e  elements .  The 
program i n  F igure  10 performs t h e  i n v e r s e  o f  t h i s  compression 
o p e r a t i o n  and expands (wi th  t h e  *El a  - l i s t  which i s  a  s i n g l e  item 
i n  t h e  workspace, and b r i n g s  t h e  elements  o f  t h i s  l i s t  t o  t h e  
" top  l eve l l '  of  t h e  workspace. 

A l i s t  of  c h a r a c t e r s  can be compressed (with a  *C o p e r a t o r  
on t h e  r i g h t )  t o  form a  s i n g l e  atom whose p r i n t  name i s  t h i s  
s t r i n g  o f  c h a r a c t e r s .  An atom can be expanded i n t o  a  l i s t  o f  i t s  
c h a r a c t e r s  by a  *E o p e r a t i o n  i n  t h e  r i g h t  h a l f .  These o p e r a t i o n s  
a r e  i l l u s t r a t e d  i n  t h e  two programs i n  F i g u r e  11.  

This  has  been a  very b r i e f  survey, by example, of  some of  t h e  
types  of  o p e r a t i o n s  t h a t  can be done w i t h i n  a  METEOR program. The 
remainder of t h e  r e p o r t  g ives  exac t  s p e c i f i c a t i o n s  f o r  t h e  program. 

III.  S p e c i f i c a t i o n s  f o r  a  METEOR Program 

METEOR i s  a  LISP func t ion  of  two arguments, RULES, a  l i s t  o f  
t h e  t r ans fo rma t ion  r u l e s  t o  be  app l i ed ,  and WORKSPACE, t h e  l i s t  



o r  s t r i n g  t o  which t h e s e  t r a n s f o r m a t i o n s  a r e  t o  be a p p l i e d .  The 
f low o f  c o n t r o l  frorn one r u l e  t o  ano the r  w i l l  be d e s c r i b e d  below. 
F i g u r e  1  i s  an example o f  a  METEOR program, and i t s  use  under t h e  
LISP sÿstem.  

FIGURE I I  

METEOR 
$ 1  ( (*E 1 ) )  END)) ( GARBAGE PILE)) 
END OF EVALQUOTE, VALUE 1s. . 
( G  A R B A G E  PILE) 

METEOR 
( (  * ( $ 1 2  ( (*C 1 2 ) )  END)) ( F O O O N M E ) )  
END OF EVALQIJOTE , VALUE 1s. . 
(FOO ON ME) 

FIGURE 12  

(RULE1 * ( 1  $ 2  1  ( /  (*S SHOT 1 ) )  NEXT (COMMENT) 1 

Rule Go-to L e f t - h a l f  R ~ ~ ~ ~ -  Rout ing Go- t o  commen t 
name r e v e r s e  p a t t e r n  

h a l f  
S e c t i o n  

A .  A METEOR Rule  
An i n d i v i d u a l  METEOR r u l e  i s  a  l i s t  o f  no t  l e s s  than two nor 

more than seven e l emen t s .  A n  example of  a  complete  r u l e  i s  found 
i n  F i g u r e  12 .  The f i r s t  e lement  o f  t h e  r u l e  i s  c a l l e d  t h e  " r u l e  
name", and i t  must be p r e s e n t .  I t  must be a  LISP atom, and i s  
e i t h e r  t h e  atom "*" o r  a  unique atorn ( i . e . ,  no o t h e r  rule may 
have t h i s  name). 

The second element  o f  t h e  l i s t  i s  o p t i o n a l .  I t  t oo  may be 
1'*'1, a I1*T1', a "*UW, o r  a n o t h e r  LISP atom. I f  i t  i s  " * I l ,  normal 
f low o f  c o n t r o l  i s  r e v e r s e d .  Normal f low of  c o n t r o l  i n  a  METEOR 
program i s  a s  f o l l ows :  

1 .  I f  a  match i s  found between t h e  p a t t e r n  e lement  of  t h e  
r u l e  and t h e  workspace, c o n t r o l  i s  passed t o  t h e  r u l e  s p e c i f i e d  
by t h e  atom i n  t h e  "go-to" s e c t i o n  of  t h i s  r u l e .  



2.  Otherwise  c o n t r o l  pa s se s  t o  t h e  n e x t  r u l e  i n  t h e  l i s t  
RULES. 

I f  t h i s  second e lement  i s  a  *Tt t r a c i n g  i s  t u rned  on ;  t h a t  
i s ,  b e f o r e  any r u l e  i s  execu ted ,  t h e  c o n t e n t s  o f  t h e  workspace 
and t h i s  r u l e  a r e  p r i n t e d  o u t .  T h i s  c o n t i n u e s  f o r  every  r u l e  
eve ry  t ime  i t  i s  execu ted  u n t i l  a  r u l e  whose second e lement  i s  
*U i s  encounte red .  Th i s  *U t u r n s  o f f  t h e  t r a c i n g .  Encoun t e r i ng  
*T i n  t r a c e  mode, o r  a  *U i n  n o n t r a c e  mode has  no e f f e c t .  

I f  t h e  second e lement  o f  a  r u l e  i s  a  *M, then  t h i s  r u l e  w i l l  
be  t r a c e d  each t ime  i t  i s  encounte red  b u t  g e n e r a l  t r a c i n g  w i l l  
n o t  be  t u rned  on.  T h i s  means t h a t  when t h e  r u l e  i s  encounte red ,  
t h e  workspace i s  p r i n t e d  o u t  fo l lowed  by a  p r i n t o u t  o f  t h e  r u l e  
and t hen  fo l lowed  by a  p r i n t o u t  o f  t h e  r e s u l t i n g  workspace i f  
t h e  workspace has  been changed. 

I f  t h e  second e lement  o f  t h e  rule i s  an atom o t h e r  than  "*", 
"*TV', o r  "*U", f o r  example "DICT", t h e  remainder  o f  t h e  r u l e  i s  
i n t e r p r e t e d  a s  a  l i s t  o f  d i c t i o n a r y  e n t r i e s  t o  be  made. When t h e  
e n t r i e s  a r e  made, c o n t r o l  w i l l  a u t o m a t i c a l l y  p a s s  t o  t h e  fo l low-  
i n g  r u l e .  The l i s t  o f  d i c t i o n a r y  e n t r i e s  i s  a  l i s t  of  p a i r s  which 
i s  used a s  an argument f o r  the LISP f u n c t i o n  DEFLIST. The f i r s t  
member of  each p a i r  must be  an atom and t h e  second a  d i c t i o n a r y  
e n t r y  f o r  t h i s  atom. The d i c t i o n a r y  e n t r y  i s  s t o r e d  permanent ly  
( f o r  t h e  e n t i r e  LISP run)  on t h e  p r o p e r t y  l i s t  o f  t h e  i n d i c a t e d  
atom. The e lement  which i n t roduced  t h e  d i c t i o n a r y  r u l e ,  i n  t h i s  
c a s e  "DICT", i s  used a s  a  f l a g  t o  mark t h i s  e n t r y  on t h e  p r o p e r t y  
l i s t  o f  t h e  atom. Thus s e v e r a l  d i c t i o n a r y  e n t r i e s  w i th  d i f f e r e n t  
f l a g s  can be made f o r  a  s i n g l e  atom, and each may be  r e t r i e v e d  
l a t e r  (by t h e  f u n c t i o n  GETDCT, d e s c r i b e d  be low) .  R e t r i e v a l  from 
t h e  d i c t i o n a r y  i s  ve ry  f a s t  because  LISP u se s  a  hash-coded "buck- 
e t  s o r t "  on r e a d i n  t o  f i n d  t h e  p r o p e r t y  l i s t s  o f  atoms, and t h e r e  
i s  immediate a c c e s s  t o  t h e s e  p r o p e r t y  l i s t s  when d i c t i o n a r y  look- 
up i s  performed.  

The t h i r d  e lement  o f  t h e  r u l e  i s  a  p a t t e r n  s t a t emen t ,  which 
i s  used t o  s e l e c t  r e l e v a n t  i t ems  from t h e  workspace.  Th i s  t h i r d  
e lement  must be  p r e s e n t ,  and - must be  a  l i s t .  I f  t h e  workspace 
"matches" t h i s  p a t t e r n  (how a  match i s  a ch i eved  i s  d e s c r i b e d  be- 
low),  t h e  r e s t  of  t h e  r u l e  i s  i n t e r p r e t e d .  I f  no t ,  immediate 
t r a n s f e r  i s  made t o  a n o t h e r  r u l e .  

The f o u r t h  e lement  o f  t h e  r u l e  i s  t h e  atom O ( z e r o )  o r  a  
l i s t ,  which d e s c r i b e s  t h e  t rans formed  workspace.  T h i s  e lement  i s  
o p t i o n a l .  I f  i t  i s  no t  p r e s e n t ,  t h e  workspace remains  unchanged. 

The f i f t h  e lement  i s  an  o p t i o n a l  l i s t  which i s  i d e n t i f i e d  by 
i t s  i n i t i a l  e lement ,  t h e  atom "/". Thi s  l i s t  i s  c a l l e d  t h e  rou t -  



i ng  s e c t i o n  of  t h e  r u l e ,  and i t  c o n t r o l s  temporary s t o r a g e  of 
d a t a  and m u l t i p l e  branching  of  flow of c o n t r o l .  

The s i x t h  element  i s  t h e  "go-to" s e c t i o n  and s p e c i f i e s  t o  
which r u l e  i n  t h e  l i s t  RULES c o n t r o l  w i l l  p a s s .  I t  must be an 
atom which i s  t h e  name of  some r u l e  i n  t h e  program, one which has  
been g iven  a  "go-to value" i n  t h e  r o u t i n g  s e c t i o n  of some previous-  
l y  executed  r u l e ,  o r  t h e  atom "END". I f  t h i s  s i x t h  element  i s  no t  
p r e s e n t ,  i t  i s  assumed t o  be "*". 

The seventh element  i s  an o p t i o n a l  l i s t  ignored by t h e  i n t e r -  
p r e t e r .  I t  may be p r e s e n t  on ly  i f  t h e  s i x t h  element  i s  p r e s e n t .  
S i n c e  i t  i s  ignored i t  may be  used t o  i n s e r t  comments on t h e  pro- 
gram. 

B. The P a t t e r n  S e c t i o n  o f  a  METEOR Rule ( t h e  " l e f t  ha l f " )  
Th i s  s e c t i o n ,  t h e  t h i r d  element o f  t h e  rule l i s t ,  i s  a  - l i s t  

o f  p a t t e r n s  which must be  matched i n  t h e  workspace. A match i s  
ach ieved  i f  each o f  t h e  i n d i v i d u a l  p a t t e r n s  matches some element  
o r  e lements  i n  t h e  workspace. These matched e lements  must be i n  
t h e  same o r d e r  a s  t h e  p a t t e r n s  appea r ing  i n  t h e  l i s t  o f  p a t t e r n s  
and form a  s i n g l e  cont iguous  s u b s t r i n g  i n  t h e  workspace. Search 
i s  done from l e f t  t o  r i g h t ,  and t h e  f i r s t  match ob ta ined  i s  used.  

The LISP f u n c t i o n  which o b t a i n s  t h e  match i s  c a l l e d  COMIT- 
MATCH. I t  i s  a  f u n c t i o n  o f  two arguments,  RULE and WORKSPACE. 
RULE i s  t h e  l i s t  of  p a t t e r n s  t o  be matched i n  t h e  l i s t  WORKSPACE. 
Each p a t t e r n  i s  a s s o c i a t e d  w i th  a  name and i f  a  match i s  achieved, 
t h e  va lue  o f  COMITMATCH i s  a  l i s t  of  p a i r s  c o n t a i n i n g  t h e  name 
and t h e  s u b s t r i n g  o f  t h e  workspace matched by t h e  p a t t e r n  co r r e s -  
ponding t o  t h i s  name. I f  no match i s  ach ieved ,  t h e  va lue  of  CO- 
MITMATCH i s  NIL. 

B1. D i r e c t  Match 
I f  an element o f  t h e  p a t t e r n  l i s t  i s  an  atom, i t  w i l l  match 

t h e  f i r s t  i d e n t i c a l  atom i n  t h e  workspace. I t  w i l l  a l s o  match an 
i tem i n  t h e  workspace which i s  a  l i s t ,  bu t  whose f i r s t  e lement  i s  
t h i s  atom and whose second element i s  "/". Thi s  l a t t e r  match i s  
u se fu l  i f  one wishes t o  l a b e l  atoms i n  t h e  workspace by a t t a c h i n g  
" s u b s c r i p t s "  t o  them. COMITMATCH w i l l  match s u b s c r i p t e d  and un- 
s u b s c r i p t e d  i t ems .  The usua l  form f o r  a  l a b e l e d  atom i s  a  l i s t  
of  t h e  form 

(atom / s u b s c r i p t l ,  s u b s c r i p t 2  . . .  s u b s c r i p t k )  

For example, t h e  atom "BOY" a s  a  p a t t e r n  element  w i l l  match t h e  
l i s t  "(BOY / NOUN SINGULAR)" appear ing  i n  t h e  workspace. However 
"(BOY / NOUN SINGULAR)" a s  a  p a t t e r n  element  w i l l  n o t  match "BOY" 



i n  t h e  workspace. (See s e c t i o n  B3.)  Th i s  t ype  of  d i r e c t  match 
can be done f o r  any l i s t  s t r u c t u r e  which can be cons idered  a  
s i n g l e  e lement .  For example, "(A B C ) "  w i l l  match, a s  a  s i n g l e  
e lement  i n  t h e  workspace, t h e  l i s t  "(A B C)". I f  t h e  workspace 
were (M N (A B C) P l ,  a  match would a l s o  be found f o r  t h e  s u b l i s t  
(A B C l .  

B2. "Dol la rs"  Match 
The p a t t e r n  word " ($ .1 ) "  w i l l  match any s i n g l e  element o f  

t h e  workspace. I n  gene ra l ,  t he  form "($.n)",  where n i s  any i n -  
t e g e r  g r e a t e r  than O, w i l l  match n consecu t ive  c o n s t i t u e n t s  of  
t h e  workspace. The atom "$" a l o n e  w i l l  match an i n d e f i n i t e  num- 
ber  of  e lements  of  t h e  workspace, i n c l u d i n g  ze ro .  Thus i f  "$" i s  
t h e  on ly  member of  t h e  p a t t e r n  l i s t ,  t h e r e  w i l l  always be a  match, 
even i f  t h e  workspace i s  nu l1  (empty) .  

As mentioned, $1, $2, and $3 a r e  accep ted  a b b r e v i a t i o n s  f o r  
( $ . i l ,  ($.2) and ($ .3) ;  b u t  $4, $5, . . .  w i l l  no t  be understood 
by t h e  METEOR i n  t e r p r e t e r  . 

The symbol $0 has a  s p e c i a l  f u n c t i o n  i n  t h e  l e f t  h a l f  of  a  
r u l e .  I f  i t  i s  t h e  l e f t -mos t  element of  a  rule, a  match w i l l  
on ly  be found i f  the succeeding elements  a r e  a t  t h e  l e f t  end o f  
t h e  workspace. For example, t h e  l e f t  h a l f  ($0 A) w i l l  on ly  suc- 
ceed i n  matching i f  t h e  f i r s t  element of  t h e  workspace i s  an A .  
I f  t h e  workspace were ( B  A C) t h i s  l e f t  h a l f  would f a i l .  

S i m i l a r l y ,  i f  $0 i s  t h e  l a s t  symbol i n  a  l e f t  h a l f ,  t h e  match 
w i l l  succeed i f  t h e  immediately preceding  symbols a r e  matched a t  
t h e  r i g h t  end of  t h e  workspace. For example, t h e  A i n  t h e  l e f t  
h a l f  (A $0) w i l l  match only  t h e  l a s t  A ( unde r l i ned )  i n  t h e  work- 
space (A B A C 4) .  The sea rch  i s  s t i l l  made from l e f t  t o  r i g h t .  

There a r e  f o u r  o the r  s p e c i a l  "do l l a r s "  matches. The l e f t  
h a l f  element ($. ATOM) w i l l  match any atomic (non- l i s t )  e lement .  
A s u b s c r i p t e d  element i s  a  l i s t ,  f o r  example. Converse ly ,  t h e  
l e f t  h a l f  element ($.LIST) mat ches  any non-at omic ( l i s t )  element S. 

The p a t t e r n  element ($.NUMBER) w i l l  match any element which i s  a  
number. F i n a l l y ,  t h e  l e f t  h a l f  element ($, item) where item i s  
anyth ing  except  "ATOM" o r  "LIST", w i l l  match any workspace net 
i d e n t i c a l  t o  item- For example, t h e  l e f t  h a l f  (A ($ .BI)  w i l l  
match t h e  f i r s t  occur rence  of an A not fo l lowed by a  B; t h a t  i s ,  
i n  t h e  workspace (C A B A A D I ,  t h e  A i n  t h e  l e f t  h a l f  w i l l  match 
t h e  second A i n  t h e  workspace. 

B3. S u b s c r i p t  Match 
A p a t t e r n  word of  t h e  form 

(e l emen t l  / s u b s c r i p t l  s u b s c r i p t  2 . .  . )  



w i l l  match a c o n s t i t u e n t  i n  t h e  workspace which has  t h e  same f i r s t  
e l ement ,  then "/" and then  a l i s t  o f  s u b s c r i p t s  which i n c l u d e  
t h o s e  ment ioned i n  t h e  p a t t e r n  word. A d d i t i o n a l  s u b s c r i p t s  may 
be p r e s e n t  i n  t h e  workspace e l e m e n t .  Order  o f  t h e  s u b s c r i p t s  i s  
unimpor t a n t .  

The f i r s t  e lement  "e lement l"  o f  t h i s  p a t t e r n  word may be 
e i t h e r  a n  atom which must be matched e x a c t l y  by t h e  workspace 
item, o r  be $1, o r  "($.1)", which w i l l  match any element .  One 
can  t h u s  f i n d  a word which has  s p e c i f i e d  l a b e l l i n g  ( s u b s c r i p t  ing)  
wi thou t  knowing t h e  words i t s e l f .  For example,  " ($1 / NOUN)" 
w i l l  match any e lement  i n  t h e  workspace l a b e l e d  a s  a noun, such 
a s  " (PLAT0 / MAN NOUN G R E K ) '  . 
B4. Names f o r  Lef t -Ha l f  Elements  

Each i n d i v i d u a l  p a t t e r n  i n  t h e  l e f t  h a l f  i s  a s s o c i a t e d  w i t h  
a name. When a match i s  found f o r  t h i s  i n d i v i d u a l  p a t t e r n ,  t h e  
matched p o r t i o n  o f  t h e  workspace i s  p a i r e d  w i t h  t h e  a s s o c i a t e d  
name. The names a s s o c i a t e d  w i t h  i n d i v i d u a l  p a t t e r n s  i n  t h e  pa t -  
t e r n  l i s t  a r e  s u c c e s s i v e  i n t e g e r s ,  i . e . ,  "1" w i t h  t h e  f i r s t  pa t -  
t e r n  e lement ,  "2" w i t h  t h e  second, e t c .  For  example, i n  F i g u r e  
1 2  t h e  name a s s o c i a t e d  w i t h  t h e  "($.1)" i s  "1" and w i t h  BE i s  "2". 
I f  a match were found f o r  t h i s  p a t t e r n ,  1 would be a s s o c i a t e d  w i t h  
t h e  e lement  i n  t h e  workspace immediate ly  p r e c e d i n g  "BE", and "2" 
would be  a s s o c i a t e d  w i t h  t h e  o c c u r r e n c e  o f  "BE" i n  t h e  workspace.  

B5. Matching w i t h  L e f t  Ha l f  Names 
Matching w i t h  t h e  l e f t  h a l f  p a t t e r n  i s  done from l e f t  t o  

r i g h t  i n  t h e  workspace.  To d e t e r m i n e  i f  an  e lement  a p p e a r s  t w i c e  
i n  t h e  workspace,  a match can be found f o r  a s i n g l e  e lement ,  and 
t h e  name a s s o c i a t e d  w i t h  t h i s  matched e lement  can be used l a t e r  
i n  t h e  l e f t  h a l f  t o  o b t a i n  a second match f o r  t h i s  e l e m e n t .  For 
example, i f  t h e  l e f t  h a l f  p a t t e r n  were  "($1 BE $ 1)". t h e  "$1" 
would match t h e  word p r e c e d i n g  "BE" i n  t h e  workspace,  and t h e  
f o u r t h  e lement  o f  t h i s  p a t t e r n  would match a l a t e r  o c c u r r e n c e  o f  
t h i s  same word. The f i r s t  o c c u r r e n c e  o f  t h e  word would be a s s o -  
c i a t e d  w i t h  t h e  name "l", and t h e  second o c c u r r e n c e  w i t h  t h e  name 
"4". I f  t h e  workspace were  "(THIS COULD BE THE WORD COULD)" t h e n  
t h e  l e f t  h a l f  p a t t e r n  above would match t h e  workspace,  and t h e  
l i s t  o f  a s s o c i a t e d  p a i r s  would be: ( ( 1  COULD) (2 BE) ( 3 0 H E  WORD)) 
( 4  COULD) . 

B6. LISP F u n c t i o n s  f o r  Matching 
I n  a d d i t i o n  t o  t h e s e  s t a n d a r d  p a t t e r n s  f o r  match ing ,  L ISP  

f u n c t i o n s  can be used t o  d e t e r m i n e  a match .  These  may be func-  
t i o n s  o f  any number o f  arguments ,  where t h e  f i r s t  argument i s  t h e  
workspace,  and t h e  r e s t  a r e  i t ems  found p r e v i o u s l y  by t h e  match.  
T h i s  f u n c t i o n  i s  used i n  t h e  l e f t  h a l f  p a t t e r n  i n  t h e  f o l l o w i n g  
fo rmat :  



(FN func t ion  namel, name2, ..., namek) 

"FN" i s  t h e  s i g n a l  used by t h e  i n t e r p r e t e r  t o  mark t h i s  type  o f  
f u n c t i o n  match. For " func t ion"  one may i n s e r t  t h e  name of  a 
f u n c t i o n  p rev ious ly  d e f i n e d  i n  LISP. Namel, ..., namek a r e  names 
a s s o c i a t e d  with elements  p rev ious ly  matched i n  t h i s  l e f t  h a l f  pat-  
t e r n .  I f  t h e r e  a r e  k such names, t h e  de f ined  f u n c t i o n  must have 
k t 1  arguments .  When matching, t h e  f i r s t  argument w i l l  be t h e  r e -  
mainder of t h e  workspace ( t h e  p a r t  no t  y e t  used i n  t h e  l e f t  h a l f  
match),  and t h e  o t h e r  arguments a r e  p rev ious ly  matched elements  
of  t h e  workspace a s s o c i a t e d  wi th  namel,... ,  namek. The va lue  
of  t h i s  func t ion  should be NIL i f  no match i s  found. I t  should 
be cons [ l i s t [m] ;  w] i f  t h e r e  i s  a match, where m i s  t h e  p o r t i o n  
of  t h e  workspace t h a t  i s  matched, and - w i s  t h e  Temainder of t h e  
workspace p a s t  t h e  matching e lements .  F igu re  13  i l l u s t r a t e s  t h e  
d e f i n i t i o n  and use o f  a match f u n c t i o n .  CARMATCH w i l l  f i n d  a 
match i f  t h e  f i r s t  element of  t h e  remaining workspace i s  t h e  same 
a s  t h e  f i r s t  l i s t  element of  t h e  l i s t  whose name i s  given a s  t h e  
second argument of CARMATCH. I n  use, t h e  unmatched p o r t i o n  of  
t h e  workspace i s  t h e  i m p l i c i t  f i r s t  argument of  CARMATCH. 

FIGURE 13  

Funct ion  D e f i n i t i o n  

DEFINE ( ( 
(CARMATCH (LAMBDA (WKSPACE LT) (COND 

((EQUAL (CAR LT) (CAR WKSPACE)) 
(CONS (LIST (CAR WKSPACE)) (CDR WKSPACE))) 

(T NIL) 1 )  
1 )  

Rule 

(* ($1 (FN CARMATCH 1 ) )  (2 1) "1 

B7. P r i n t i n g  t h e  Workspace 
I f  "((*P message))" i s  used on t h e  l e f t  s i de ,  no match w i l l  

be found, i . e . ,  t h e  l e f t  h a l f  w i l l  always f a i l ,  but  t h e  "message" 
w i l l  be p r i n t e d  o u t ,  fol lowed by a p r i n t o u t  of t h e  workspace. 
This  i s  u se fu l  i n  debugging, and f o r  o b t a i n i n g  in t e rmed ia t e  p r i n t -  
o u t s .  The workspace remains unchanged. 



B8.  Matching S p e c i a l  C h a r a c t e r s  
Seven c h a r a c t e r s  w i l l  n o t  be seen a s  c h a r a c t e r s  by t h e  LISP 

r e a d  r o u t i n e  b e c a u s e  t h e y  have s y n t a c t i c  meaning w i t h i n  LISP. 
They a r e :  

0 ,  - + .  [b lank  o r  space ]  

Thus t h e y  c a n n o t  a p p e a r  i n  METEOR r u l e s .  These  c h a r a c t e r s  w i l l  
be  r e a d  i n  however by t h e  METEOR r e a d e r ,  and can a p p e a r  i n  t h e  
workspace  ( s e e  b e l o w ) .  To w r i t e  a  r u l e  which t r i e s  t o  match one 
of t h e s e  c h a r a c t e r s  i n  t h e  workspace  - o r  t o  i n s e r t  such charac -  
t e r s  i n  t h e  workspace  - u s e  t h e  f o l l o w i n g  l i s t s  r e s p e c t i v e l y  
"(* LPAR)", " (*  RPAR)", "(* COMMA)", "(* DASH)", "(* PLUS)", 
"(* PERIOD)", and "(* BLANK) . 

The i n n e r  work ings  o f  METEOR a r e  a s  f o l l o w s  f o r  t h i s  c a s e ,  
f o r  t h o s e  who a r e  i n t e r e s t e d .  The second i t e m  i n  a  l i s t  s t a r t e d  
w i t h  a  "*" i s  e v a l u a t e d  by t h e  LISP f u n c t i o n  EVAL. The workspace  
i s  then  matched a g a i n s t  t h e  c o r r e c t  u n s p e a k a b l e  i tem,  o r  s a i d  
i t em i s  i n s e r t e d  i n t o  t h e  workspace  - whichever  i s  a p p r o p r i a t e .  
The "*** i n  t h i s  c a s e  i s  a c t i n g  a s  an "unquote"  o p e r a t o r .  The * 
o p e r a t o r  can be  used on t h e  r i g h t  t o  c a u s e  e v a l u a t i o n  o f  argu-  
ments  o f  a  f u n c t i o n .  Normal ly  arguments  o f  f u n c t i o n s  t agged  w i t h  
FN a r e  n o t  e v a l u a t e d .  

C. R i g h t  Hand S i d e  (Transformed Workspace) 
I f  a  match i s  o b t a i n e d  by t h e  l e f t  h a l f  p a t t e r n ,  t h e  i n t e r -  

p r e t e r  t h e n  u s e s  t h e  r i g h t  h a l f  ( t h e  f o u r t h  e lement  o f  t h e  r u l e )  
t o  d e t e r m i n e  i n  what way t h e  workspace  i s  t o  be  t r a n s f o r m e d .  Only 
t h o s e  e l e m e n t s  o f  t h e  workspace  u t i l i z e d  i n  t h e  l e f t  h a l f  match 
can be  a f f e c t e d  by t h e  r i g h t  h a l f  t r a n s f o r m a t i o n .  I f  t h e  r i g h t  
h a l f  i s  t h e  atom "O" ( z e r o )  then  a l 1  t h o s e  i t e m s  which were  
matched w i l l  be  d e l e t e d  from t h e  workspace .  

I f  t h e  r i g h t  h a l f  i s  n o t  t h e  atom "O", t h e n  i f  t h e  r i g h t  
h a l f  a p p e a r s  a t  a l l ,  i t  must  be  a  l i s t .  I f  t h e  r i g h t  h a l f  i s  
n o t  p r e s e n t  i n  a  r u l e ,  t h e  workspace  remains  unchanged.  

The r i g h t  h a l f  i s  a  l i s t  o f  e l e m e n t s .  Each e lement  w i l l  be  
r e p l a c e d  by t h e  i t em o r  i t e m s  i t  names, and t h e  r e s u l t i n g  s t r i n g  
p u t  i n  t h e  workspace  i n  p l a c e  o f  t h e  s u b s t r i n g  matched by t h e  
l e f t  h a l f .  The o n l y  way t o  a f f e c t  t h e  c o n t e n t s  o f  t h e  workspace  
i s  t h r o u g h  t h e  r i g h t  h a l f  r u l e .  T h i s  d i f f e r s  from COMIT, which 
a l l o w s  a d d i t i o n s  t o  and d e l e t i o n s  from t h e  workspace  under con- 
t r o l  from t h e  r o u t i n g  s e c t i o n .  T h i s  i s  n o t  a l lowed  i n  a  METEOR 
program. Al1 a d d i t i o n s  from temporary  s t o r a g e  " s h e l v e s "  a r e  done 
d i r e c t l y  from i n s t r u c t i o n s  i n  t h i s  r i g h t  h a l f .  



C l .  S u b s t i t u t i o n s ,  I n s e r t i o n s ,  and Rearrangement 
The names which appear  i n  t h e  r i g h t  hand s i d e  l i s t  can be of  

s e v e r a l  t ypes .  The f i r s t  i s  a name a s s o c i a t e d  wi th  a matched 
element .  I t s  va lue  i s  i t s  matching s u b s t r i n g  i n  t h e  workspace. 
The same name may appear  any number o f  t imes on t h e  r i g h t  hand 
s i d e .  Thus elements  of  t h e  workspace may be d u p l i c a t e d .  The 
names may appear i n  any o r d e r ,  and thus  e lements  can be r e a r -  
ranged .  

The second type  o f  name i s  an atom o r  l i s t  which i s  no t  a 
name of  t h i s  f i r s t  type, and - not  a l i s t  beg inning  w i t h  one o f  
t h e  seven c o n t r o l  c h a r a c t e r s  "*K,  *C, *E, */ ,  * N ,  *A, *W". Such 
an element  i s  a name f o r  i t s e l f ,  and w i l l  be  i n s e r t e d  d i r e c t l y  
i n t o  t h e  workspace; an atom w i l l  be i n s e r t e d  and a l i s t  w i l l  be 
conca tena ted  i n  t h e  workspace i n  t h e  p o s i t i o n  i n  which i t  ap- 
pea r s  i n  t h e  r i g h t  h a l f  l i s t .  For example, s e e  F igu re  14 below: 

FIGURE 14 

Rule 

(*  (DID  $1 GO) (2,DOES,3) *)  

Workspace 

Bef o r e  ( D I D  HE GO HOME TODAY) 
A f t e r  (HE DOES GO HOME TODAY) 

The element a s s o c i a t e d  w i th  t h e  name "2" ( i . e . ,  "HE") becomes t h e  
f i r s t  element,  t h e  atom DOES i s  then i n s e r t e d ,  and then t h e  e l e -  
ment a s s o c i a t e d  w i th  "3" i s  p laced  i n  t h e  workspace. S ince  t h e  
name "1" i s  used on t h e  l e f t  s i d e  bu t  no t  on t h e  r i g h t ,  t h e  e l e -  
ment p a i r e d  w i th  1 i s  d e l e t e d  from t h e  workspace. S ince  "HOME 
TODAY" i s  no t  mentioned i n  t h e  p a t t e r n ,  i t  i s  no t  a f f e c t e d  and 
remains a t  t h e  end of  t h e  workspace. 

To r e i t e r a t e ,  t h e  names a s s o c i a t e d  w i t h  matched l e f t  h a l f  
p a t t e r n s  a r e  t h e  i n t e g e r s  which s p e c i f y  the i r  p o s i t i o n  i n  t h i s  
p a t t e r n .  To i n s e r t  a given i n t e g e r ,  Say 3, i n  t h e  workspace, 
quo te  i t  i n  t h e  r i g h t  h a l f ,  i . e . ,  u se  t h e  element  "(QUOTE 3)" .  

C2. Compression and Expansion 
Sometimes i t  i s  d e s i r a b l e  t o  compress s e v e r a l  e lements  o f  

t h e  workspace i n t o  a s i n g l e  u n i t ,  o r  l i s t .  Th i s  i s  accomplished 
by us ing  a r i g h t  h a l f  e lement  which i s  a l i s t  whose f i r s t  e lement  
i s  "*K". The succeeding elements  o f  t h i s  l i s t  a r e  o f  any type  



which can be found i n  a  r i g h t  h a l f  r u l e  i n c l u d i n g  o t h e r  l i s t s  
s t a r t i n g  wi th  " * K u .  These i t ems  a r e  a l 1  p l aced  i n  t h e  workspace 
i n  a s i n g l e  l i s t .  F i g u r e  15 (below) g i v e s  an example of  t h i s  
t ype  of  r u l e  and i t s  o p e r a t i o n :  

FIGURE 15  

Workspace 

Be fo re  (WHERE WILL HE STAY TONIGHT) 
Af t e r  (WHERE HE (WILL STAY) TONIGHT) 

A n  i t em on t h e  r i g h t  may be o f  t h e  forrn: 

' I ( *C  narnel narne2 . . .  namek)" 

where narnel, ..., namek i d e n t i f y  e lements  which a r e  s i n g l e  charac-  
t e r s .  T h i s  e n t i r e  i t em on t h e  r i g h t  s i d e  w i l l  be r e p l a c e d  by an 
atorn whose p r i n t  name i s  t h e  l i s t  o f  c h a r a c t e r s  s p e c i f i e d .  An 
e r r o r  w i l l  r e s u l t  i f  one o f  t h e  elernents s p e c i f i e d  i s  no t  a  
s i n g l e  alphanurneric c h a r a c t e r .  

The i n v e r s e  o f  t h e s e  compression o p e r a t i o n s  can be  perforrnec 
by a  l i s t  o f  t h e  form 

"(*E namel)".  
I f  namel s p e c i f i e s  an atom, then  "(*E narnel)" w i l l  be r e p l a c e d  
by a l i s t  o f  t h e  l e t t e r s  i n  t h e  p r i n t  name o f  t h i s  atorn. I f  namel 
s p e c i f i e s  a  l i s t ,  t h e  l i s t  w i l l  be conca t ena t ed  i n t o  t h e  work- 
s p a c e .  F i g u r e  16 g i v e s  an exarnple o f  t h i s :  

FIGURE 16 

Workspace 

Before  (WHAT I S  (A METEOR PROGRAM)) 
Af t e r  (WHAT I S  A METEOR PROGRAM) 

C3. Reading and Wr i t i ng  Ope ra t i ons  
S t r i n g s  o f  atoms may be w r i t t e n  o u t  by an e lement  i n  t h e  

r i g h t  h a l f  which i s  a  l i s t  o f  t h e  forrn: 



(*W namel name2 . . .  namek).  

The l a s t  p a r t  o f  t h i s  l i s t  i s  t r e a t e d  a s  i f  i t  were  a  r i g h t  h a l f  
r u l e .  When i t  i s  e v a l u a t e d ,  i t  i s  a  l i s t .  The "*WW t h e n  c a u s e s  
t h e  atoms i n  t h i s  l i s t  t o  b e  p r i n t e d  o u t  w i t h o u t  s p a c e s .  I f  t h e s e  
atoms a r e  i n d i v i d u a l  c h a r a c t e r s ,  then  any sequence  o f  c h a r a c t e r s  
can b e  p r i n t e d .  Remember t h a t  s p e c i a l  c h a r a c t e r s  such  a s  " ( "  and  
")" e t c . ,  must  be  r e f e r r e d  t o  by "(* LPAR)" and "(*  RPAR)" e t c .  
To end t h e  p r i n t l i n e  t h e  l a s t  atom i n  t h e  s t r i n g  must  b e  "$EOR$". 
Any c h a r a c t e r s  i n  t h e  s t r i n g  p a s t  t h e  "$EOR$" w i l l  n o t  b e  p r i n t e d  
o u t .  The v a l u e  o f  t h i s  o p e r a t o r  (*W namel . . .  namek) i s  NIL. Thus 
a l t h o u g h  i t  a p p e a r s  i n  t h e  r i g h t  h a l f ,  i t  c o n t r i b u t e s  n o t h i n g  t o  
t h e  t r a n s f o r m e d  workspace .  For any  e l e m e n t  o f  t h e  l i s t  t o  b e  
p r i n t e d  which i s  n o t  a t o m i c  ( i . e . ,  a  l i s t ) ,  t h e  s t r i n g  "***" w i l l  
b e  p r i n t e d .  

C h a r a c t e r s  on c a r d s  may b e  r e a d  i n t o  t h e  workspace  ( o r  o n t 0  
s h e l v e s )  by a  l i s t  c o n t a i n i n g  t h e  s i n g l e  e l e m e n t  *R; t h e  l i s t  
"(*R)" i n  a  r i g h t  h a l f  w i l l  be  r e p l a c e d  by a  l i s t  o f  t h e  charac -  
t e r s  on t h e  n e x t  c a r d  r e a d .  The c a r d  image w i l l  b e  r e a d  from 
t a p e  i f  t a p e  i n p u t  i s  u s e d .  The l i s t  w i l l  end a f t e r  t h e  l a s t  non- 
b lank  c h a r a c t e r ,  and i s  a  maximum o f  7 2  columns.  The f i r s t  7 2  
columns a r e  r e a d  from a  c a r d .  I f  t h e  c a r d  i s  b lank  t h i s  l i s t  w i l l  
be empty.  I f  an "end o f  f i l e "  i s  e n c o u n t e r e d ,  t h e  e l e m e n t  $EOF$ 
w i l l  be  i n s e r t e d  i n t o  t h e  workspace .  

For example,  t h e  r u l e :  

w i l l  r e p l a c e  t h e  c o n t e n t s  o f  t h e  workspace  by a  l i s t  o f  c h a r a c -  
t e r s  on t h e  n e x t  c a r d .  I f  t h e  c a r d  i s  b l a n k ,  t h e  workspace  would 
t h e n  b e  t h e  n u l l .  The r u l e  

w i l l  c o n c a t e n a t e  t h i s  i n p u t  l i s t  o n t 0  t h e  r i g h t  end o f  t h e  work- 
s p a c e .  As ment ioned ( *  BLANK) w i l l  match b l a n k s  r e a d  i n  by t h i s  
r e a d  o p e r a  t i o n ,  e t c .  

C4. A d d i t i o n s  from Temporary S t o r a g e  
Sometimes i t  i s  c o n v e n i e n t  t o  remove t e m p o r a r i l y  c e r t a i n  

e l e m e n t s  from t h e  workspace .  For  example,  w h i l e  d o i n g  c e r t a i n  
l o n g  s e a r c h e s ,  p r e v i o u s l y  s e a r c h e d  i t e m s  may b e  p l a c e d  on tem- 
p o r a r y  s t o r a g e  a r e a s  c a l l e d  s h e l v e s  ( f rom t h e  COMIT t e r r n i n o l o g y ) .  
M a t e r i a l  i s  p l a c e d  on t h e  s h e l v e s  t h r o u g h  i n s t r u c t i o n s  g i v e n  i n  
t h e  r o u t i n g  s e c t i o n  o f  a  r u l e .  I t e m s  can b e  r e t u r n e d  from t h e s e  
s h e l v e s  and d e p o s i t e d  i n  t h e  workspace  by i n s t r u c t i o n s  i n  t h e  
r i g h t  h a l f  r u l e .  



A l i s t  i n  t h e  r i g h t  h a l f  c o n s i s t i n g  o f  t h e  e lements  "*A" f o l -  
lowed by a  s h e l f  name w i l l  be r e p l a c e d  by t h e  e n t i r e  c o n t e n t s  o f  
t h e  s h e l f ,  and t h e  s h e l f  w i l l  be empt ied .  For example, " ( * A  SHI)" 
i n  a  r i g h t  h a l f  r u l e  w i l l  b r i n g  t o  t he  workspace t h e  e n t i r e  con- 
t e n t s  of  s h e l f  named "SH1". 

A l i s t  of  t h e  form "(*N SHI)" w i l l  b r i n g  i n t o  t h e  workspace 
t h e  nex t  ( f i r s t )  e lement  o f  t h i s  s h e l f ,  i . e . ,  t h e  f i r s t  e lement  
of t h e  l i s t  which t h i s  s h e l f  c o n t a i n s .  T h i s  f i r s t  i tem i s  removed 
from t h e  s h e l f  by t h e  o p e r a t i o n .  I f  t h e  s h e l f  i s  empty a  " ( * N  SHlY' 
o r  " ( * A  SHI)" i s  i gno red .  These o p e r a t i o n s  a r e  performed from 
l e f t  t o  r i g h t ,  so  t h a t  a  r i g h t  h a l f  ( ( * N  SHI MK (*A SHI) would 
p l a c e  t h e  f i r s t  i tem from s h e l f  SH b e f o r e  t h e  MK and t h e  remainder  
a f t e r  . 

C 5 .  S u b s c r i p t  Combination i n  t h e  Right  Hal f  
A n  item of  t h e  workspace may have a s u b s c r i p t ,  o r  s u b s c r i p t s  

f o r  l a b e l i n g  pu rpose s .  ~ h e  format  f o r  such subsCr ip t ed  i t ems  i s :  

(atom / s u b s c r i p t l ,  . . . , s u b s c r i p t k )  . 

An i tem may have i t s  s u b s c r i p t s  modi f ied  by o p e r a t i o n s  i n  the 
r i g h t  h a l f .  Mod i f i c a t i on  i s  c o n t r o l l e d  by e lements  i n  t h e  r i g h t  
h a l f  which a r e  l i s t s  s t a r t i n g  w i th  t h e  atom "*/*'. The second i tem 
o f  t h e  m o d i f i e r  l i s t  s p e c i f i e s  t h e  method o f  combinat ion f o r  two 
s e t s  of  s u b s c r i p t s .  The s p e c i f y i n g  i tem may be one of  t h e  atoms, 
"AND" , "OR", o r  "SUBST". The t h i r d  and f o u r t h  e lements ,  s3 and 
s4, o f  t h e  m o d i f i e r  l i s t  a r e  t h e  names o f  t h e  i t ems  whose sub- 
s c r i p t s  a r e  t o  be merged. The t h i r d  i t e m m a y  s p e c i f y  an - atom i n  
t h e  workspace o r  a  s u b s c r i p t e d  e lement ,  b u t  t h e  f o u r t h  must name 
an e lement  which i s  a  l i s t  whose second element  i s  " / " .  An example 
o f  a  m o d i f i e r  l i s t  which cou ld  appear  i n  a  r i g h t  h a l f  i s  "(*/  OR 
BOY (MAN / MALE NOUN))". The r e s u l t i n g  e lement  i n  t h e  workspace 
would be "(BOY / MALE NOUN)". I f  t h e  second element  i n  the modi- 
f i e r  l i s t  i s  "AND", t h e  s u b s c r i p t s  o f  s 3  and s4 w i l l  be merged by 
l o g i c a l  c o n j u n c t i o n .  I f  t h e  i n t e r s e c t i o n  o f  t h e  two s u b s c r i p t  
s e t s  i s  empty, t h e  r e s u l t i n g  i tem would have no s u b s c r i p t s ,  and 
t h e  i t em i s  made a tomic,  e . g . ,  "BOY" i n s t e a d  o f  t h e  l i s t  "(BOY / lu.  

I f  t h e  second i tem i s  "OR", l o g i c a l  d i s j u n c t i o n  i s  used t o  
combine t h e  s u b s c r i p t s  o f  s 3  and s q .  I f  t h e  second i tem i s  a  
"SUBST" t h e  s u b s c r i p t s  of  sq a r e  s u b s t i t u t e d  f o r  t h o s e  of s3 .  
Other  methods of  combinat ion can e a s i l y  be added t o  t h e  program 
by modifying t h e  LISP f u n c t i o n  SBMERGE. F i g u r e  8 g i v e s  an example 
of  t h e  t h r e e  t ypes  o f  s u b s c r i p t  m o d i f i c a t i o n .  

I n  COMIT s u b s c r i p t s  o f  two e lements  a r e  merged by a  s p e c i a l  
p r o c e s s .  The i n t e r s e c t i o n  o f  t h e  two s e t s  of  s u b s c r i p t s  i s  found .  



I f  t h i s  i n t e r s e c t i o n  i s  no t  empty, i t  i s  used a s  t h e  s u b s c r i p t  
o f  t h e  r e s u l t i n g  e lement .  I f  t h e  i n t e r s e c t i o n  i s  empty, t h e  
s u b s c r i p t s  o f  t h e  second element  a r e  used w i t h  t h e  "head" o f  t h e  
f i r s t .  Th i s  merging o p e r a t i o n  can be  performed i n  METEOR by 
u s ing  a  second element  "MERGE", i n s t e a d  o f  "AND" o r  "OR". T h i s  
merging o p e r a t i o n  i s  a l s o  performed i f  an e lement  such a s  ( 2  / 
BOY TALL) appea r s  on t h e  r i g h t .  The s u b s c r i p t s  o f  t h e  e lement  
named 2  a r e  combined by a  "MERGE" wi th  an e lement  whose on ly  sub- 
s c r i p t s  a r e  BOY and TALL. I f  2  were (TOM / BOY PERSON), then  
t h e  e lement  r e s u l t i n g  from t h e  merge would be (TOM / BOY). I f  
2 were (TOM / PERSON), t h e  r e s u l t i n g  e lement  would be (TOM / BOY 
TALL) . 

D l .  The Rout ing S e c t i o n  o f  a  Rule  
The r o u t i n g  s e c t i o n  i s  a  l i s t  whose f i r s t  e lement  i s  t h e  

atom "/". Each subsequent  e lement  i s  a  l i s t ,  c a l l e d  a  r o u t i n g  
i n s t r u c t i o n ,  which beg in s  w i th  one o f  t h e  atoms "*S", "*Qfl, "*X", 
"*Pccf o r  "*Dtl. The n e x t  e lement  a f t e r  " ~ S " ,  "*Q1', OR "*Xi' i n  a  
r o u t i n g  i n s t r u c t i o n  names a  s h e l f  t o  be used.  For example (*S 
SH1 2) w i l l  s t o r e  on t h e  s h e l f  SHI, t h e  i t ems  which a r e  
named by 2 .  Except  f o r  t h e  atom "*", s h e l f  names may b e a n y  LISP 
atom, i n c l u d i n g  numbers o r  atoms a l r e a d y  used f o r  r u l e  names. 
She lve s  and t h e i r  c o n t e n t s  a r e  s t o r e d  a s  p a i r s  o f  t h e  form (name, 
c o n t e n t s )  on a  l i s t  a s s o c i a t e d  w i th  t h e  f r e e  v a r i a b l e  SHELF. Each 
t ime a  s h e l v i n g  o p e r a t i o n  i s  done, a  s e a r c h  i s  made through t h e  
l i s t  SHELF. Thus s h e l v i n g  o p e r a t i o n s  w i l l  be done more r a p i d l y  
i f  fewer s h e l f  names a r e  used.  

"*Sn w i l l  cause  i t ems  t o  be s t o r e d  on t h e  f r o n t  ( beg inn ing )  
of  t h e  s h e l f  named. The i tem l a s t  s t o r e d  by a  "*SW i n s t r u c t i o n  
w i l l  be  t h e  f i r s t  o b t a i n e d  by a  "*N" i t em i n  a  r i g h t  h a l f  i n s -  
t r u c t i o n .  A s h e l f  b u i l t  up by "*SW i n s t r u c t i o n s  i s  a  push down 
l i s t  w i t h  t h e  l a s t  i t em i n  f i r s t  o u t .  

A queue ( a  f i r s t - i n  f i r s t - o u t  l i s t )  can be b u i l t  up u s i n g  
t h e  "*Q" r o u t i n g  i n s t r u c t i o n .  "*Q1' queues i t ems  o n t 0  t h e  "back 
end" o f  t h e  s h e l f  named. 

The name o f  t h e  s h e l f  t o  be used may be s p e c i f i e d  d i r e c t l y  
a s  p r e v i o u s l y  i n d i c a t e d  o r  may be o b t a i n e d  from t h e  workspace.  
I f  t h e  second element  o f  t h e  r o u t i n g  i n s t r u c t i o n  i s  "*", then t h e  
t h i r d  i t em i s  t h e  name o f  a  workspace item ( t h e  name a s  found by 
the match r o u t i n e ) .  T h i s  workspace i tem i s  t h e  name o f  t h e  s h e l f  
t o  be  used.  (Th i s  d i f f e r s  from t h e  ~ 0 ~ 1 ~ X e t h o d  f o r  i n d i r e c t  ad- 
d r e s s i n g .  COMIT uses  a  s u b s c r i p t  of  t h e  workspace i tem t o  spec i -  
f y  t h e  name o f  a  s h e l f  i n d i r e c t l y .  METEOR may be e a s i l y  changed 
i n  t h i s  r e s p e c t  by changing t h e  f u n c t i o n  named "INDIRECT".) 



The i t ems  t o  be  p laced  on t h e  s h e l f  named a r e  s p e c i f i e d  by 
t h e  remainder  of  t h e  r o u t i n g  i n s t r u c t i o n .  A n  i tem t o  be she lved  
may be d e s c r i b e d  i n  any way used t o  d e s c r i b e  an i tem t o  be p u t  
i n t o  t h e  workspace by a  r i g h t  h a l f  r u l e .  I n  f a c t ,  t h e  same LISP 
f u n c t i o n  (COMITRINI i s  used both t o  c o l l e c t  on a  l i s t  t h e  i t ems  
t o  be she lved ,  and t o  a r r a n g e  t h e  t rans formed  p o r t i o n  of  t h e  work- 
s p a c e .  Copies  o f  m a t e r i a l  i n  t h e  workspace,  new atoms, and mat- 
e r i a l  from o t h e r  s h e l v e s  may be p l aced  d i r e c t l y  on t0  a  s h e l f  i n  
t h e  same way t h a t  t hey  a r e  p l aced  i n t o  t h e  workspace.  T h i s  i s  
a g a i n  d i f f e r e n t  from COMIT, where a l 1  i t ems  t o  be  she lved  must be 
moved through t h e  workspace.  

A r o u t i n g  i n s t r u c t i o n  s t a r t i n g  w i th  t h e  atom "*X" w i l l  ex- 
change t h e  c o n t e n t s  o f  t h e  s h e l f  named w i th  t h e  c o n t e n t s  o f  t h e  
workspace.  Remember t h a t  names used i n  t h e  r o u t i n g  i n s t r u c t i o n  
i n  t h i s  r u l e  s t i l l  r e f e r  t o  names a s s o c i a t e d  w i th  i t ems  found by 
t h e  l e f t  h a l f  match w i th  t h e  o r i g i n a l  workspace.  

A r o u t i n g  i n s t r u c t i o n  s t a r t i n g  w i t h  the atom "*Pl1 w i l l  p r i n t  
o u t  t h e  message (SHELF s  CONTAINS c)  f o r  each s h e l f  "s" named i n  
t h e  l i s t  f o l l o w i n g  t h e  "*Pl1. Only d i r e c t  a d d r e s s i n g  of  s h e l v e s  
i s  a l l owed .  "c" i s  t h e  c o n t e n t s  o f  t h e  s h e l f  named. Th i s  i n s -  
t r u c t i o n  i s  u s e f u l  i n  debugging programs. 

As an example, "(*P SH1 17 3 . 2  *Q)" i n  t h e  r o u t i n g  i n s t r u c -  
t i o n  o f  a  rule w i l l  p r i n t  o u t  t h e  c o n t e n t s  o f  t h e  s h e l v e s  named 
SH1, 17, 3 . 2 ,  and *Q, i n  t h a t  o r d e r .  (Note t h e  v a r i e t y  o f  a l low- 
a b l e  names.) "(*P /)" p r i n t s  out t h e  c o n t e n t s  of a l 1  she lve s .  

D2. The D i spa t che r  I n s t r u c t i o n  i n  t h e  Rout ing S e c t i o n  
The i n s t r u c t i o n  "*Dl1 i n  a  r o u t i n g  i n s t r u c t i o n  i s  t h e  o n l y  

one which a c t u a l l y  a f f e c t s  t h e  r o u t i n g  o f  c o n t r o l  i n  t h e  program. 
"*DW must be fo l lowed  by two atoms.  T h i s  p a i r  o f  atoms i s  p u t  a s  
a  p a i r  on t h e  l i s t  DISPCH. T h i s  l i s t  i s  s ea r ched  each t ime  a  
name i s  found i n  t h e  "go-to" s e c t i o n  o f  a  r u l e ,  and t h e  second 
member o f  t h e  p a i r  s u b s t i t u t e d  f o r  t h e  f i r s t .  I f  t h e  f i r s t  atom 
were, f o r  example, BRANCH, and t h e  second were RULE1, then  each 
t ime  BRANCH occu r s  i n  t h e  "go-to" s e c t i o n  of  a  r u l e  i t  i s  i n t e r -  
p r e t e d  a s  a  "go-to" t o  t h e  r u l e  named RULE1. Thus, "*Du p rov ide s  
a  method o f  s e t t i n g  a  sw i t ch  on an  n-way branch.  I t  may be r e -  
s e t  a t  any t ime t o  any va lue .  Any atom i n  t h e  "go-to" s e c t i o n  
f o r  which no v a l u e  has  been s e t  by a  "*D" r o u t i n g  i n s t r u c t i o n  i s  
assumed t o  be  i t s  own "go-to" va lue .  

E.  The Go-To S e c t i o n  o f  a  Rule  
The s i x t h  ( o p t i o n a l )  e lement  o f  a  r u l e  i s  an atom which t e l l s  

which rule i s  t o  be  used n e x t .  I f  i t  i s  t h e  atom "*" ( o r  i s  ab- 
s e n t )  c o n t r o l  p a s s e s  t o  the nex t  r u l e  i n  t h e  l i s t  RULES. I f  i t  i s  
an  atom, which has no t  been given a  "go-to" va lue  by a  "*D" i n s -  



t r u c t i o n  i n  some r o u t i n g  i n s t r u c t i o n ,  then  t h i s  atom i s  t h e  name 
o f  t h e  next  r u l e  t o  be used. I f  i t  has  been p a i r e d  w i t h  ano the r  
atom by a  "*D" i n s t r u c t i o n ,  t h i s  p a i r e d  atom i s  t h e  name of  t h e  
next  rule i n t e r p r e t e d .  I f  t h i s  atom i s  "$", t h e  f i r s t  i tem i n  
t h e  workspace i s  used a s  t h e  name o f  t h e  next  r u l e  executed .  (This  
l a t t e r  d i f f e r s  from COMIT; COMIT uses  a  s u b s c r i p t  on t h e  f i r s t  
e lement . )  Normal flow o f  c o n t r o l  i s  t o  t h e  r u l e  named by t h e  "go- 
to"  o f  a  r u l e ,  i f  a  match i s  ach ieved  by t h e  l e f t  h a l f .  I f  no 
match i s  achieved,  t h e  next  r u l e ,  i n  t h e  l i s t  RULES, i s  used. How- 
ever ,  i f  t h e  second item o f  a r u l e  i s  "*", t h i s  normal flow pat-  
t e r n  i s  r e v e r s e d .  No match imp l i e s  t r a n s f e r  of  c o n t r o l  t o  t h e  
r u l e  s p e c i f i e d  i n  t h e  "go-to", and a  s u c c e s s f u l  match t r a n s f e r s  
c o n t r o l  t o  t h e  succeeding r u l e .  I f  t h e r e  i s  a  match t h e  t r ans -  
format ion  given by t h e  r i g h t  h a l f  of  t h i s  rule and i t s  r o u t i n g  
i n s t r u c t i o n s  a r e  always i n t e r p r e t e d  b e f o r e  c o n t r o l  i s  t r a n s f e r r e d .  

F.  Comment F i e l d  
The seventh  ( o p t i o n a l )  s e c t i o n  i s  a  l i s t  which may c o n t a i n  

any comments on t h i s  r u l e  o r  t h e  program, e t c .  I t  i s  ignored  by 
t h e  METEOR i n t e r p r e t e r .  These comments w i l l  use  up space w i t h i n  
t h e  computer and t h e r e f o r e  should be used s p a r i n g l y .  

I V .  Warnings and Advice 

METEOR i s  based on COMIT and w r i t t e n  i n  LISP and has  f o i b l e s  
f o r  bo th .  The LISP system i s  b u i l t  on t h e  p a r e n t h e s i s  and i s  very  
s tubborn  about  having t h e  c o r r e c t  number of  pa ren theses  i n  t h e  
proper  p l a c e .  Thus f o r  t h e  want o f  one p a r e n t h e s i s  o r  a  p a i r ,  an  
e n t i r e  METEOR program may f a i l .  Fol lowing i s  a  l i s t  o f  warnings 
and advice :  

1.  The l e f t  h a l f  of  a  METEOR r u l e  must be  a  l i s t  o f  pa t -  - 
t e r n s .  I f  t h e  on ly  element o f  t h i s  l e f t  h a l f  i s  a  l i s t ,  f o r  ex- 
ample ( $ . I l  o r  (*P THE WORKSPACE I S ) ,  make s u r e  t h e s e  elements  
a r e  enc losed  i n  pa ren theses ,  i . e . ,  t h e  l e f t  ha lves  a r e  r e s p e c t i v e l y  
I f ( ( $ .  1 )  1" and "((*P THE WORKSPACE 1 s )  1". 

2 .  A s i m i l a r  warning holds  f o r  t h e  r i g h t  h a l f .  I f  t h e  o n l y  
element  i n  t h e  r i g h t  h a l f  i s ,  f o r  example, " (FN ADDl 2)". t hen  
t h e  r i g h t  h a l f  i s  " ((FN ADDl  2 ) )"  (note  t h e  number of 
p a r e n t h e s e s ) .  To perform a d e l e t i o n ,  however, us ing  "O" ( z e r o )  
a s  t h e  r i g h t  h a l f ,  t h i s  ze ro  must no t  be enc losed  i n  pa ren theses .  - 
Thi s  i s  t h e  on ly  excep t ion  t o  t h e  r u l e  t h a t  t h e  r i g h t  h a l f  i s  a  
l i s t .  

3 .  Check t h e  number o f  pa ren theses  a t  t h e  end o f  t h e  rou t -  
i ng  s e c t i o n .  Remember t h i s  s e c t i o n  i s  a  l i s t  o f  l i s t s .  



4 .  Remember t h a t  "(*R)" no t  "*R" r e a d s  i n  a  c a rd ,  i . e . ,  
" ( * R I "  i s  a  l i s t  of  one e lement .  Thus a  r i g h t  s i d e  c o n t a i n i n g  
j u s t  a  "(*RI" must be " ( ( "R))" .  

5. Comments may be used, b u t  t hey  t a k e  up space .  I f  space  
i s  a  problem, d e l e t e  o r  s h o r t e n  your comments. 

6.  A l i n e a r  s e a r c h  through a  l i s t  of  s h e l v e s  i s  made each 
time a s h e l f  r e f e r e n c e  i s  made. The name of  any s h e l f  e v e r  men- 
t i o n e d  i s  pu t  on t h i s  l i s t .  To speed s e a r c h e s ,  u se  fewer s h e l f  
names. 

7 .  S i n c e  METEOR i s  a  LISP f u n c t i o n ,  i t  may be used r e c u r -  
s i v e l y  w i t h i n  i t s e l f .  However, METEOR r e s e t s  "SHELF" and "DISPCH" 
t o  NIL. To keep the same s h e l f  c o n t e n t s  and d i s p a t c h e r  s e t t i n g s ,  
i n s t e a d  of  u s i n g  "(METEOR RULES WORKSPACE)", u s e  
" (METRIX2 RULES WORKSPACE)" . 

8 .  I f  METEOR i s  used w i t h i n  a  LISP program, and n o t  execu t ed  
a s  a p a i r  f o r  EVALQUOTE, remember t o  q u o t e  t h e  l i s t  of  r u l e s ,  be- 
c ause  LISP e v a l u a t e s  arguments  i n s i d e  f u n c t i o n s  ( t h i s  i s  because  
of  a  LISP p e c u l i a r i t y ) .  

9 .  Bes t  use  of METEOR can be o b t a i n e d  by u s ing  i t  w i t h  t h e  
LISP system and e x p r e s s i n g  each o p e r a t i o n  i n  t h e  language b e s t  
s u i t e d  f o r  i t .  Remember LISP f u n c t i o n s  can c a l 1  METEOR and v i c e  
ver  s a .  

1 0 .  P l a c i n g  i t ems  on a  s h e l f  does n o t  a u t o m a t i c a l l y  remove 
them from t h e  workspace.  To remove matched i t ems  from t h e  work- 
space ,  t h e r e  - must be a  r i g h t  h a l f .  

11 .  The LISP r e a d  program does  n o t  d i s t i n g u i s h  between com- 
and a  " " ( b l ank )  a r e  i n t e r change -  mas and b l a n k s ;  t h e r e f o r e ,  a  " " 

a b l e  i n  a  METEOR program. 

12 .  Another f o i b l e  o f  t h e  LISP r e a d  program i s  t h a t  "/" can 
appea r  a s  a  c h a r a c t e r  i n  t h e  midd le  o f  an a tomic  symbol. There- 
f o r e ,  when u s ing  "/" t o  s e p a r a t e  an  e lement  from s u b s c r i p t s ,  t h e  
"/" must have a  blank ( o r  a  comma) on each s i d e  o f  i t .  

1 3 .  COMIT and METEOR d i f f e r  i n  t h e  f o l l o w i n g  ways no t  pre- 
v i o u s l y  mentioned e x p l i c i t l y :  ( a )  COMIT s u b s c r i p t s  have v a l u e s .  
I n  METEOR an e lement  can have s u b s c r i p t s ,  b u t  va lue s  a r e  no t  ex- 
p l i c i t l y  p rov ided  f o r .  ( b )  A "*N" i n s t r u c t i o n  i s  ignored  ( b r i n g s  
i n  a  nu l1  e lement )  i f  t h e  s h e l f  i s  empty i n  METEOR. I t  does  net 
cause  a  r u l e  f a i l u r e  i n  METEOR a s  i t  does  i n  COMIT. ( c l  There  i s  
no random element  a v a i l a b l e  i n  any form i n  METEOR - a s  opposed t o  
t h e  random r u l e  s e l e c t i o n  f e a t u r e  a v a i l a b l e  i n  COMIT. 



14 .  Reca l l  t h a t  t h e  atom "*Pt' i s  used i n  two d i f f e r e n t  con- 
t e x t s .  When used i n  t h e  l e f t  h a l f  i t  i s  fol lowed by a  message 
t o  be p r i n t e d  t o  l a b e l  t h e  f o l l owing  workspace p r i n t o u t .  

I n  t h e  r o u t i n g  i n s t r u c t i o n  *P i s  fol lowed by a  s h e l f  name 
o r  s e r i e s  of  s h e l f  names, and t h e  c o n t e n t s  of  t h e s e  s h e l v e s  w i l l  
be p r i n t e d .  Followed by a  "/", *P w i l l  cause  t h e  l i s t  "SHELF" t o  
be p r i n t e d .  This  i s  a  l i s t  of  p a i r s , . t h e  f i r s t  of  each p a i r  be ing  
t h e  s h e l f  name, and t h e  second t h e  c o n t e n t s  o f  t h e  s h e l f .  

15 .  METEOR i s  p r e s e n t l y  bu r i ed  i n  t h e  LISP p a r e n t h e s i s  sys- 
tern. However, us ing  METEOR a s  a b o o t s t r a p ,  a  r e a d  program can 
be b u i l t  which can r e a d  and conve r t  from any f ixed-format  paren- 
t h e s i s - f r e e  (or more f r e e )  n o t a t i o n  t O METEOR. S i n c e  t h e y  a r e  
kept  symbo l i ca l l y  w i t h i n  t h e  LISP system, METEOR programs can be 
gene ra t ed  o r  modif ied a t  run  t iae by a  METEOR program (or LISP 
func t  ion)  and t h e n  executed.  

16. The f u n c t i o n  which assembles  t h e  r i g h t  h a l f  of  a  r u l e ,  
i . e . ,  "COMITRIN", e f f e c t i v e l y  s t r i p s  one p a i r  of  pa ren theses  frorn 
a l 1  non-atornic syrnbols named i n  t h e  r i g h t  h a l f .  Thus, s i n c e  "FOO' 
i s  a  name f o r  i t s e l f ,  "COMITRIN" w i l l  t r e a t  bo th  "FOO" and "(FOO)" 
i n  e x a c t l y  t h e  same way. I f  t h e  workspace were "(ON YOU)",  then 
both 

"(* ($1 (FOO 1)  *)"  
and 

"(* ($) ((FOO) 1 )  "1" 

would change t h e  workspace t o  "(FOO ON YOU)", and both 

"(* ($1 (FOO FOO 1 )  "1" 
and 

"(* ($1 ((FOO FOO) 1 )  "1" 

change t h e  workspace t o  

" (FOO FOO ON YOU) " 

I n  s e t t i n g  up d i c t i o n a r y  e n t r i e s ,  c a r e  rnust be taken t o  p rov ide  
t h e  proper  p a r e n t h e s i s  l e v e l .  For example, t h e  p a i r  "(TWICE (TWO 
TIMES))" a s  a  d i c t i o n a r y  en t ry ,  when i n s e r t e d  by "GETDCT" i n  
"(ALMOST TWICE THE NUMBER)" w i l l  change i t  t o  "(ALMOST TWO TIMES 
THE NUMBER)", which i s  presumably what was wanted. S i m i l a r l y ,  i f  
"(BOY (BOY / MALE))" i s  e n t e r e d  i n t o  "(THE BOY WINS)" the r e s u l t  
i s  "(THE BOY / MALE WINS)" which however i s  no t  what was in tended  
a t  a l l .  Always put  one more p a i r  o f  pa ren theses  than you wish t o  
appear  i n  t h e  workspace, around t h e  second element  o f  a  d i c t i o n a r y  
p a i r .  



1 7 .  The *E i n s t r u c t i o n  expands an atom i n t o  a l i s t  o f  t h e  
c h a r a c t e r s  i n  t h e  p r i n t  name of  t h e  atom. I t  c o n c a t e n a t e s  i n t o  
t h e  workspace a l i s t  which i s  a s i n g l e  e lement  o f  t h e  workspace.  
However, n o t e  t h e  fo l l owing  e c c e n t r i c i t y ;  i f  the workspace were 
"(THE GOOD BOY)", t h e  rule "(* ( ( $ . 2 ) )  (*E 1 ) )  *)"  would t r a n s -  
form t h e  workspace t o  "(THE BOY)". The *E o p e r a t o r ,  o p e r a t i n g  
on a s u b s t r i n g  from t h e  workspace ( i n  t h i s  c a s e  t h e  two e lements  
matched by ( $ . 2 ) )  s p e c i f i e s  t h e  - f i r s t  e lement  o f  t h i s  s u b s t r i n g ,  
and t h e  o t h e r s  a r e  d e l e t e d  from t h e  workspace.  

18 .  1 would a p p r e c i a t e  h e a r i n g  abou t  any bugs o r  e c c e n t r i -  
c i t i e s  found i n  t h e  METEOR program, and any a p p l i c a t i o n s  found 
f o r  t h i s  l anguage .  My a d d r e s s  i s  c a r e  of  t h e  p u b l i s h e r  o f  t h i s  
book. 
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Th i s  a r t i c l e  d e s c r i b e s  t h e  process  used t o  implement LISP 
1 . 5  on t h e  Univac M 460 (an e a r l y  m i l i t a r y  ve r s ion  o f  t h e  Univac 
490). Thi s  machine, which has been a v a i l a b l e  t o  us on an open- 
shop b a s i s ,  has 32000 r e g i s t e r s  of  30 -b i t ,  8 microsecond memory. 
I t  has an i n s t r u c t i o n  s e t  which i s  q u i t e  convenient  f o r  LISP, e .g . ,  
i t  i s  p o s s i b l e  t o  load an index r e g i s t e r  (o f  which, i n c i d e n t a l l y ,  
t h e r e  a r e  seven)  from e i t h e r  t h e  l e f t  o r  r i g h t  h a l f  of  t h e  word 
addressed  by t h e  same index.  

The e x t e r n a l  language i s  compat ible  w i t h  LISP 1 . 5  f o r  t h e  
IBM 7090. There a r e  some unimplemented f e a t u r e s  (such a s  a r r a y s  
and "$$" quot ing  i n  t h e  r e a d  program) and some a d d i t i o n a l  fea-  
t u r e s .  

S t eps  

The s t e p s  taken t o  produce t h i s  LISP were: 

( 1 )  Decide on i n t e r n a 1  convent ions and w r i t e  t h e  
garbage c o l l e c t o r  ( a t  l e a s t  m e n t a l l y ) .  

( 2 )  Wri te  a l 1  r e q u i r e d  machine-language sub rou t ines  
( s u r p r i s i n g l y  few) . 

(3) Modify t h e  S-expression ve r s ion  of  t h e  LISP 
compiler t o  produce code f o r  t h e  new machine 



( i n  a  l i s t - s t r u c t u r e  forrn analogous t o  LAP) and 
use  i t  t o  compile  a  LISP i n t e r p r e t e r  ( t h i s  "boot- 
s t r a p "  compi l a t i on  can be done w i t h  an e x i s t i n g  
LISP, i n  t h i s  c a se ,  t h e  7090 v e r s i o n ) .  

Garbage C o l l e c t i o n  and S t o r a g e  Convent ions  

The M 460 garbage c o l l e c t o r  ( g . c . )  packs a c t i v e  l i s t  s t r u c -  
t u r e  i n t o  one end o f  t h e  space  a l l o c a t e d  f o r  l i s t  s t r u c t u r e ,  
abandoning a  con t iguous  b lock .  Th is  p r o p e r t y  of  t h e  g . c .  i s  
taken advantage  of  i n  M 460 LISP t o  avo id  a l l o c a t i n g  two s e p a r a t e  
a r e a s  of  memory, one f o r  l i s t  s t r u c t u r e ,  and t h e  o t h e r  f o r  a  push- 
down b lock .  I n s t e a d ,  one block i s  used f o r  both t h e s e  purposes ,  
l i s t  s t r u c t u r e  be ing  c r e a t e d  from one end o f  t h i s  a r e a  and push 
down from t h e  o t h e r .  

There  a r e  no f u l l  words i r i  t l i i s  s j s t e m .  Numbcrs and p r i n t  
names a r e  p laced  i n  f r e e  s t o r a g e  u s ing  t h e  d e v i c e  t h a t  s u f f i c i e n t -  
l y  smal l  ( i . e . ,  l e s s  than  21°) half-word q u a n t i t i e s  appear  t o  
p o i n t  i n t o  t h e  b i t  t a b l e  a r e a  and so  d o n r t  cause  t h e  garbage co l -  
l e c t o r  any t r o u b l e .  A number i s  s t o r e d  a s  a  l i s t  of  words (a  
f lag-word and from 1  t o  3 number words, a s  r e q u i r e d ) ,  each number 
word c o n t a i n i n g  i n  i t s  CAR p a r t  10 s i g n i f i c a n t  b i t s  and s i g n .  
Thus an i n t e g e r  whose a b s o l u t e  va lue  i s  l e s s  than  211 w i l l  occu- 
py t h e  same amount o f  s t o r a g e  ( 2  words) a s  i n  7090 LISP 1 . 5 .  
P r i n t  names a r e  s t o r e d  a s  c h a r a c t e r - s t r i n g  l i s t s  ( s e e  below f o r  
a  d e s c r i p t i o n  o f  t h e  cha r ac t e r -hand l i ng  f e a t u r e s  of  t h i s  LISP) ,  
one c h a r a c t e r  t o  a  word. 

A t  f i r s t  i t  seemed t h a t  t h i s  scheme would be r e l a t i v e l y  cos t -  
l y  o f  f r e e - s t o r a g e  space .  However an a n a l y s i s  of  a  t y p i c a l  ob- 
j e c t  l i s t  gave about  530 words f o r  p r i n t  names s t o r e d  i n  s t r i n g  
form, ve r su s  470 words i n  7090 s t y l e  packed form. The s a v i n g  
which cou ld  be made by packing t h e  p r i n t  names i s  o f f s e t  by t h e  
s i r n p l i c i t y  o f  t h i s  method and by t h e  d r a s t i c  r educ t i on  i n  t h e  
s i z e  and complexi ty  o f  t h e  ga rbage  c o l l e c t o r  which i t  a l l o w s .  

The garbage c o l l e c t o r  has  f ou r  phases :  

( 1 )  mark and coun t ;  
( 2 )  l i s t  a v a i l a b l e  c e l l s ;  
( 3 )  move and Save new l o c a t i o n ;  
( 4 )  modify p o i n t e r s .  



Marking and Counting 

The base  p o i n t e r s  f o r  marking a r e  t h e  add re s s  p a r t  of  eve ry  
compiler-produced program word and t h e  add re s s  p a r t  of  t h e  push- 
down l i s t .  The add re s se s  o f  program words may con ta in :  

(1) r e f e r e n c e s  t o  o t h e r  program l o c a t i o n s  such a s  
j ump a d d r e s s e s ;  

(2)  small  p o s i t i v e  and n e g a t i v e  c o n s t a n t s  (magni- 
tude  l e s s  than 100) ;  

(3) r e f e r e n c e s  t o  quoted S-expressions and t o  va lue  
c e l l s .  j u s t  as  i n  7090 LISP 1.5. These a r e  
t h e  ones which a r e  s i g n i f i c a n t  f o r  t h e  mark- 
i n g  phase.  No QUOTELIST i s  needed. 

F ree - s to rage  h a l f  words may con ta in  any q u a n t i t y  except  an 
add re s s  i n  t h e  f r e e  s t o r a g e  a r e a  which i s  no t  r e a l l y  p o i n t i n g  t o  
l i s t  s t r u c t u r e  ( t h e s e  would ge t  marked, which i s n ' t  d i s a s t r o u s ,  
and would be p o s s i b l y  modif ied a t  r e l o c a t i o n  time, which i s  d i s -  
a s t r o u s ) .  

S ince  a  machine word holds  e x a c t l y  two machine add re s se s  a l 1  
ga rbage -co l l ec t i on  marking i s  done i n  a  t a b l e  of b i t s .  

During t h e  marking phase t h e  number o f  a c t i v e  c e l l s  i s  coun- 
t e d .  

L i s t i n g  Ava i l ab l e  C e l l s  

A t  t h i s  po in t  du r ing  a  garbage c o l l e c t i o n  t h e  l i s t  s t r u c -  
ture a r e a  whose l eng th  w i l l  be c a l l e d  1  c o n t a i n s  a  a c t i v e  c e l l s  
and 1-a unmarked c e l l s ,  where g i s  the-number o f  a c t i v e  c e l l s  
counted du r ing  phase one. I t  i s  c l e a r  t h a t  i f  t h e  a c t i v e  s t r u c -  
t u r e  i s  packed toward one end of  t h e  l i s t  s t r u c t u r e  a r e a ,  i t  w i l l  
occupy t h e  a  c e l l s  n e a r e s t  t h a t  end we w i l l  c a l 1  t h e  no-reloca- 
t i o n  a r e a .  Only t h e  a c t i v e  l i s t  c e l l s  i n  t h e  o t h e r  p a r t  of  t h e  - 
l i s t  s t r u c t u r e  a r e a ,  c a l l e d  t h e  r e l o c a t i o n  a r e a ,  w i l l  need t o  be 
r e l o c a t e d .  As a  ma t t e r  of  f a c t ,  t h e r e  must be e x a c t l y  t h e  same 
number of  a c t i v e  c e l l s  i n  t h e  r e l o c a t i o n  a r e a  a s  abandoned c e l l s  
i n  t h e  no- re loca t ion  a r e a .  During phase two a  l i s t  i s  made o f  
a l 1  t h e  a v a i l a b l e  c e l l s  i n  t h e  no - r e loca t ion  a r e a .  

Move and Save New Loca t ion  

The r e l o c a t i o n  a r e a  i s  now me thod ica l ly  searched f o r  a c t i v e  
words.  When one i s  found, i t s  c o n t e n t s  a r e  moved t o  an empty 
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ce11 i n  t h e  no - r e loca t i on  a r e a  ( o b t a i n e d  from t h e  l i s t  made dur- 
i n g  phase  2) ,  and t h i s  new l o c a t i o n  i s  r eco rded  i n  t h e  o l d  c e l l .  

Modify P o i n t e r s  

The r e f e r e n c e s  t o  words which have been r e l o c a t e d  must now 
be upda ted .  The a d d r e s s  p a r t  o f  a l 1  LISP program and push down 
words, p l u s  both l e f t  and r i g h t  h a l v e s  o f  a l 1  no - r e loca t i on  a r e a  
words a r e  i n s p e c t e d  f o r  p o i n t e r s  i n t o  t h e  r e l o c a t i o n  a r e a .  When 
one i s  found i t  i s  updated by r e p l a c i n g  i t  w i th  t h e  new l o c a t i o n ,  
which can be found i n  t h e  word i n  t h e  r e l o c a t i o n  a r e a  where i t  
p o i n t s .  

S u b r o u t i n e  E n t r y  and S p e c i a l  Machine Language Sub rou t i ne s  

Arguments and t h e  va lue s  o f  program v a r i a b l e s  and i n t e r n a 1  
lambda v a r i a b l e s  a r e  s t o r e d  on t h e  pushdown l i s t .  Every atom 
has  a  v a l u e  word on i t s  p r o p e r t y  l i s t .  Values  o f  s p e c i a l  v a r i -  
a b l e s  a r e  pos t ed  i n  t h e  l e f t  h a l f  o f  t h e  v a l u e  ce11 j u s t  a s  i n  
LISP 1 . 5 .  There  a r e  no SUBR p o i n t e r s  on p r o p e r t y  l i s t s  - t h e  
v a l u e  ce11 i s  used f o r  t h i s  purpose a l s o ,  a s  sugges ted  by Pau l  
W .  Abrahams. Th i s  means one p robab ly  won't  g e t  away w i t h  d e c l a r -  
ing ,  e .g . ,  a  s p e c i a l  v a r i a b l e  CAR. (Only one c a s e  o f  t h i s  t r o u b l e  
e x i s t s  i n  t h e  7090 compi l e r ;  LENGTH i s  t h e  name o f  bo th  a  func- 
t i o n  and a  s p e c i a l  v a r i a b l e . )  I n  s p i t e  o f  t h i s  d e f e c t ,  t h i s  ap- 
proach seems e l e g a n t :  LISP does  a l l o w  e x p l i c i t  b i n d i n g  o f  func- 
t i o n a l s  i n  c e r t a i n  r e s t r i c t e d  s y n t a c t i c  p o s i t i o n s  - why no t  a l -  
low t h i s  g e n e r a l l y ?  

The v a l u e  of  a  f u n c t i o n  c u r r e n t l y  r e t u r n s  i n  t h e  accumula- 
t o r .  I t  would be more s e n s i b l e  t o  have t h e  v a l u e  r e t u r n  i n  an 
index  r e g i s t e r  excep t  t h a t  t h i s  would c o n s t r a i n  va lue s  t o  be  o f  
i n d e x - r e g i s t e r  s i z e  ( 15  b i t s )  t hus  d i s a l l o w i n g  fu l l -word  answer s ;  
t h e  i d e a l  s i t u a t i o n  would be t o  have fu l l -word  l e n g t h  index  re- 
g i s t e r s  a s  i n  t h e  PDP-6. 

S u b r o u t i n e s  a r e  c a l l e d  by a  r e t u r n  jump i n d i r e c t  through t h e  
r i g h t  h a l f  of  t h e  v a l u e  ce11 on t h e  p r o p e r t y  l i s t  o f  t h e  r o u t i n e ' s  
name (Note: r e t u r n  jump amounts t o  " d e p o s i t  PC i n  Y and t r a n s f e r  
t o  Y + 1". j u s t  l i k e  t h e  jms i n s t r u c t i o n  on t h e  PDP-4). To ex- 
p l a i n  our  s u b r o u t i n e  l i n k a g e  scheme, we g i v e  an  example: 

The p r o p e r t y  l i s t  o f  CAR looks  l i k e  t h i s :  



v a l u e  ce11 -1 4 t o  p r i n t  name 

The l e f t  h a l f  o f  t h e  v a l u e  ce11 c o n t a i n s  t h e  a d d r e s s  o f  c a r ,  t h e  
machine l anguage  s u b r o u t i n e  f o r  CAR; t h e  r i g h t  h a l f  c o n t a i n s  t h e  
a d d r e s s  o f  a  machine l a n g u a g e  r o u t i n e  c a l l e d  s e t u p ,  which d o e s  
a p p r o x i m a t e l y  t h e  j o b  o f  *MOVE i n  7090 LISP 1.5. 

When some program c a l l s  CAR, c o n t r o l  g o e s  f i r s t  t o  s e t u p ,  
which by some f i d d l i n g  can l o c a t e  t h e  a d d r e s s  o f  CAR i n  t h e  l e f t  
h a l f  o f  t h e  v a l u e  c e l l .  CAR c o n t a i n s  some p a r a m e t e r s  i n  i t s  head- 
i n g  which s e t u p  can u s e  t o  do t h e  f o l l o w i n g :  

( 1 )  Check whe the r  car i s  a n  S - e x p r e s s i o n ,  and i f  i t  
i s  c a l 1  a p p l y ;  o t h e r w i s e  

( 2 )  Push down ( i . e . ,  w i t h  o u r  c o n v e n t i o n s ,  add t o  
i n d e x  r e g i s t e r  1 )  by t h e  l e n g t h  o f  t h e  b lock  
S p e c i f i e d  f o r  CAR, t h u s  p r o t e c t i n g  i t s  argu-  
ment ; 

( 3 )  Check f o r  " o u t  o f  pushdown l i s t "  and i n i t i a t e  
g a r b a g e  c o l l e c t i o n ,  i f  n e c e s s a r y .  

( 4 )  Put  t h e  r e t u r n  l o c a t i o n  and number o f  words 
i n  t h e  pushdown b lock  i n  t h e  l a s t  word o f  
t h a t  b l o c k .  

( 5 )  T r a n s f e r  t o  c a r .  - 
I t  s h o r t e n e d  c o n s i d e r a b l y  t h e  c o d i n g  f o r  f u n c t i o n s  t o  p e r m i t  

t h e  l a s t  argument  f o r  a  f u n c t i o n  b e i n g  c a l l e d  t o  remain i n  t h e  
accumula to r  and have s e t u p  s t o r e  i t  on t h e  pushdown l i s t .  So 
s e t u p  a l s o :  

(6) P u t s  c(AC) ( c o n t e n t s  o f  t h e  a c c u m u l a t o r )  i n  t h e  l a s t  
argument  p o s i t i o n  on pushdown l i s t .  

A l 1  t h e s e  t h i n g s  can b e  done w i t h  o n e  h e a d i n g  word f o r  c a r  ' 
c o n t a i n i n g  ( a )  t h e  number o f  words i n  t h e  pushdown b lock  f o r  c a r  - 
(namely 2) and ( b )  t h e  number o f  a rguments  o f  - c a r  (narnely 1 )  ( a  
v a r i a n t  o f  t h e s e  was a c t u a l l y  used f o r  e f f i c i e n c y  i n  t h e  c o d i n g  
o f  se tu^). I n  a d d i t i o n ,  more header  words a r e  p rov ided  c o n t a i n -  
i n g  c u r r e n t l y  o n l y  a  p o i n t e r  t o  t h e  p r o p e r t y  l i s t  ( and  hence  t h e  
name) o f  t h e  f u n c t i o n  f o r  b a c k t r a c e  p u r p o s e s .  E v e n t u a l l y  b i t s  
may be  p r o v i d e d  t o  t e l l  t h e  ga rbage  c o l l e c t o r  what c e l l s  i n  t h e  
pushdown b lock  c o n t a i n  f u l l - w o r d  q u a n t i t i e s .  

N o t i c e  t h a t  t r a c i n g  rnay be  t u r n e d  on by r e p l a c i n g  t h e  a d d r e s s  
o f  s e t u p  i n  t h e  v a l u e  ce11 w i t h  t h e  a d d r e s s  o f  a t r a c i n g  r o u t i n e .  



Subrou t i ne s  e x i t  by jumping t o  a  r o u t i n e  c a l l e d  e scape  which: 

( 1 )  pushes  up ( i . e . ,  decrements  index  r e g i s t e r  1  
a p p r o p r i a t e l y ) ;  

(2)  r e t u r n s  t o  t h e  l o c a t i o n  s p e c i f i e d  i n  t h e  l a s t  
word of  t h e  pushdown block;  

( 3 )  c l e a r s  t h e  abandoned push down b lock .  

Func t i ona l  arguments work i f  t h e  atoms b ind ing  them a r e  de- 
c l a r e d  SPECIAL ( a s  opposed t o  t h e  COMMON d e c l a r a t i o n  i n  7090 
LISP 1 . 5 ) .  I t  appea r s  t h a t  t h e  n e c e s s i t y  f o r  even t h i s  d e c l a r a -  
t i o n  may be removable wi th  a  l i t t l e  more work. 

Character-Handl ing 

Each c h a r a c t e r  i n  t h e  c h a r a c t e r  s e t  a v a i l a b l e  on t h e  M 460 
( i n c l u d i n g  t a b ,  c a r r i a g e  r e t u r n ,  and o t h e r s )  i s  r e p r e s e n t e d  in- 
t e r n a l l y  by an 8 - b i t  code ( 6  b i t s  f o r  t h e  c h a r a c t e r  (up  t o  c a s e ) ,  
1  b i t  f o r  c a se ,  and 1  b i t  f o r  c o l o r ) .  To f a c i l i t a t e  t h e  manipu- 
l a t i o n  o f  c h a r a c t e r  s t r i n g s  w i t h i n  our  LISP system, we permi t  
such c h a r a c t e r  l i t e r a l s  t o  appear  i n  l i s t  s t r u c t u r e  a s  i f  t hey  
were atoms, i . e .  p o i n t e r s  t o  p r o p e r t y  l i s t s .  These l i t e r a l s  can, 
where necessa ry ,  be d i s t i n g u i s h e d  from atoms s i n c e  t hey  a r e  l e s s  

8 than 2 i n  magnitude and hence,  viewed a s  p o i n t e r s ,  d o n f t  p o i n t  
i n t o  f r e e  s t o r a g e  (where, a s  i n  7090 LISP, p r o p e r t y  l i s t s  a r e  
s t o r e d ) .  The p r e d i c a t e  cha rp  s imply makes t h i s  magnitude t e s t .  
Th is  scheme seems p r e f e r a b l e  t o  t h e  cha r ac t e r -hand l i ng  i n  7090 
LISP i n  t h a t  we Save t h e  f r e e  s t o r a g e  space  t h a t  would be re -  
q u i r e d  t o  g i v e  each 7090 LISP-s ty le  c h a r a c t e r - r e p r e s e n t i n g  atom 
a  p r o p e r t y  l i s t ,  wh i l e  s t i l l  p e r m i t t i n g  c h a r a c t e r - c o n t a i n i n g  
l i s t s  t o  be manipu la ted  by LISP f u n c t i o n s  a s  i f  t h e  c h a r a c t e r s  
were a toms.  To read  S-express ions  c o n t a i n i n g  t h e s e  c h a r a c t e r  
l i t e r a l s ,  we have made t h e  convent ion o f  p r eced ing  each charac-  
t e r  l i t e r a l  by a  s l a s h ,  e . g .  ( / a  / b  / c l  r e a d s  i n  a s  t h e  "charac-  
t e r - s t r i n g "  l i s t  s t r u c t u r e :  

Of cou r se ,  t h e  ou tpu t  programs a l s o  know abou t  t h e  s l a s h  conven- 
t i o n  and p r i n t  S - e x p r e s s i o n s . i n  t h e  same form. Fur thermore,  
t h e r e  e x i s t s  a  r o u t i n e  which, g iven a  c h a r a c t e r  l i s t ,  s imply 
p r i n t s  t h e  cor responding  s t r i n g  o f  c h a r a c t e r s .  

Compiler Mod i f i c a t i on  

The changes made i n  t h e  7090 LISP 1 . 5  compiler  were exten-  
s i v e .  Th is  compiler  c o n s i s t s  of  two main p i e c e s ,  passone and 



p h a s e  2 .  passone  e l i m i n a t e s  most s p e c i a l  forms by r e g a r d i n g  
them a s  macro i n s t r u c t i o n s  and expanding them ( s e l e c t  i s  a  good 
e x a m p l e ) .  Changes were  r e q u i r e d  i n  t h i s  p a r t  t o  e l i m i n a t e  a l 1  
i n t e r p r e t e r  r e f e r e n c e s  ( such  a s  - e v a l  o r  $ALIST). T h i s  p a r t  can 
p r o b a b l y  s t a n d  e s s e n t i a l l y  a s  i s  i n  any f u r t h e r  c o m p i l e r s  which 
a r e  produced f o r  LISP 1 . 5 .  I n  7090 form i t  i s  s u i t a b l e  f o r  i n -  
t e r p r e t e r - c o g n i z a n t  and i n  M 460 form f o r  compi le r -on ly  s y s t e m s .  

phase  2 was f i r s t  changed t o  p e r m i t  g o ' s  t o  a p p e a r  anywhere 
i n s i d e  a  p r o g  r a t h e r  t h a n  o n l y  on t h e  t o p  l e v e l  o r  i n s i d e  a  - cond. 
Otherwise ,  t h e  changes  r e l a t e  t o  p r o d u c i n g  t h e  a p p r o p r i a t e  code 
f o r  t h e  M 460 i n s t e a d  o f  t h e  7090.  Major changes  were  n e c e s s a r y  
i n  - c a l 1  t o  p roduce  t h e  p r o p e r  c a l l i n g  sequences  and t o  p r o v i d e  
open c o d i n g  f o r  c a r - c d r  c h a i n s .  -- 

The r e s u l t  o f  a  c o m p i l a t i o n  u s i n g  t h e  M 460 v e r s i o n  o f  t h e  
LISP c o m p i l e r  i s  a n  S - e x p r e s s i o n  a n a l o g o u s  t o  t h a t  g iven  t o l a p  
i n  t h e  7090 v e r s i o n .  O u r  lap i s  s i m i l a r  t o  the 7090 o n e ;  how- 
e v e r ,  a l 1  b u t  a  smal l  p i e c e  o f  t h i s  minimal a s s e m b l e r  i s  w r i t t e n  
i n  LISP. T h i s  smal l  machine l anguage  p i e c e  i s  l a p l  [l], where tk 
f i r s t  e l ement  o f  1 i s  a  p a i r ,  c o n s i s t i n g  o f  a  f u n c t i o n  name and 
i t s  r e l a t i v e  a d d r e s s ,  and t h e  r e s t  o f  t h e  e l e m e n t s  a r e  a l s o  p a i r s ,  
t o  be  i n s e r t e d  one  t o  a  word i n  s u c c e s s i v e  c e l l s .  The c a r  p a r t  - 
o f  t h e s e  p a i r s  i s  a lways  a n  o c t a l  number, and t h e  - c d r  p a r t  s p e c i -  
f i e s  t h e  a d d r e s s  o f  t h e  word a s  f o l l o w s :  

( 1 )  NIL no m o d i f i c a t i o n  
( 2 )  T r e l o c a t i o n  
(3 )  (QUOTE s )  i n s e r t  quo ted  S - e x p r e s s i o n  
( 4 )  (SPECIAL a )  i n s e r t  s p e c i a l  ce11 a d d r e s s  

I n t e r p r e t e r  

The i n t e r p r e t e r  we u s e  p o s t s  t h e  v a l u e  o f  v a r i a b l e s  i n  t h e  
v a l u e  ce11 o f  t h e  atom c o r r e s p o n d i n g  t o  t h e  v a r i a b l e ' s  name. The 
f u n c t i o n  - s e t  and v a l u e  p o s t  and r e t r i e v e ,  r e s p e c t i v e l y .  

Fo l lowing  i s  t h e  l i s t i n g  of  t h e  i n t e r p r e t e r .  



D E F I N E  ( ( 
( A P P L Y  (LAMBDA (FN ARGS) (COND 
( ( A T M  FN) (COND 

( ( E Q  F'N (QUOTE UNBOUNDVAR) ) (ERROR 2 (QUOTE A21 FN) ) 
((SEXPRP (VALUE F N ) )  (COND 

((MEMBER (QUOTE TRACE) FN) (PROG ( H I  
(SERPRI) (PRINT (CONS FN (QUOTE (ARGS) 1) 

(PRINLIS ARGS) (SETQ H (APPLY (VALUE FN) ARGS))  
( T E R P R I )  ( P R I N T  (CONS FN (QUOTE ( V A L U E ) ) ) )  

(RETURN ( PRINT H )  
(T (APPLY (VALUE FN)  A R G S ) ) ) )  

( T  ( A P P 2  FlV A R G S ) ) ) )  
( ( E Q  (CAR F N )  (QUOTE LAMBDA)) (PROG ( A  H )  ( S E T Q  A 

( S A V E L I S  (CADR FN)  ) ) ( S E T L I S  (CADR F N )  ARGS)  ( S E T Q  H 
(EVAL (CADDR FN) 

1)  

( R E S T O R L I S  A )  (RETURN H )  ) ) 
( ( E Q  (CAR FN) (QUOTE LABEL))  (PROG (A H I  (SETQ A (LIST 

(CONS (CADR F N )  (VALUE F N ) ) ) )  ( S E T  (CADR F N )  (CADDR 
FN)) 

( S E T Q  H ( A P P L Y  (CADDR F N )  ARGS)  ( R E S T O R L I S  A )  (RETURN 
H l ) )  

( T  ( A P P L Y  (EVAL F N )  ARGS)  
1) 

(EVAL (LAMBDA (FORMI (COND 
( ( N U L L  FORM) N I L )  

( (NUMBERP FORM) FORM ) 
( (CHAR P FORM) FORM) 
( (ATOM FORM) (COND 

( ( E Q  (VALUE FORM) (QUOTE UNBOUNDVAR)) ( E R R O R 2  (QUOTE A 8 1  



FORM) 
( T  (VALUE FORM) 1 )  

((ATOM (CAR FORM)) (COND 
( ( E Q  (CAR FORM) (QUOTE QUOTE))  (CADR FORM)) ( ( E Q  (CAR 

FORM) (QUOTE L I S T ) )  
( ( E Q  (CAR FORMI (QUOTE F ü N C T I O N ) )  

( CADR FORM) ) 
( ( E Q  (CAR FORM) (QUOTE CONDI)  (EVCON (CDR FORM) 1 )  

(EVLIS (CDR F O R M I ) )  

( ( E Q  (CAR FORM) (QUOTE PROG))  (EVPROG (CDR FORM) ) )  
( ( E Q  (CAR FORM) (QUOTE S E T Q ) )  ( S E T  (CADR FORM) (EVAL 

(CADDR F O R M ) ) ) )  

( ( E Q  (CAR FORM) (QUOTE G O ) )  (EVGO (CADR F O R M I ) )  
( (EQ (CAR FORM) (QUOTE RETURN) 1 (PROG N I L  

( S E T Q  PROGREYURNSbiITCH T )  ( R E E R N  
( S E T Q  PROGVALUE V I ) ) )  

( ( E Q  (CAR FORM) (QUOTE AND))  (EVAND (CDR F O R M I ) )  
( ( E Q  (CAR FORM) (QUOTE OR) (EVOR (CDR FORM) 
( T  (APPLY (CAR FORM) ( E V L I S  (CDR F O R M ) ) )  ) ) )  

( S A V E L I S  (LAMBDA ( L I  ( M A P L I S T  L (FüNCTION (LAMBDA ( J )  
(CONS 

(CAR J) (VALUE (CAR J ) ) ) ) ) ) ) )  

( S E T  (CAAR J )  (CDAR J ) ) ) ) ) ) )  



( S E T L I S  (LAMBDA ( L  V) (COND 
((NULL L)  (COND 
((NULL V )  NIL)  ( T  (ERROR2 (QUOTE F 2 )  L ) ) ) )  
((NULL V) (ERROR2 (QUOTE F 1 )  LI) 

( T  (PROG NIL  (SET (CAR L I  (CAR V I )  (SETLIS  (CDR L )  
(CDR V I ) ) ) ) ) )  

(EVLIS (LAMBDA ( L I  (MAPLIST L (FUNCTION (LAMBDA ( J )  
(EVAL (CAR J I ) )  ) ) )  

(EVCON (LAMBDA ( L I  (COND 
((NULL L)  (ERROR2 (QUOTE A3 N I L ) )  

((EVAL (CAAR L I )  (EVAL (CADAR L I ) )  
( T  (EVCON (CDR L)))))) 

(EVAND (LAMBDA ( L I  (COND 
((NULL LI  T )  

((EVAL (CAR L I )  (EVAND (CDR L )  1)  

(EVOR (LAMBDA ( L I  (COND 
((NULL L )  F )  
((EVAL (CAR L I )  T l  
( T  (EVOR (CDR L)  1) ) ) )  

(EVPROG (LAMBDA (FORM) ( PROG 

( P  PR A R C PROGGOSWITCH PROGRETURNSWITCH PROGVALUE) 
(SET0  P (CAR FORM) 
( SETQ PR (CDR FORM) ) 
(SETQ A (SAVELIS P) ) 

(MAP P (FUNCTION (LAMBDA (JI (SET (CAR JI N I L ) ) ) )  
(SETQ R PR) 

ML (SETQ PROGGOSWITCH N I L )  
(COND 

( (NULL R )  (GO RET) ) 
((ATOM (CAR R I )  (GO ADV)) 

( ( E Q  (CAAR R I  (QUOTE GOND)) (GO CON)))  
(EVAL (CAR R) 



T E S T  (COND 

( PROGGOSWITCH ( GO GOS ) ) 
(PROGRETURNSWITCH (GO RET)  ) ) 

ADV ( S E T Q  R (CDR R I )  
(GO ML) 

GOS ( S E T Q  R PR 
GOL (COND 

( (NULL R )  (ERROR2 (QUOTE A 6 )  PROGGOSWITCH) ) 
((EQ (CAR R I  PROGGOSWITCH) (GO M L ) ) )  

(SETQ R ( C D R - 3 )  
(GO GOL) 

R E T  ( R E S T O R L I S  A)  
(RETURN PROGVALUE 

CûN ( S E T Q  C (CDAR R I )  
CONL (COND 

( (NULL C )  (GO ADV))  
( ( E V A L  (CAAR C )  (GO CONV) 1) 

( S E T Q  C (CDR C ) )  
(GO COND) 

CONV (EVAL (CADAR C l )  
(GO T E S T )  
1 ) )  

(EVGO (LAMBDA ( A )  ( S E T Q  PROGGOSWITCH A ) ) )  

(ERROR2 (LAMBDA ( X  Y )  (PROG2 ( P R I N T  X) (ERROR Y )  1 ) )  
( P R I N L I S  (LAMBDA ( X I  (MAP X (FUNCTION (LAMBDA ( J )  

( P R I N T  (CAR J I ) ) ) )  
) ) 
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LISP as the Language 

for an Incremental Computer 

L. A. Lombardi and Bertram Raphael 

1. General 

The following two characteristics are commonly found in in- 
formation systems for the command and control of cornplex, diver- 
sified military systems, for the supply of information input for 
quantitive analysis and managerial decision making, and for the 
complementation of computer and scientist in creative thinking 
("synnoesis") [IO]: 

1) the input and output information flows from and 
to a large, continuous, on-going, evolutionary 
da ta base; 

2) the algorithms of the process undergo permanent 
evolution along lines which cannot be predicted 
in advance. 

Most present day information systems are designed along 
ideas proposed by Turing and von Neumann. The intent of those 
authors was to automate the execution of procedures, once the 
procedures were completely determined. Their basic contributions 
were the concepts of "executable instructions", "program" and 
"stored program computer". Information systems based on this 
conventional philosophy of computation can handle effectively 
only an information process which (1) is "self-contained", in the 
sense that its data have a completely predetermined structure, 



and ( 2 )  can be reduced to an algorithm in "final" form, after 
which no changes can be accomodated but those for which provision 
was made in advance. Consequently, the current role of automatic 
information systems in defense, business and research is mainly 
confined to simple routine functions such as data reduction, ac- 
counting and lengthy arithmetical computations. Such systems 
cannot act as evolutionary extensions of human minds in cornplex, 
changing environments. 

Lis t-processing computer languages [ 7 ]  have introduced a 
flexible and dynamically-changeable computer memory organization. 
While this feature permits the manipulation of new classes of 
data, it does not solve the basic communication problems of an 
evolutionary system. Each program must still "know" the form of 
its data; and before any processing takes place, a "complete" da- 
ta set containing a predetermined amount of data must be supplied. 

Mu1 tiple-access, time-shared, in teractive compu ters [8 ]  can- 
not completely make up for the inadequacies of conventional and 
list-processing systems. With time-sharing, changes in systems 
being developed can be made only by interrupting working programs, 
altering them, and then resuming computation; no evolutionary 
characteristics are inherent in the underlying system of a mul- 
tiple-access, time-shared computer. Thus, as prelirninary usage 
confirms, multiple-access time-sharing of conventional computers 
is useful mainly in facilitating debugging of programs. While 
such physical means for close man-computer interaction are neces- 
sary for progress in information systems, they are not sufficient 
alone to produce any substantial expansion in the type cf continu- 
oust evolutionary, automatic computer service with which this pa- 
per is concerned. 

2. The Problem 

A new basic philosophy is under development for designing 
automatic information systems to deal with information processes 
taking place in a changing, evolutionary environment [1,5,6]. 
This new approach requires departure from the ideas of Turing 
and von Neumann. The problem is no longer "executing determined 
procedures", but rather "determining procedures". Open-endedness, 
which was virtually absent from the Turing-von Neumann machine 
concept, must lie in the very foundations of the new philosophy. 

The basis of the new approach is an "incremental computer" 
which, instead of executing frozen commands, evaluates expressions 
under the control of the available information context. Such 
evaluation mainly consists of replacing blanks (or unknowns) with 
data, and perforrning arithmetical or relational reductions. The 



key r e q u i r e m e n t s  f o r  t h e  i n c r e m e n t a l  computer a r e :  

( 1 )  The e x t e n t  t o  which an e x p r e s s i o n  i s  e v a l u a t e d  
i s  c o n t r o l l e d  by t h e  c u r r e n t l y - a v a i l a b l e  i n f o r -  
m a t i o n  c o n t e x t .  The r e s u l t  o f  t h e  e v a l u a t i o n  
i s  a  new e x p r e s s i o n ,  open t o  accommodate new 
i n c r e m e n t s  o f  p e r t i n e n t  i n f o r m a t i o n  by s imply  
e v a l u a t i n g  a g a i n  w i t h i n  a  new i n f o r m a t i o n  con- 
t e x t .  

(2 )  Algor i thms ,  d a t a ,  and t h e  o p e r a t i o n  o f  t h e  
II computer i t s e l f  a r e  a l 1  r e p r e s e n t e d  by ex- 

p r e s s i o n s "  o f  t h e  same k i n d .  S i n c e  t h e  form 
o f  implementa t ion  o f  an  e x p r e s s i o n  which des-  
c r i b e s  an  e v a l u a t i o n  p r o c e d u r e  i s  i r r e l e v a n t ,  
d e c i s i o n s  o f  hardware  - v s .  s o f t w a r e  can be de- 
c i d e d  c a s e  by c a s e .  

( 3 )  The common l a n g u a g e  used i n  d e s i g n i n g  machines ,  
w r i t i n g  programs, and e n c o d i n g  d a t a  i s  d i r e c t -  
l y  u n d e r s t a n d a b l e  by u n t r a i n e d  humans. 

While  t h e  Turing-von Neumann computer i s  computa t ion-or ien ted ,  
t h e  i n c r e m e n t a l  computer i s  i n t e r f a c e - o r i e n t e d .  I t s  main f u n c t i o n  
i s  t o  c a t a l y z e  t h e  open-ended growth o f  i n f o r m a t i o n  s t r u c t u r e s  
a l o n g  u n p r e d i c t a b l e  g u i d e l i n e s .  I t s  main o p e r a t i o n  i s  an i n c r e -  
men ta l  d a t a  a s s i m i l a t i o n  from a  v a r i a b l e  env i ronment  composed o f  
i n f o r m a t i o n  from humans and /o r  o t h e r  p r o c e s s o r s .  ( S t i l l ,  t h e  
i n c r e m e n t a l  computer i s  a  u n i v e r s a l  T u r i n g  machine,  and can pe r -  
form a r i t h m e t i c a l  c o m p u t a t i o n s  q u i t e  e f f i c i e n t l y . )  

C u r r e n t  r e s e a r c h  on t h e  i n c r e m e n t a l  computer i s  aimed a t  de- 
s i g n i n g  i t  w i t h  enough i n g e n u i t y  t o  make t h e  new p r i n c i p l e s  a s  
f r u i t f u l  a s  t h e  ones  o f  T u r i n g  and von Neumann ( s e e  [ l ]  and [5]) .  
Some o f  t h e  main s t u d y  a r e a s  a r e :  t h e  d e s i g n  o f  t h e  l a n g u a g e ;  
t h e  c l a s s  o f  e x t e r n a l  r e c u r s i v e  f u n c t i o n s  and a  mechanism c a l l e d  
a  d i s c h a r q e  s-1 f o r  t h e i r  f a s t  e v a l u a t i o n ;  t h e  d e s i g n  o f  a  
s u i t a b l e  memory and memory a d d r e s s i n g  scheme ( t h e  l a t t e r  problem 
i s  b e i n g  a t t a c k e d  by means o f  h i g h e r - o r d e r  a s s o c i a t i o n  l i s t s ) ;  
s a v i n g  on t r a n s f e r s  o f  i n f o r m a t i o n  i n  memory and t h e  use  o f  c y c l i c  
l i s t s ;  a v o i d a n c e  o r  r e p e t i t i o n  o f  i d e n t i c a l  s t r i n g s  w i t h i n  d i f -  
f e r e n t  e x p r e s s i o n s  th rough  t h e  u s e  o f  s h o r t h a n d s ,  and r e l a t e d  
problems o f  ma in tenance  o f  f r e e  s t o r a g e .  

The f o l l o w i n g  w i l l  p r e s e n t  a q u i t e  e l e m e n t a r y ,  r e s t r i c t e d  
and p e r h a p s  i n e f f i c i e n t  v e r s i o n  o f  t h e  i n c r e m e n t a l  computer b a s e d  
on LISP.  LISP i s  t h e  c u r r e n t l y  a v a i l a b l e  computer l a n g u a g e  which 
most  c l o s e l y  s a t i s f i e s  t h e  r e q u i r e m e n t s  o f  an i n c r e m e n t a l  compu- 
t e r  s y s t e m .  The p u r p o s e  o f  t h i s  p r e s e n t a t i o n  i s  t o  d e m o n s t r a t e  
some o f  t h e  c o n c e p t s  o f  i n c r e m e n t a l  d a t a  a s s i m i l a t i o n  t o  s c i e n -  
t i s t s  who a r e  f a m i l i a r  w i t h  LISP. F e a t u r e s  o f  a  p r e l i m i n a r y  LISP 



i m p l e m e n t a t i o n  can be  used a s  a g u i d e  i n  t h e  development  o f  t h e  
u l t i m a t e  l anguage  f o r  t h e  i n c r e m e n t a l  compute r .  

3 .  A s p e c t s  o f  t h e  Proposed  S o l u t i o n  

Various s t r u c t u r e s  have been p roposed  f o r  t h e  l a n g u a g e  o f  
t h e  i n c r e m e n t a l  computer,  m a i n l y  s t r e s s i n g  c l o s e n e s s  t o  n a t u r a l  
l a n g u a g e  ( f o r  p r e l i m i n a r y  s t u d i e s  s e e  [3] and [4 ] ) .  Here,  how- 
e v e r ,  we w i l l  c o n s i d e r  t h e  c a s e  i n  which t h i s  l anguage  i s  pa t -  
t e r n e d  on LISP. I n  t h i s  c a s e  a s i m p l i f i e d  v e r s i o n  o f  t h e  i n c r e -  
men ta l  computer w i l l  b e  r e p r e s e n t e d  by an e x t e n s i o n  o f  t h e  nor- 
mal LISP "EVALQUOTE" o p e r a t o r .  T h i s  o p e r a t o r ,  i t s e l f  programmed 
i n  LISP, w i l l  e v a l u a t e  LISP e x p r e s s i o n s  i n  a manner c o n s i s t e n t  
w i t h  t h e  p r i n c i p l e s  o f  t h e  i n c r e m e n t a l  computer which a r e  pre-  
s e n t e d  below. The LISP r e p r e s e n t a t i o n s  and programs f o r  imple- 
ment ing  t h e s e  p r i n c i p l e s  w i l l  b e  d i s c u s s e d  i n  s e c t i o n  4 o f  t h i s  
paper .  The LISP meta- language w i l l  b e  used f o r  a l 1  examples  i n  
t h e  f o l l o w i n g  s e c t i o n s .  

i Omi t t ed  arguments :  

Suppose  - f u n c  i s  d e f i n e d  t o  b e  a f u n c t i o n  o f 2  a r g u m e n t s .  
C o n s i d e r  t h e  problem o f  e v a l u a t i n g  

Regu la r  LISP would b e  u n a b l e  t o  a s s i g n  a v a l u e  t o  ( 1 ) .  However, 
f o r  t h e  i n c r e m e n t a l  computer ( 1 )  h a s  a v a l u e  which i s  i t s e l f  a  
f u n c t i o n  o f  (m-n) a r g u m e n t s .  T h i s  l a t t e r  f u n c t i o n  i s  o b t a i n e d  
from ( 1 )  by r e p l a c i n g  t h e  a p p r o p r i a t e  - n a rguments  i n  the d e f i n i -  
t i o n  o f  - f u n c  by t h e  s p e c i f i e d  v a l u e s  x l ,  x2, ..., x n .  

For  example, c o n s i d e r  t h e  f u n c t i o n  

I f  A and (B,C) a r e  somehow s p e c i f i e d  t o  c o r r e s p o n d  t o  t h e  f i r s t  
and t h i r d  arguments  i n  t h e  l i s t3  d e f i n i t i o n ,  t h e n  t h e  i n c r e m e n t a l  --. 
computer s h o u l d  f i n d  t h e  v a l u e  o f  l i s t 3 [ ~ ; ( ~ , ~ ) ]  t o  b e  

( i i )  I n d e f i n i t e  arguments :  

I n  r e g u l a r  LISP a f u n c t i o n  can  be  m e a n i n g f u l l y  e v a l u a t e d  
o n l y  i f  each  s u p p l i e d  argument i s  o f  t h e  same k i n d  - such a s  - 
S - e x p r e s s i o n ,  f u n c t i o n a l  argument,  o r  number - a s  i t s  co r respond-  
i n g  v a r i a b l e  i n  t h e  d e f i n i t i o n  o f  t h e  f u n c t i o n .  I n  c o n t r a s t ,  



t h e  i n c r e m e n t a l  computer p e r m i t s  any argument  o f  a  f u n c t i o n  t o  
be  i t s e l f  a  f u n c t i o n  o f  f u r t h e r ,  undetermined a rguments .  ( I f  
t h e s e  l a t t e r  arguments  were  known, then  t h e  i n n e r  f u n c t i o n  c o u l d  
b e  e v a l u a t e d  b e f o r e  t h e  main f u n c t i o n ,  a s  LISP normal ly  d o e s . )  
The v a l u e  o f  a  f u n c t i o n  w i t h  such i n d e f i n i t e  arguments  s h o u l d  be  
a  new f u n c t i o n ,  a l 1  o f  whose u n s p e c i f i e d  arguments  a r e  a t  t h e  
t o p  l e v e l  . 

For  example, c o n s i d e r  a g a i n  t h e  f u n c t i o n  l i s t 3  d e f i n e d  above 
I n  t h e  i n c r e m e n t a l  computer,  

s h o u l d  e v a l u a t e  t o  

( i i i )  T h r e s h o l d  c o n d i t i o n s  

C o n s i d e r  f o r  example t h e  f u n c t i o n  sum = ~ [ [ x ;  y ] ; x + y ] .  We 
Say t h a t  t h e  " t h r e s h o l d  c o n d i t i o n "  f o r  e v a l u a t i n g  a  sum i s  t h a t  
b o t h  arguments  o f -  be  s u p p l i e d  and t h a t  t h e y  bo th  b e  numeri- 
c a l  a toms.  I n  g e n e r a l ,  a  t h r e s h o l d  c o n d i t i o n  i s  a  n e c e s s a r y  and 
s u f f i c i e n t  c o n d i t i o n  f o r  comple t ing ,  i n  some s e n s e ,  t h e  e v a l u a -  
t i o n  o f  a  f u n c t i o n .  I n  r e g u l a r  LISP, i t  i s  c o n s i d e r e d  a  program- 
ming e r r o r  t o  r e q u e s t  t h e  e v a l u a t i o n  o f  a n  e x p r e s s i o n  i n v o l v i n g  
a  f u n c t i o n  whose t h r e s h o l d  c o n d i t i o n  c a n n o t  b e  s a t i s f i e d .  I n  t h e  
i n c r e m e n t a l  computer,  on t h e  o t h e r  hand, e x p r e s s i o n s  may b e  e v a l -  
u a t e d  even though t h e y  i n v o l v e  i n d e f i n i t e  o r  o m i t t e d  arguments  
( a s  i n  ( i )  and ( i i )  a b o v e ) .  I n  t h e s e  c a s e s  t h e  e v a l u a t i o n  i s  no t  
comple te  i n  t h e  s e n s e  t h a t  t h e  v a l u e s  a r e  themse lves  f u n c t i o n s  
which w i l l  r e q u i r e  a d d i t i o n a l  e v a l u a t i o n  whenever t h e  a p p r o p r i a t e  
m i s s i n g  d a t a  a r e  s u p p l i e d .  

O z c a s i o n a l l y  t h e  t h r e s h o l d  c o n d i t i o n  f o r  a  f u n c t i o n  d o e s  n o t  
r e q u i r e  t h e  p r e s e n c e  o f  a l 1  t h e  a rguments .  For  example, t h e  
t h r e s h o l d  c o n d i t i o n  a s s o c i a t e d  w i t h  t h e  l o g i c a l  f u n c t i o n  fi i s ,  
" e i t h e r  a l 1  arguments  a r e  p r e s e n t  and a r e  t r u t h - v a l u e d  atoms, o r  
a t  l e a s t  one  argument i s  p r e s e n t  and i t  i s  t h e  t r u t h - v a l u e d  atom 
r e p r e s e n t i n g  f a l s i t y . "  The i n c r e m e n t a l  computer must "know" t h e  
t h r e s h o l d  c o n d i t i o n s  f o r  c a r r y i n g  o u t  i t s  v a r i o u s  l e v e l s  of  e v a l -  
u a t i o n .  One o f  t h e  most  c h a l l e n g i n g  problems i n  t h e  t h e o r e t i c a l  
d e s i g n  o f  t h e  new i n c r e m e n t a l  computer i s  t h a t  o f  d e t e r m i n i n g  
e f f i c i e n t  t h r e s h o l d  c o n d i t i o n s  f o r  a r b i t r a r y  f u n c t i o n s  d e s i g n e d  
by a  programmer. 

The i l l u s t r a t i v e  program d e s c r i b e d  i n  t h e  n e x t  s e c t i o n  em- 
p l o y s  o n l y  t h e  most  o b v i o u s  t h r e s h o l d  c o n d i t i o n s .  



4. The Program 

Let us consider some of the problems of representation and 
organization which must be faced in the course of implementing 
a LISP version of the incremental computer. 

(il Omitted arguments: 

Since LISP functions are defined by means of the lambda 
notation [ 9 ] ,  the role of an argument of a function is determined 
solely by its relative position in the list of arguments. If an 
argument is omitted, the omission must not change the order num- 
ber of any of the supplied arguments. This can be accomplished 
only if each omitted argument is replaced by some kind of marker 
to occupy its position. Therefore in the present LISP formalism 
for the incremental computer, each function must always be sup- 
plied the same number of arguments as appear in its definition; 
however, some of these arguments may be the special atomic sym- 
bol "NIL*" which indicates that the corresponding argument is not 
available for the current evaluation. 

The evaluation of a function, some of whose arguments are 
NIL*'s, is approximately as follows: Each supplied argument 
(i.e., each argument which is net NIL*) is evaluated, the value 
substituted into the appropriate places in the definition of the 
function, and the corresponding variable deleted from the list 
of bound variables in the definition of the function. What re- 
mains is just the definition of a function of the omitted vari- 
ab1 es. 

(ii) Indefinite arguments: 

An indefinite argument, as discussed in Section 3 above, is 
an argument which is itself a function of new unknown arguments. 
The present program assumes that any argument which is a list 
whose first element is the atom "LAMBDA" is an indefinite argu- 
ment. This convention does not cause any difficulty in the use 
of functional arguments, since they would be prefixed, as S-ex- 
pressions, by the symbol "FUNCTION." However, there is an ambi- 
guity between indefinite arguments and functional arguments in 
the meta-language. Also, it is illegal to have an actual supplied 
argument be a list starting with a "LAMBDA." A more sophisticated 
version of tiiis program should have some unique way to identify 
indefinite arguments (perhaps by consing a NIL* in front of them). - 

The treatment of indefinite arguments is straightforward if 
one remembers that a main function and an indefinite argument are 
both A-expressions, each consisting of a list of variables and a 



form c o n t a i n i n g  t hose  v a r i a b l e s .  The p roce s s  of e v a l u a t i n g  a  
f u n c t i o n  fn  of  an i n d e f i n i t e  a r g u m e n t 9  i nvo lve s ,  then,  iden- 
t i f y i n g  thé v a r i a b l e  1 i n  t h e  v a r i a b l e - l i s t  of  fn which c o r r e s -  
ponds t o  9; r e p l a c i n g l  by t h e  s t r i n g  of  v a r i a b l e s  i n  t h e  
v a r i a b l e - l i s t  o f  arg; and s u b s t i t u t i n g  t h e  e n t i r e  form i n  arg 
f o r  each occu r r ence  of  2 i n  t h e  form i n  fn. (The t r e a t m e n t  of  
a  c o n d i t i o n a l  f u n c t i o n  c o n t a i n i n g  an i n d e f i n i t e  argument i s  sim- 
i l a r  a l t hough  somewhat more c o m p l i c a t e d . )  

( i i i )  C o n f l i c t s  of  v a r i a b l e s :  

The same bound v a r i a b l e s  used i n  d i f f e r e n t  A-express ions  
which appear  one w i t h i n  ano the r  " c o n f l i c t "  i n  t h e  s ense  t h a t  
they  make t h e  meaning o f  t h e  ove r - a l1  e x p r e s s i o n  ambiguous. The 
use  o f  i n d e f i n i t e  arguments f r e q u e n t l y  l e a d s  t o  such c o n f l i c t s .  
Th i s  problem i s  avo ided  i n  t h e  p r e s e n t  system by r e p l a c i n g  eve ry  
bound v a r i a b l e ,  a s  soon a s  i t  i s  encounte red ,  by a  brand new 
a tomic  symbol gene ra t ed  by t h e  USP f u n c t i o n  Qensym. 

( i v )  Thresho ld  c o n d i t i o n s :  

C e r t a i n  program s i m p l i f i c a t i o n s  can be made a u t o m a t i c a l l y  
by t h e  inc rementa l  computer, i f  co r r e spond ing  t h r e s h o l d  condi-  
t i o n s  a r e  s a t i s f i e d .  I n  p a r t i c u l a r ,  i f  eve ry  argument of  a  
f u n c t i o n  i s  t h e  symbol NIL*, then  the f u n c t i o n  o f  t hose  arguments 
i s  r e p l a c e d  by t h e  f u n c t i o n  i t s e l f .  

The incrementa l  computer i s  r e p r e s e n t e d  by t h e  LISP f u n c t i o n  
e v a l q u o t e l .  Th i s  f u n c t i o n  i s  s i m i l a r  t o  t h e  normal e v a l q u o t e  
o p e r a t o r  excep t  t h a t  e v a l q u o t e l  f i r s t  checks  t o  s e e  i f  any i nc r e -  
mental  d a t a  p roce s s ing ,  o f  t h e  k i n d s  d i s c u s s e d  above, i s  c a l l e d  
f o r .  I f  so l  e v a l q u o t e l  performs t h e  a p p r o p r i a t e  " p a r t i a l "  eva l -  
u a t i o n s .  I f  t h e  g iven  i n p u t  i s  a  normal LISP f u n c t i o n  o f  spec i -  
f i e d  arguments,  on t h e  o t h e r  hand, t h e  e f f e c t s  o f  e v a l q u o t e l  and 
e v a l q u o t e  a r e  i d e n t i c a l .  

Appendix 1 i s  a  l i s t i n g  of  t h e  complete  deck f o r  a  t e s t  r u n ,  
and i n c l u d e s  t h e  d e f i n i t i o n s  o f  e v a l q u o t e l  and a l 1  i t s  s u b s i d i a r y  
f u n c t i o n s .  The r e s u l t s  o f  t h e  run. showing examples o f  incremen- 
t a 1  d a t a  a s s i m i l a t i o n  w i th  t h e  s u b i t 1  f u n c t i o n  (;hich i s  i d e n t i -  
c a l  t o  t h e  normal LISP - s u b s t  f u n c t i o n ) ,  a r e  given i n  Appendix I I .  
The c u r i o u s  r e a d e r  can unders tand  t h e  d e t a i l e d  o p e r a t i o n  o f  t h e  
programs by s t udy ing  t h e s e  l i s t i n g s .  

5 .  Conclus ions  

We can now make t h e  fo l l owing  o b s e r v a t i o n s  concern ing  t h e  
use  o f  LISP a s  t h e  language f o r  t h e  inc rementa l  computer: 



(i) Although perhaps too inefficient to be a final solu- 
tion, LISP is still a very useful language with which to illus- 
trate the features of a new concept of algorithm representation. 
It is especially easy to use LISP to design an interpreter for 
a language similar to, but different in significant ways from, 
LISP itself. 

(ii) The program described in this paper is quite limited 
with regard to its implementation of both LISP and the incre- 
mental computer. If a more complete experimental system were 
desired, the present system could easily be extended in any of 
several directions. For example, in LISP, allowance could be 
made for the use of functions defined by machine-language sub- 
routines, and the use of special forms. In the incremental com- 
puter, threshold conditions could be inserted to allow partial 
evaluation and simplification of conditional expressions. 

(iii) Replacing .alJ bound variables by new symbols is too 
brutal a solution to the "conflict" problem; the resulting ex- 
pressions become quite unreadable. Bound variables frequently 
have mnemonic significance, and therefore should not be changed 
unless absolutely necessary. A more sophisticated program would 
identify those symbols which actually caused a conflict, and then 
perhaps replace each offending symbol with one whose spelling is 
different but similar. 

(iv) When a function of an indefinite argument is evaluated, 
the form in the argument is substituted for each occurrence of 
a variable in the form in the function definition. Similarly, 
when a function has omitted arguments, those arguments which 
were net omitted are each evaluated and substituted for each 
occurrence of variables in the form in the function definition. 
In the interest of saving computer space, we must be sure that 
what is substituted is a reference to an expression, not a copy 
of the expression. In the interest of readability, perhaps the 
print-outs should similarly contain references to repeated sub- 
expressions, e.g., in the form of A-expressions, rather than 
fully-expanded expressions. 
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A p p e n d i x  1: P r o g r a m  L i s t i n g  

TEST B RAPHAEL M948 
DEFINE ( (  

(EVALQUOTEl (LAMBDA (FN X) 
(APPLY1 FN X NIL) 1)  

(APPLY1 (LAMBDA (FN X A) (COND 
( (ATOM FN) (COND 

((GET FN (QUOTE EXPR)) (APPLYI (GET FN (QUOTE EXPR) X A) 
((EQ FN (QUOTE CAR)) (COND 

((NULL* (CAR X I )  (QUOTE CAR)) 
((LAM1 (CAR X I )  (APP2 X (QUOTE CAR) 1)  
( T  (CAAR X I )  1 )  

( ( E Q  FN (QUOTE CDR)) (COND 
((NULL* (CAR X I )  (QUOTE CDR)) 

((LAM1 (CAR X I )  (APP2 X (QUOTE CDR)))  
(T  (CDAR X I )  1 )  

( (EQ FN (QUOTE CONS))(COND((LAM~ XI(APP3 X A (QUOTE CONS))) 
( T  (CONS (CAR X) (CADR X I ) )  1) 

((EQ FN (QUOTE ATOM) ) (COND ((NULL* (CAR X) (QUOTE ATOM)) 
((LAM1 (CAR X I )  (APP2 X (QUOTE ATOM))) ( T  (ATOM (CAR X I ) )  ) )  

((EQ FN (QUOTE EQ))  (COND ((LAM2 XI(APP3 X A (QUOTE E Q ) ) )  
( T  (EQ (CAR X )  (CADR XI 1 )  1 )  

( T  (ERROR ( L I S T  (QUOTE APPLY1) FN X A) 1 )  1 )  
((EQ (CAR FN) (QUOTE LAMBDA) ) (APPLY2 (LAMS 

(CONS (QUOTE LAMBDA) (UNFLICT (CDR F N ) ) )  XI A ) )  
( T  (ERROR ( L I S T  (QUOTE APPLY1) FN X A ) ) )  1 )  1 

(LAM1 (LAMBDA (X) 
(AND (NOT (ATOM X I )  (EQ (CAR X) (QUOTE LAMBDA))) 1 )  

(APP2 (LAMBDA (X A) 
( L I S T  (CAAR X )  (CADAR X) (L IST  A (CADDAR X ) )  1 )  1 



( N U L L *  (LAMBDA ( X I  ( E Q  X ( Q U O T E  N I L * ) )  1 )  
( L A M 2  (LAMBDA ( X I  ( O R  

(MEMBER ( Q U O T E  N I L * )  X I  ( L A M 1  ( C A R  X I )  ( L A M 1  (CADR XI) 1 ) )  

( A P P 3  (LAMBDA ( X  A F) ( (LAMBDA (U V )  ( A P P L Y 1  
(LIST ( Q U O T E  LAMBDA) ( L I S T  U V ) ( L I S T  F U V ) )  X A ) )  

( G E N S Y M )  ( G E N S Y M ) ) ) )  

( L A M S  (LAMBDA (FN X )  ( P R O G  ( V A R 1  A R G l  V A R S  A R G S  A R G 2  M L )  
( S E T Q  M ( C A D D R  F N ) )  
( S E T Q  A R G S  X I  
( S E T Q  V A R S  (CADR F N )  ) 

L O O P  ( S E T Q  L ( C A R  A R G S ) )  
( C O N D  ( ( L A M 1  L )  

( G O  F L I C T )  1)  
( S E T Q  V A R l  ( C O N S  ( C A R  V A R S )  V A R 1 1 1  
( S E T Q  A R G l  ( C O N S  L A R G 1 ) )  

L O O P l  ( S E T Q  V A R S  ( C D R  V A R S )  
( C O N D  ( ( N U L L  V A R S )  ( R E T U R N  (LIST ( R E V E R S E  V A R 1 )  M 

( R E V E R S E  A R G 1 ) )  1) 1 
( S E T Q  A R G S  ( C D R  A R G S ) )  
(GO L O O P )  

F L I C T  ( S E T Q  L ( U N F L I C T  (CDK L I  1 )  
( S E T Q  A R G 2  (CAR L I )  

L O O P 2  ( S E T Q  V A R l  ( C O N S  ( C A R  A R G 2 )  V A R 1 ) )  
( S E T Q  A R G l  ( C O N S  ( Q U O T E  N I L * )  A R G 1 ) )  
( S E T Q  A R G 2  (CDR A R G 2 ) )  
(COND ( A R G 2  (GO L O O P 2 ) ) )  
( S E T Q  M ( S U B S T  (CADR L )  ( C A R  V A R S )  M l )  
( G O  L O O P 1 )  1 ) )  

( U N F L I C T  (LAMBDA ( Y  ) ( P R O G  ( L  1 



(SETQ L (CAR Y))  
LOOP (COND ((NULL L) (RETURN Y ) ) )  

(SETQ Y (SUBST (GENSYM) (CAR L )  Y) )  
(SETQ L (CDR L I )  
(GO LOOP) 1 ) )  

(APPLY2 (LAMBDA (L A) (COND ((MEMBER (QUOTE NIL*) (CADDR L I )  
(APPLY3 L A ) )  ( T  (EVAL1 (CADR L) (PAIRLIS (CAR L) 

(CADDR L)  A ) ) )  1 ) )  

(APPLY3 (LAMBDA ( L  A) (SEARCH (CADDR LI  
(FUNCTION (LAMBDA (JI (NOT (EQ (CAR J )  (QUOTE N I L * ) ) )  1) 
(FUNCTION (LAMBDA ( J I  (APPLY4 L A ) ) )  
(FUNCTION (LAMBDA (JI (LIST (QUOTE LAMBDAHCAR LNCADR L I ) ) )  1 ) )  

(APPLY4 (LAMBDA (L  A) (PROG (VARS FORM ARGS M ARG1) 
(SETQ VARS (CAR L) 
(SETQ FORM (CADR L I )  

(SETQ ARGS (CADDR L I )  
LOOP (SETQ ARGl (CAR ARGS)) 

(COND ( (EQ ARGl (QUOTE NIL*))  (GO B I )  1 
(SETQ FORM (SUBST ( L I S T  (QUOTE QUOTE) ARG1) (CAR VARS) FORM)) 

LOOPl (SETQ ARGS (CDR ARGS)) 
(COND ((NULL ARGS)(RETURN (LIST  (QUOTE LAMBDA) M FORM) 1 ) )  
(SETQ VARS (CDR VARS)) 
(GO LOOP) 

B (SETQ M (CONS (CAR VARS) Ml)  
(GO LOOP1) 1 ) )  

(EVAL1 (LAMBDA ( E  A) (COND ((ATOM E)  (COND 
((GET E (QUOTE APVAL)) (EVAL E A ) )  



( ( E Q  E (QUOTE N I L * ) )  (QUOTE N I L * ) ) ( T  (CDR (ASSOC E A ) )  ) ) )  

((ATOM (CAR E l )  (COND 
( ( E Q  (CAR E )  (QUOTE QUOTE)) (CADR E l )  
( ( E Q  (CAR E )  (QUOTE COND)) (EVCON1 (CDR E )  A ) )  
( (EQ (CAR E )  (QUOTE LAMBDA)) E )  
( T  (APPLY1 (CAR E )  (EVLIS1 (CDR E )  A) A ) )  ) 1 

( T  (APPLY1 (CAR E )  (EVLIS1 (CDR E )  A) A ) )  ) 1)  

(EVCON1 (LAMBDA (C A) ((LAMBDA (XI (COND 
((LAM1 X )  ( L I S T  (CAR X) (CADR X) 

(CONS (QUOTE COND)(CONS (LIST (CADDR XHCADAR C I )  (CDR C I ) )  
((EVAL1 X A) (EVAL1 (CADAR C )  A ) )  
( T  (EVCONl (CDR C) A ) )  1) (CAAR C l )  1) 

( P A I R L I S  (LAMBDA (X Y A) (COND ((NULL X )  A)  
( T  (CONS (CONS (CAR X)(CAR Y ) ) ( P A I R L I S  (CDR X)(CDR Y )  A ) )  1) ) )  

(ASSOC (LAMBDA (X A) (COND ((EQUAL (CAAR A) XI (CAR A ) )  
( T  (ASSOC X (CDR A ) ) )  1 ) )  

(EVLIS1 (LAMBDA (M A) (COND ((NULL M) N I L )  
( T  (CONS (EVAL1 (CAR M )  A) (EVLIS1 (CDR M) A) ) )  1 ) )  

( SUBSTl (LAMBDA (X Y Z )  (COND ((ATOM Z )  (COND 
( ( E Q  Z Y )  X) ( T  Z ) )  

( T  (CONS (SUBST1 X Y (CAR Z ) )  (SUBST1 X Y (CDR Z ) ) ) ) ) ) )  
1) 

E VALQUOTE 1 
(SUBST1 ( ( A  B )  C NIL*) 

EVALQUOTEl 
(SUBSTl ((LAMBDA (XI (CONS X (QUOTE ( B I ) ) )  C (C Y (C  Dl))) 



E VALQUOTE 1 
(SUBST1 (NIL* NIL* NIL*) 

E VALQUOTE 1 
(SUBST1 (ONION NIL* (LAMBDA (X Y) (CONS X Y))  1 )  

E VALQUOTE 1 
SUBSTl ( (A B) C (C Y (C Dl) ) 1 

STOP ) ) ) ) ) ) ) ) ) )  
FIN 



A p p e n d i x  II: R e s u l t s  of C o m p u t e r  Run 

FUNCTION EVALQUOTE HAS BEEN ENTERED, ARGUMENTS.. 
EVALQUOTEl 
(SUBST1 ( ( A  B) C NIL*) )  

END OF EVALQUOTE, VALUE IS  .. 
(LAMBDA ( 6 0 0 0 0 3 )  (COND ((ATOM GO00031 (COND ( (EQ GO0003 (QUOTE C l )  (QUOTE (A B I ) )  ( T  G 0 0 0 0 3 ) ) )  

( T  (CONS (SUBST1 
(QUOTE (A B I )  (QUOTE C) (CAR 6 0 0 0 0 3 ) )  (SUBST1 (QUOTE (A £3) )  (QUOTE C )  (CDR 6 0 0 0 0 3 ) ) ) ) ) )  

I 

m 
r FUNCTION EVALQUOTE HAS BEEN ENTERED, ARGUMENTS.. 
a E VALQUOTE 1 
I (SUBSTl ((LAMBDA (X)  (CONSX (QUOTE ( B I ) ) )  C ( C  Y (C D I ) ) )  

END OF EVALQUOTE, VALUE IS . . 
(LAMBDA ( 6 0 0 0 0 7 )  (COND ((ATOM (QUOTE ( C  Y ( C  D ) ) ) )  (COND ( ( E Q  (QUOTE ( C  Y (C D I ) )  (QUOTE C l )  

(CONS GO0007 ( 
QUOTE ( B I  1) ( T  (QUOTE (C Y (C D ) ) ) ) ) )  ( T  (CONS (SUBST1 (CONS GO0007 (QUOTE ( B )  1)  (QUOTE C) 

(CAR (QUOTE ( C  
Y (C D ) ) ) ) )  (SUBST1 (CONS GO0007 (QUOTE ( B I ) )  (QUOTE C) (CDR (QUOTE (C Y (C D ) ) ) ) ) ) ) ) )  

FUNCTION EVALQUOTE HAS BEEN ENTERED, ARGUMENTS.. 
EVALQUOTE 1 
(SUBST1 (NIL* NIL* NIL*))  



END OF EVALQUOTE, VALUE IS  .. 
(LAMBDA (GO0008 GO0009 G00010)  (COND ((ATOM 6 0 0 0 1 0 )  (COND ( ( E Q  GO0010 6 0 0 0 0 9 )  G00008) ( T  6 0 0 0 1 0 ) ) )  

( T  (CONS 
(SUBST1 GO0008 GO0009 (CAR 6 0 0 0 1 0 ) )  (SUBST1 GO0008 GO0009 (CDR G 0 0 0 1 0 ) ) ) ) ) )  

FUNCTI ON EVALQUOTE HAS BEEN ENTERED , ARGUMENTS. . 
E VALQUOTE 1 
(SUBSTl (ONION NIL* (LAMBDA (X Y) (CONS X Y ) ) ) )  

END OF EVALQUOTE, VALUE IS . . 
(LAMBDA ( 6 0 0 0 1 5  GO0014 600012) (COND ((ATOM (CONS GO0014 G00015) )  (COND ( ( E Q  (CONS GO0014 6 0 0 0 1 5 )  

I 6 0 0 0 1 2 )  ( 

QUOTE ONION)) ( T  (CONS 6 0 0 0 1 4  G 0 0 0 1 5 ) ) ) )  ( T  (CONS (SUBST1 (QUOTE ONION) 6 0 0 0 1 2  (CAR (CONS GO0014 
w 
9 G00015)  1) 
i (SUBST1 (QUOTE ONION) 6 0 0 0 1 2  (CDR (CONS GO0014 6 0 0 0 1 5 ) ) )  ) ) ) )  

FUNCTION EVALQUOTE HAS BEEN ENTERED, ARGUMENTS.. 
E VALQUOTE 1 
(SUBSTl ( ( A  B) C (C Y (C D ) ) ) )  

GARBAGE COLLECTOR ENTERED AT 0 4 0 5 0  OCTAL. 

GARBAGE COLLECTOR ENTERED AT 0 4 0 5 0  OCTAL. 

FULL WORDS 1 4 3 8  FREE 5 3 2 9  WSH DOWN DEPTH 105 

FULL WORDS 1 4 2 6  FREE 4 8 5 6  WSH DOW4 DEPTH 3 0 4  

END OF EVALQUOTE, VALUE IS  . . 
( (A  BI Y ( ( A  B) Dl) 



The LISP System for the Q-32 Computer 

Robert A .  Saunders 

Information International, Inc 

The LISP system f o r  the the-shared  AN/FSQ-32/V computer 
a t  System Development Corp., Santa Monica, Calif., i s  based on 
a compiler wri t ten i n  LISP and compiled by i t s e l f  on an IBM 7090. 
The system is, i n  t h i s  respect,  similar t o  the system developed 
by TOP, Hart f o r  the h4-460 cornputer a t  Air Force Cambridge Re- 
search Labs (1). The 4-22 compiler i s  based on the  H a r t  compiler 
f o r  the  M-460, and it is  f i t t i n g  here t o  acknowledge the consid- 
erable  assis tance rendered t o  the Q-32 project by M r .  H a r t .  As- 
s is tance was a l so  given by D. Edwards and Id. Levin of the 
Massachusetts I n s t i t u t e  of Technology, and Prof. J. McCarthy and 
S. Russell of Stanford University, Computer time on the Stanford 
7090 and PDP-1 mas used i n  conjunction with Stanfordls  contract 
r i t h  Mvanced Research Projects kgency f o r  research i n  time 
sharing and a r t i f i c i a l  intell igence. 

The 4-32 is  a l l s  complement binary computer with a &bit 
worà length and 65,536 words of storage, Core speed i s  about 2 
microseconds, and sorne instruct ions overlap. It has an accumu- 
l a t o r ,  an accumulator extension cal led the B-register, e ight  in- 
dex r eg i s t e r s ,  and various other e lec t ronic  regis ters .  Peripheral 
equipment includes 16 tape dr ives  (729 IV), about 350,000 words 
of d m  storage, a card reader, card punch, and a l i n e  printer.  
A PDP-1 is used as  a peripheral processor t o  service time-shared 
Telet,ypes. m e n  run i n  t h e  sharing, the  lowest 16,384 reg i s t e r s  
a re  used by the executive system. 

The external  language i s  compatible with LISP 1.5. Some 
features  (arrays, character objects,  and "$8" quoting i n  W) 
a r e  not implemented a t  present, Mostprograms which xi11 run on 
7090 LISP w i l l  rm on Q-32 LISP without change. 

Born the user 's  point of view, the 4-32 system i s  seen 
through a version of EVUUOTE which reads a pair and executes 
it. A s  i n  7090 LISP *(2), the pa i r  i s  a function and a l i s t  of 

*The reader i s  advised t o  famil iar ize himself with t h i s  reference 
if he has not done so. 
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arguments. If the function is  an atom carrylng a functional 
defini t ion,  tha t  defini t ion,  i n  the form of compiled code, i s  a p  
pl ied t o  the  argunents. If it i s  a functional expression, the 
expression is compiled and then executed. 

The function DEFINE takes a l i s t  of pairs,  making t he  first 
element of a pa i r  the  name of the  function represented by the 
second element. The function is  compiled a t  the time it is de- 
f ined . 

8-32 LISP uses the  macro system developed by Hart (3). The 
function U C R O  takes a list of pa i rs  similar t o  DEFINE. The 
finctions, which are compiled by MACRO, a re  applied t o  a l i s t  of 
t h e i r  arguments whenever they appear in a DEFIN30 

There are  two classes  of variables i n  Q-32 LISP, loca l  and 
special. Local variables, which may be referred t o  only within 
the  function binding them, a re  stored on the pushdown list, 
Variables used f r e e  (i.e,, used i n  a function i n  which they are 
not exp l i c i t ly  bound) must be declared special. A s  i n  7û9û LISP, 
t h i s  i s  done with a declaration of the form: 

If an un-special variable is used free,  it w i l l  be t reated as  
special, and an er ror  comment ni11 appear. A l oca l  variable 
binding i s  v i s ib le  only i n  the function tha t  binds it, and the 
binding i s  l o s t  when the function i s  completed, A special  
variable binding is also l o s t  when the function binding it i s  l e f t ,  
and the old specia l  value, saved upon entering the  function, i s  
restored. The special  value of a variable bound by no function 
can be considered a constant, and thus is the Q-32's equivalent 
of the 7090 APVAL. Such e binding can be established by CSET. 
It i s  also established by DEFINE, a d  the value of the  binding 
i s  a number (cal led the  function descriptor). Eluictional argu- 
ments work by binding the function atom t o  a function descriptor. 
The ca l1  of a function looks fo r  a f'unction descriptor binding on 
the SPECIAL c e l l ,  so functional arguments must be declared 
smm. 

The functional argument FN must be declared SPEXIBL when MAPLIST 



is defined, (This has been done, of course, i n  the  system version 
of UPLIST.) Then when WlAPLIST i s  entered, the functional argu- 
ment is attached t o  FN, and when the  function FN i s  called, the 
r i g h t  thing happens. 

Atoms i n  8-32 LISP a r e  of tno types: numeric and l i t e r a l .  
Numeric atoms begin with a d i g i t ,  plus, o r  minus; any other l e g a l  
character  as the  first character denotes a l i t e r a l  atom (e.g., 
CAR). Numbers are fixed point unless containing a decimal point, 
which denotes f loa t ing  point. Scaling of e i t h e r  f ixed o r  f loa t ing  
point  decimal numbers can be done with an E scale  factor ,  Ex- 
amples : 

Negative scal ing of a fixed point number is not meaningful. 

Octal  integers  are denoted by a l e t t e r  Q following the inte- 
ger. A decimal integer  following t h e  Q denotes an o c t a l  scale  
factor.  Only posi t ive scalings a r e  meaningf'ul. The following 
a r e  equivalent i n  value: 

They m i l 1  p r i n t  differently,  however; the f i r s t  tmo as 36411~2 
and the other  two as  T000000. 

The system contains an incomplet6 s e t  of Holler i th  objects. 
The object narnes below a re  bound t o  spec ia l  values which p r i n t  
as indicated. 

mm 
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Because the Q-32 LISP sgstem is  compiler-oriented ra ther  than 
interpreter-oriented, the user should expect: 

1. Programs t o  run f a s t e r  on the Q-32 than (uncompiled) 
on the  7090. 

2, To have to pay more a t ten t ion  to  var iable  declara- 
t ions  than i n  an in terpre t ive  system, where f'ree 



variable bindings are available autornaticâily. 
3. To have l e s s  thorough error-checking by the system. 

In  particular,  there i s  no check tha t  f a c t i o n s  
are supplied the r igh t  nimiber of arguments, (TO 
put t h i s  feature i n  wouïd require two words in- 
stead of one fo r  huiction calls.) 

Inside the Sgstem 

The foregoing section ri11 suffice to  guide the casuaï user 
f a m i l i a r  u i th  7090 LISP. Vu'hat follows i s  a f a i r l y  complete des- 
cription of the inner aorkings of the systern, 

Storage Allocation 

Storage in the cornputer is l a i d  out roughly as follows: 

OCTAL - rPElM 
Maching language code 
C ompiled code 
Scratch function area 
Binary program space 
Pushdown l i s t  
Quote ce l l s  and atom heads 
hl1 word space 
Free storage 

fi11 word space i s  assigned from the bottom up, Free ator- 
age i s  assigned from the top dom, Garbage collection is i n i t i -  
ated when the t o t a l  storage i a  exhausteci. The ml word space is  
compacted downward, and the î ree  storage is compacted up~ard. 
The floating boundary permits bet ter  u t i l iza t ion of storage, 

Compiled references to  l i s t  structure are  made through the 
quote cel ls ,  the pushdown list, and the atom heads. This allows 
the garbage collector t o  avoid tracing through compiled code. 

Atomic Structure 

A t o m s  i n  Q-32 LISP are of two types; l i t e r â i  and numeric. 
Numeric atoms occupy 3 mords i n  the cornputer. See Figure 1. 

The one i n  b i t 1  of the f ree  storage mrd is the atom indi- 
cator. B i t  O i s  used by the garbage collector. The decrement 
and remainder of the prefix are not used, The tag indicates a 
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F igu re  1. S t r u c t u r e  of a LISP Number 

number, of type defined by X, while t h e  address points t o  the  
s t ruc ture  i n  f u l l  word space. X i s  1 if t he  number is a f ixed 
point integer,  2 if it is  f loa t ing  point, and 5 if the number ia 
t o  be t rea ted  as  an o c t a l  integer. 

The s t ruc tu re  i n  full-word space is  ac iua l lg  an array of one 
element. The one i n  b i t  4 of the array head indica tes  non-list- 
type elements i n  the array (presently the  oniy alloaed type). 
B i t  5 is a 1 if the array elements a re  BCD (binary coded decimal) 
characters,  B i t  O is used by the garbage col lector ,  and t h e  re- 
maining b i t s  of the pref ix a r e  unused, The decrement contains the 
number of words i n  the array ( exc1~d i .n~  the head word). I n  num- 
bers, the tag is not used, The address i s  a pointer to the  
associated word i n  f r e e  storage, 

A typ ica l  atom (e,g,, CAR) looks l i k e  the  diagram i n  Figure 
2. 

The atom heaà ce11 i s  asç igned  when t h e  atom i s  f i r s t  r e a d  
(o r  gene ra t ed ,  i n  t h e  c a s e  of GENSYM'S) and i s  n o t  p r e s e n t l y  r e -  
coverable  by garbage c o l l e c t i o n .  The p r e f i x  c o n t a i n s  a 1 i n  b i t  
1 as t h e  atom i n d i c a t o r .  A 1 i n  b i t  4 would i n d i c a t e  t h a t  t h e  
f u n c t i o n  r e p r e s e n t e d  by t h e  atom was be ing  t r a c e d .  The decrement 
p o i n t s  t o  t h e  p r ~ p e r t y  l i s t .  The f i r s t  i t em on t h e  p r o p e r t y  l i s t  
i s  always t h e  p r i n t  name, so  t h e  a v a i l a b l e  p r o p e r t y  l i s t  begins  a t  
CDDR of  t h e  atom. The sys5em does not  use t h e  proper ty  l i s t ;  it 
i s  e n t i r e l y  a v a i l a b l e  t o  t h e  programmer. 

The p r i n t  name i s  a  numerical  a r r a y  ûf a s  rriâny words a s  a r e  
r e q u i r e u  a t  3 c h a r a c t e r s  per  wor6. The j i n  the t a g  of t h e  array 
hrad 6.enotrs c h a r a c t e r s  i n  t h e  l d s t  word af t h e  p r i n t  name. 
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Figure 2 .  Structure of a Typical Atom (CAR) 

The address and tag of the atom head give the location of the 
special ce l l ,  i f  ange In the case of Ruictional bindings, the 
special ce11 is a pointer to a number, The number gives in its 
address the location of the machine language code fo r  the func- 
tion. The tag gives the number of arguments the function expects 
to  get, and the decrement gives the amount of space required on 
the puahdown list. Obviously the number of arguments to a func- 
t ion cannot exceed 63. Since the pushdown list requires tao 
words per entry, and an extra entry fo r  control information, 
D22T+ 2. 

An atom is considered to  have been declared SPECIAL i f  b i t  
3 of the atom head is a l ,  This b i t  i s  s e t  by the function 
SPECIAL and cleared by UNSPECLBL . This b i t  i s  e m i n e d  by the 
compiler when an atom is used as a free variable. Because t h i s  
b i t  i a  independent of the actuul existence of a SPECIAL binding, 
an atom which has a SPECW o r  f'unctional value can be used as  a 
local  variable even i f  the special value i s  p e s e n t  during com- 
pilat ion of a function, 



Binding a spec ia l  var iable  consis ts  of saving on the push- 
d o m  ï i s t  the  o ld  address part of the atom head, i.e. the  
previous spec ia l  binding (if any), The address part of the atom 
is  then caused t o  point to the locat ion on the pushdown list 
where the value of the nevi binding is stored, This i s  the reason 
fo r  two words per entry on the  pushdown list - the f i r s t  is used 
f o r  saving old special  bindings, and the second has the value of 
the  associated variable, 

The majority of compiled function c a l l s  are of the  form 

Le.,  branch to * C U  and s e t  index 4 t o  point t o  the  head of the  
atom FN, *CUL is  a section of the  assembled par t  of the system 
t h a t  : 

1, Examines the  atom f o r  a functional binding, L e , ,  a 
pointer t o  a number i n  CAR of the atom. If such 
a binding does not ex is t ,  an e r ro r  i s  indicated, 
If it does, the subroutine entry address, number 
of arguments, number of c e l l s  on the  pushdown 
l ist ,  and whether it is being traced, a r e  deter- 
mined, Then, 

2, Unless the function is of no arguments, the accumu- 
l a t o r  is stored on the  pushdown l i s t  as the  l a s t  
argument. 

3. The pushdown pointer is incremented, and the old 
pushdown pointer, the  re turn  address, and the  
atom being cal led a r e  saved on the pushdown list,  

4. I f  the  function i s  being traced, i t s  name and 
arguments a r e  printed, 

5. Control passes t o  the  subroutine, 

Returns from functions generallg a re  t ransfers  t o  *RETRN 
which: 

1. If the function is  being traced, p r in t s  i t s  name 
and vahe .  

2. Finds the  re turn  address. 
3. Restores the pushdown pointer 
4.  Returns control  t o  the ca l l ing  routine. 

Certain routines have spec ia l  cal ls .  SPECBIND and SPECFSTR, 
the  rout ines  t h a t  bind and r e s to re  special  var iables ,  a re  called 



by, f o r  example: 

(BUC SPECBIND O 4 )  
~14707  (O (2 *N) 1 (E ~ 1 ) )  

(CAS (4 *N) 1 (E ~ 2 ) )  

The parameter l i s t  is a l is t  of spec ia l  variables t o  be bound, and 
of where the  old bindings a r e  t o  be saved, *N i s  minus the  t o t a l  
number of c e l l s  of pushdown list used by the function, The prefix 
is O except f o r  the last entry, where it is  40 octal ,  The address 
and t ag  denote the place on the  pushdown list where the old binding 
is saved, and the decrement gives the atom t o  be bound. After bind- 
ing, (O (2 *N) 1 )  has i n  i t s  address a pointer t o  the previous bindina 
and the  decrement has the atom name so t h a t  the special  values can 
be restored by UNIDID i n  case an e r ro r  occurs, 

R.estoraticn of special  var iables  is handled bg a ca l1  of the  
f orm 

(BSX SPECRSTR 4 Gl4.707) 

SPECRSTR uses the  parameter list used by SP%CBIKD t o  res tore  the  
previous bindings, 

LIST i s  a ra ther  common f'unction, and insteéid of having it 
defined as  a macro t o  generate l o t s  of CONS'S, a speciai  sub- 
rout ine (which c a l l s  CONS) i s  ueed, Calls a re  of the form: 

where K i s  the number of items t o  be l i s t ed ,  The parameter l ist  
contains the locations of the  items t o  be l i s ted .  

Some machine-language-coded f unctions ( e. XUMBERP) are 
cal led both a s  LISP functions b o u g h  *GALL and from inside the 
system. These return t o  the locat ion following t h a t  from which 
they a re  cailed. *cRFTRN immediatelg follows the  end of *CUL 
so t h a t  re turns from LISP c a l l s  work, 

Input-Output 

Primary input-output is v i a  the-shared Telet~rpe, The read 
rout ine rezds one Ç-expression a t  a time, extending over as many 
l i n e s  of input a s  a re  required. For f a s t  reading, a block of 
125 reg iç te rs  i s  chained i n  the CDR-direction in to  a l i s t  called 



t h e  object l i s t  (OBLIST). The CU of each of these points to a 
list of atoms, al1 of which have the  same remainder when the  
numerical value of the f i r e t  word of the  p r in t  name i s  divided 
by 125, These l ists  a re  s e t  up by a subroutine ca l led  BUCSRT 
when the system is  f i r s t  loaded. Rhen an atom is read, e sub- 
rout ine cal led INTEI'N determines whether it is  one seen before 
o r  not. I f  not, the newly created atom is hung onto the r igh t  
pa r t  o f  the object  list. &ore p e c i s e l y ,  IFF2X i s  a function 
of one argument, a jus t  read atom, whoee value i s  e i t h e r  that 
atom o r  another q i t h  the  same p r i n t  name, This insures  a unique 
repreaentation f o r  l i t e r a l  atoms. 

Print ing is done by PRINT, which c a l l s  PRINID and TLRPRI. 
PRIN/D breaks l ist  s t ruc ture  in to  atoms and passes them t o  PRIRL, 
which puts the  p r in t  name in to  the  output buffer. Punctuation 
(dots and parentheses) a re  outputted by giving PRINl the correct  
Hollerith object. TERPRI puts a carr iage return i n t o  the  buffer 
and dumps it. The buffer is d s o  dumped when f u l l  o r  mhen an 
object  ends within 10 characters of the  end of the buffer. 

Garbage Collection 

Garbage col lect ion i s  done i n  a four phase process. 

1, A l 1  l i s t  s t ruc ture  i s  rnarked, s t a r t i n g  from the 
quote ce l l s ,  the object  l ist ,  and the  push-down 
l i s ta  Full  words a re  marlrsd with a b i t  i n  the  
array head, so a b i t  t r b l e  i s  not required. 

2, Full  word space is compacted downward, Two pointers 
start a t  the beginning of f u l l  word s p c e .  The 
f i r s t  pointer i s  advanced over al1 fu l l  ~ o r d s ,  
and those marked are copied i n t o  the  locat ion 
indicated by the second pointer, which is ad- 
vanced for  each array copied. The pointer i n  
the Wray head is used t o  update the  l i s t  point- 
e r s  t o  relocated arrays, 

3. f i e e  storage i s  compacted upward by a scheme at-  
t r ibuted t o  D. Mwerde, Two pointers a r e  se t ,  one 
t o  the top of f r e e  storage and one to the  bottom, 
The top pointer ecans words, advancing dowr~ward, 
looking for  one not marked. Xhen one ia fomd, 
the bottom pointer scans words, advancing upward, 
lookirig fo r  e marked word, m e n  one i s  found, it 
i s  moved in to  the locat ion ident i f ied  by the 
other pointer. A pointer i s  l e f t  a t  the location 
the word was moved from, pointing to where it 
was moved to. The top pointer i s  then again ad- 
vanced as before, The process terminates when 



the two pointers meet, 
4. L i s t  references t o  the  vacated f r e e  storage are 

fixed up by lookiog a t  CAF, and CDR of every word 
on the pushdonn l i s t ,  on the ob l i s t ,  and i n  the 
compacted free storage. Any pointers t o  the  
vacated area are replaced with pointers t o  the 
relocated nords, using the  pointers l e f t  there i n  
Step 3. 

The process i s  substant ial lg  slower than on the  70% f o r  
two reasons: a much la rger  f r e e  storage (approximately 30,000 
words ) , and more computation. 

Compilation 

Compilation i s  done in a five-step process: 

1, The macros present i n  the defini t ion,  i f  any, are  
expand ed. 

2. Pass 1 of the compiler proper a l t e r s  the  defini- 
t i on  t o  take care of special  variables and 
various odds and ends. 

3. Pass 2 of the compiler generates s p b o l i c  machine 
code from the a l t e red  S-expressions, 

4.  Pass 1 of LAP constructs a symbol table. 
5. Pass 2 of LCLP uses the  resul t ing  symbol tab le  to 

t rans la te  the machine code in to  binary, which 
i s  stored i n  memory, 

The code t h a t  i s  compiled i s  not par t icu lar ly  e f f i c i en t ,  but 
it is  serviceable, and not l e s s  than half as f a s t  as  had-compiled 
code aould be. It consists almost en t i r e ly  of subroutine ca l l s ,  
only Q, Na, and NJLL i n  predicates being compiled open. 
COND1s and PRQG1s are expanded i n  a straightforward way, The 
defini t ion of EQ which zppesrs i n  the  system, t o  w i t :  

may appear redundant o r  i n f i n i t e l y  recursive, but in f a c t  it is 
neither;  the appearance of E& inside i s  compiled open; as  it is 
i n  a predicate; and the function i s  useà fo r  c a l l s  of EQ outside 
of predicates, 

LAP 

The 9-32 version of L U  ( the LISP essembly program) i s  



s i r i l a r  t o  tha t  on the 7090. It i s  a r i t t e n  i n  S-exprezsions and 
i~ part  of the system compiled on the  7090, The language i s  
iden t i ca l  t o  t h a t  used on the 7090 except f o r  the o r ig in  statement. 
The l ega l  types include l i t e r e l  atoms and numbers, which a r e  
iden t i ca l  in e f f e c t  t o  the same types on the 7090; and l is ts  of the 
form 

(1Wd.E SUBR X Y )  

except f o r  Y, a r e  the same a s  on the  7.090. Y i s  the  number of 
c e l l s  (not pairs)  required on the pushdown list. A s  s t a t ed  be- 
fore ,  Y&2X+2. 

I 
Words consis t  of lists of one t o  four elements, in the order 

operaticn, address, tag, decrement. The address and decrement 
are taken modulo 2"-1, The f i e l d s  present are OR1ed together, 
with the t ag  and decrement f i e l d s  sh i f ted  l e f t  18 and 24 b i t s ,  
respectively,  The orders i n  the pernaxent vocabulary include 
those used by t h e  compiler. These are: 

BSX 
BUC 

STZ 
STA 
BOZ 
BTJZ 
LDA 
XOR 
CAS 

LDB 
STB 

Branch and s e t  index 
Branch unconditionally; set index re-  

g i s t e r  designated by decrement t o  
locat ion counter 

Store zero 
Store accumulator 
Branch on accwnulator zero 
Branch on accuinulator not zero 
Load accumulator 
Exclusive OR t o  accumulator 
Compare accumulator w i t h  storage 

(used a s  f l a g  only) 
Load E - r eg i s t e r  
Store E - reg is te r  

A s  many others  a s  a r e  desired can be defined, e.g. CSm (M 
7 4 u )  

Building the  System 

The system i s  written about half  i n  SCAMP, the Q-32 assembly 
lânguage, and ha i f  i n  LISP and UP. Each half comprises about 

cards. The LISP par t  i s  compiled on a 7090, taking about 
40 minutes of computer t h e ,  V a r i ~ u s  parsmeters s e t  i n  advance 
control  the lzyout  of the system, About a dozen references to 
the  assenibled code are handled by use of a t r ans fe r  vector at the 
beginning of the assembled code. Various locations i n  the re- 
s u l t i c  compiled code a re  put in to  the  SCAbiiP deck as assembly % parame ers. 



The output from the  LISP compilation c o n s i ~ t s  of an a s s e ~ b l y  l ist-  
ing o f  the compiled code, and a tape containing some 6000 card 
images, each of which has an oc ta l  address i n  co3.s. 1-8, and an 
o c t a l  word ( ins t ruc t ion  or  permanent l ist s tructure)  i n  cols. 
9-24. The 48 b i t  Cj-32 word is handled i n  the 7090 by t r ea t ing  
it as two words. The 90 code cor rec t ly  assembles l i s t  s t ructure,  
i n s t r u c t i m s ,  posi t ive integers up t o  36 b i t s ,  and negative in- 
tegers up t a  24 bits .  A t  present writing, t h i s  is adequate f o r  
ever,vthing i n  the  systen except one number ( i n  FQUAL), which i s  
corrected mith a patch. 

The S C M  deck contains the basic  functicns used i n  the  
system, a code t o  read the o c t a l  card-image tape, and a code t o  
write a tirne-sharing compatible tape. The assembled code is  
lozded during non-time-sharing, and the  program reads the o c t a l  
tape and plants  the aords nhere they belong. A routine then 
plants patches as required, and the tirne-sharing "load tapen is 
then written. It i s  essent ia l ly  a core dump, taken 960 words a t  
a t h e .  
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Atoms wi th  Zero-Level Eindings i n  4-32 LISP 

This appendix i s  e s s e n t i a l l y  a l i s t  of  t h e  reserved atoms i n  
Q-32 LISP. 

The folloviing atoms represen t  t he  same functicjns as i n  7090 
LISP. Numbers r e f e r  t o  pages i n  t h e  LISP 1.5 Manuel. 

A O D l  
APPEND 
ATOM 
CAR, CDR, 

CAAR-CDDDDR 
CONS 
CSET 
DEFLIST 
EQ 
EQUU 
ERrnR 
FIXP 
F'LOATP 
GENSY hl 
GET 
GItLEXTmP 
U P  
LENGTlI 
LESSP 
IJWP 
IkIAFcOM 
YAPLIST 
MENLBER 

MINUS 
KINUSP 
NCOMC 
N UG3EP,P 
NULL 
PAIR 
PR IN^ 
PRIrn 
PEOG2 
PILOP 
R F D  
REVERSE 
RPUiC A 
3PU-CD 
SAS SOC 
S PEC IAL 
S m 1  
TERPKI 
TRACE 
UXSPEC IAL 
UNTRACE 
ZEF-O P 

The following atoms represen t  fwicti ir is  d i f f e r e n t  from th(:se 
i n  t h e  7090: 

(LSHIFT K B) Same as ( L E F P S H I ~  A B) on 7090. 
(I?EETNE L) Comliles the li:t cf funct icns  L. S imi la r  t o  

combined. eff cc ts of 7090 DLFISY, CC'BITILE . 
 DIF FI^^. A 8 )  S m ~ e  as (DIFIIRF?:CE A B) on 7090. 



The fcllowing atoms represent mathematical functions. They 
d i f f e r  from the re la ted  7090 functions i n  t h a t  these requise pre- 
c i se ly  two arguments: 

The fûnctions PLUS, TIMES, LOGAI?), UGOR, LOGXOR, W, MIN can be 
defined as macros using the  above functicns. 

The following atoms represent fùnctions either unique t o  th9 
Q-32 o r  not described i n  the  LISP 1.5 Manual: 

Defines a l is t  of functions L as  macros. 
Same as  IWLIST except FN i s  applied t o  each ele- 

ment of L: i.e., CAR of what it i s  applied t o  
in RU1PLIST. 

Tests two numbers f o r  equality r i t h i n  a tolerance 
(3.0 E-6). Used by QUAL. 

Absolute value of B. Used by EQP. 
The principal par t  of PXINT;. does a l 1  of PRIM! 

except a f i n a l  TERPRI. 
Pr in ts  i n  unsigned o c t a l  the B lowest s ignif icant  

o c t a l  d i g i t s  of A, including leading zeros, 
if any. 

Enters N blanks i n t o  the  p r in t  buffer. 
Part  of AXEAD. 
Gives l a s t  element of list L. 

The compiler and related code comprise the following 
f unc t ions  : 

DEFI 
MDEF 
COM2 
PASSI 
PROG ITER 
P A W  
P r i  
PI3 
PALCLM 
PAFJHd 
PAI 
PA2 
PA3 
p u  
PA5 

PA? 
PA8 
PA9 
PA12 
DEmE 
COhlP 
PASS2 
COOlVAL 
CCIIIIPROG 
Cc3UCOND 
CO l " W L  
Cv:VIPACT 
CEQ 
COVZ'LY 
conlL1s 

STORE 
C A U  
LAC 
ATTACH 
LQC ATE 
LAPEVAL 
JUST 
*CALL 
*-SETHN 
*LIST 
SPECBIND 
SmRSTR 
*SPECIND 
r a ' w  



The following atoms have zero-level  bindings used by t h e  compiler: 

BPORG SCUCH TBPS P R I I ~ I S  
E X  BUG STA ST Z 
Bi? Z LDA BOZ XOR 
CAS ST B LDB 

The following atoms are bound t o  character  objects :  

LPU. SLLSH COIDM 
B M K  E .  S IGTJ 
PSFUOD DOLU? mt  i n s t a i i e d  a t  present  
RPAR STAR LSTHAN 

T GRTHCllU 

Various atoms represent  rniscellaneous s e rv i ce  routines.  
These atoms a l1  begin with an a s t e r i s k  and a r e  not  l i s t e d  here. 

Cer ta in  funct ions  i n  the  compiler have generated s p b o l s  f o r  
names. These names, although appearing on the o b l i s t ,  w i l l  not  
c o n f l i c t  w i t l î .  s;rnbols generated bj7 Q-32 GUJJSYl1, even if  they have 
t h e  sacie p r i n t  name, as G3LSm does not  en te r  t he  generated atoms 
on t h e  o b l i s t .  However, a con f l i c t  could a r i s e  i f  t h e  wrong 
GEXSYTVils were read i n  and then bound on the zero level .  Any 
subsequent vers ion  of t he  Q-32 LISP will use d i f f e r e n t  i n t e r n a i  
GEi.1S'nlts t o  avoid t h i s  problem. 

The following atoms, although not  bound a s  functions,  are 
t r e a t ed  as s p e c i a l  funct ions  hy t h e  compiler: 

WilBDA NIL COIJD GO I'iC!T 
PXIG T QUOTE CSET4 SET 
LABEL F FUNCTIL' N SELECT CONC 

LIST LTUEtY 



2. Sample Output from the  Q-32 LISP Compilation 

The fo l loa ing  output is a sample portion of the  output from 
t h e  7040 produced when compiling LISP f o r  the  Q-32. The first 
p a r t  is the  compilation of LFfiGTH, WAP, WAPCON, MAPLIST, ADD1, 
SUBI, and ZERL1P.. The second p a r t  i s  the atomic s t ruc tu re  of ADD1, 
BILAP, UFCON, and SUBI, as produced by PUNOEU. The constants O, 1, 
and -1 a l s o  appear. 

*N is  always the  number of c e l l s  used on the  pushdown l i s t  
( i n  the  code of LENGTR, 6). 

The compiler l i s t i n g  should be consuited and the  function 
de f in i t i ons  compared with the compiled code given here. 

a. Pa r t  1 

( L ~ G T H  SUBR 1 6)  
(mz (5  *RI 1 )  
(LDA (QUOTE O))  
(STA ( 5  *NI 1 )  

GO0730 
(LDA (3  *NI 1 )  
(ENZ ~00734)  
(LDA (5 SM) 1 )  
(BSX * P ~ P L N  4 (E L ~ G T H )  ) 

m734 
GO0733 

(DA (5 *NI 1 )  
(BSX * C U  4 (E ADDI)) 
(STA (5  *N) 1 )  
(LU ( 3  *NI 1 )  
(BSX *CALL 4 (E CDR) ) 
(STA (3 *NI 1) 
(SUC ~00730)  



(STB (7 *N) 1) 
(BSX SPECRSTR 4 G0074l) 
(LDA (7 *N) 1) 
(BSX *RETRN 4 (E w)) 

(MAPCC~N SUBR 2 12) 
(BUG SPECBIND O 4)  

(STA (7 *NI 1) 
(ESX SPECRSTR 4 ~00760) 
(UA (7 *N) 1) 
(BSX + m m  4 (E KAPCCN) ) 

(P,"APLIST SUBR 2 12) 
(BUC SPECBIND O 4) 



(CAS (4 *N) 1 (E FN)) 
(me (3 *NI 1) 
(BNZ ~00777) 
(SUC ~00776) 

Go0777 
(LZ)A (3 *IJ) 1) 
(BSX *CALL 4 (E FN) ) 
(STA (9 *NI 1) 
(LDA (3 *N) 1) 
(BSX *CU 4 (E CDR) ) 
(STB (11 *N) 1) 
(LDA (SPECIAL FN)) 
(LDB (11 *N) 1) 
(STB 3 1) 
(BSX *cm 4 (E ~ P L I S T )  ) 
(DB (9 *NI 1) 
(STB 3 1) 
(BSX *GALL 4 (E; CGXS)) 

Go0779 
GO0776 

(STA (7 SN) 1) 
(ESX SPECRSTR 4 ~00774) 
(DA (7 *N 1) 
(BSX *FmRN 4 (E LIAPLIST)) 

b. P a r t  2 





An Auxiliary Language 

for More Natural Expression 

- the A-Language 

William Henneman 

Information International, Inc . 

Although LISP i s  one of the most powerful tools  avai lable  
t o  the research worker i n  many f i e l d s  of programming, the format 
of the input language (s-expression) is awkward to use -- so 
awkward t h a t  many er rors  i n  programming f o r  LISP stem d i rec t lg  
from the f a c t  t h a t  S-expressions a r e  the only allowable form of 
input. The inherent diyf icul ty  of producing correct ly  working 
S-expressions i s  t a c i t l y  recognized by anyone who uses M-expres- 
sions i n  place of them, when not communicating direct13 w i t h  the 
computer. 

The most s t r ik ing  example of t h i s  d i f f i c u l t y  is  the extreme 
number of parentheses used i n  wri t ing S-expressions. Thus, t he  
function of nfirstatomn i s  defined in M-expression notation as 

f i rs ta tom 1x1 = [nul1 [XI +NIL; 
atom [car [x I l+ca r  [XI  ; 
T+fi rs ta tom [car [ x ] ] ] .  

The corresponding S-expression i s  

DEFINE ( ((FIPSTATOM (LAMBDA (x) (COND 
( (ATOM (CAR x)) (CAR x)) 
(T (F~TAToM (CAR XI I 1 1 1 1) 

This simple function has 26 parentheses, and a long compli- 



cated program nould have many more. This prol i fe ra t ion  of 
parentheses makes it very d i f f i c u l t  t o  write such co2plicated 
programs without an er ror  i n  placement or  pairing of parentheses. 
Indeed, i n  some quarters,  "LISPn i s  considered t o  be an acronym 
f o r  "Lots of I r r i t a t i n g  Single Parentheses". 

The worst fea ture  of t h i s  plethora of parentheses i s  the  f a c t  
t h a t  a localized er ror  i n  parenthesization can cause global  er- 
r o r s  i n  the  LISP system, For example, an unpaired r i g h t  paren- 
thes i s  on any l h e  can couse reading of the input to terminate 
a t  t h a t  l ine ,  An unpaired l e f t  parenthesis can cause most of 
the  prograin t o  be unexecuted. 

Another inconvenience associated mith S-expression i s  the  
f a c t  that Polish notation i s  mandatory. Now it is  harder t o  read 
Polish notation tIian i n f i x  notation, i f  only because ne were al1 
taught i n f i x  notation i n  school. I n  logic  and i n  other program- 
ming systems, it is worthwhile t o  pay the price of readabi l i ty  
f o r  pref ix notation since one is  rewarded by having the need f o r  
parentheses eliminated; i n  LISP, we a re  ac tua l ly  punished -- the 
contrast  between the E;I-expression a V b A c and the corres- 
ponding S-expression (OR A (AND B c)) i l l u s t r a t e s  t h i s  point, 

The names of the most basic functions have no mnenonic value 
t o  the programmer a t  the l eve l  a t    hi ch he wishes t o  think when 
he i s  programming. This fea ture  i s  worst f o r  beginners, of 
course, but a l 1  LISP programmers must a t  one time be beginners, 
and why make l i f e  harder f o r  them than it need be? 

A 1 1  t h i s  points toward the need f o r  a more n a t u r d  input 
language; t h i s  language is cal led the  A-Language, and i s  des- 
cribed i n  succeeding paragraphs, 

The A-Language i s  a language which allows expressions to be 
writ ten as a mixture of M-expressions, A-expressions, and S- 
expressions. The reader is presumed to  be familiar with S-ex- 
pressions and Id-expressions. 

A-expressions a re  basical ly  s imilar  t o  Algol statements. 
A s  an example, the expression 

(DEFINE FIRSTGTOM (IN) (6) (FISTATOM I N  X)  
(IF X IS  EILPTY THEN NIL ELSE IF FIRST OF X IS 
ATOblIC THEN FIST OF X ELSE FIRSTATûM E? FIMT OF x)) 

i s  the A-expression equivalent of the function defined above. 
This example i s  explained i n  d e t a i l  below, 

The f i r s t  element of t h i s  A-expression i s  the aord DEFIIE, 



and indicates  t o  the  A-Language compiler tha t  t h i s  i s  a defini-  
t i o n  statement, 

The second element i s  the name of the  function being de- 
f ined. 

The t h i r d  element of the  expression is a l i s t  of auxi l ia ry  
words; t h e i r  only function i s  to make the program more readable, 
and they a re  edi ted out during compilation, 

A s  an example, the function subst, famil iar  t o  readers of 
t h e  LISP 1.5 Manual, can be defined i n  A-Language a s  follows: 

(DEFIPJE SUBSTITUTIIJG (THE RESULT OF FOR IN) (7) 
(THE RESULT OF SUBSTITUTING X FOR Y I N  Z) (SUBSP X Y Z)  ) 

It would be used a s  follows: 

(IF THE RESULT OF SUBSTITUTING X FOR Y IN Z J Q U A i S  Z 
THEN PRIMT Z ELSE X) 

The four th  element is the pecedence value; t h i s  value is 
specif ied by t h e  programmer, and determines the  hierarchy of 
appl icat ions of functions, I ts  main function is to e l b i n a t e  
parentheses. Thus i f  the  precedence of + ras s e t  higher than ., 
t he  expression a+b*c would be t ranslated as (a+b)ec. If there 
were no precedence re la t ionship  between + and *, a+b*c would be 
ambiguous. 

There a r e  times when one wishes t o  vary the precedence of 
operations to be applied, This is accomplished i n  the language 
i n  two ways -- by writing the  spec ia l  words nbeginn and "endu 
before and af'ter the u n i t  -hich is  t o  receive Nghes t  precedence, 
o r  by using parentheses, Thus, f o r  example, both the  expres- 
s ions  

( a  + b) (c  + d) 
begin a+b end x begin ced end 

The f i f t h  element i s  the example. This shows the  form i n  
which the function being defined w i l l  appear i n  use, It speci- 
f i e s  the  posi t ion i n  the expression occupied by the function 
name, the  auxi l ia ry  words, and the variables. 



The s ix th  and last element i n  the  l i s t  is  the  def in i t ion  
of the function, This corresponds to the expression on the 
r i g h t  hand s ide  of the equal sign i n  the M-expression def in i t ion  
of  a function. 

If the  def in i t ion  makes use of conditionals, they are ex- 
pressed i n  the  IF, THEN, ELSE terminology of Algol; i f  t he re  i s  
no I F  imrnediately following the  f i n a l  ELSE, a T is  aubmat ica l ly  
supplied i n  the antecedent of the final condition. 

The function FIRSTATOM defined above i l l u s t r a t e s  hou con- 
d i t iona l s  i n  A-expressions a r e  written. Note t h a t  A-system 
expressions FiRST OF X, X IS ATOMIC, X IS ENT, etc., are used 
ra ther  than t h e i r  S-expression counterparts (CU X) , (ATOM X) , 
(NULL x),  etc. These A-expressions a r e  eas ier  t o  remernber and 
t o  comprehend than the  corresponding S-expressions, A l is t  of 
cer ta in  basic  S-expressions and t h e i r  A-Language equivalents is 
given i n  Table 1. 

Table 1 

(DEFINE FIRST (OF) (11) (FIRST the  flrst of 
OF X) (CU X) ) l ist  x 

(DEFINE REST (OF) (11) (REST OF the  r e s t  of 
X) (CDR XI) l i s t  x 

(DEFINE CONNECT (To) (10) the  cons of 
(CUNIECT X TO Y )  (CONS X Y ) )  x and y 

(DEFINE ATOMIC (1s) (10) (X x i s  atomic 
1s ATONIIC) (ATOM x)) 

(DEFINE QUAL5 (NIL) ( 4 )  (X x i s  equal 
QU- Y) (EQUAL x Y ) )  t o  Y 

(DEFINE -m~ (OF TH) (2) the  nth ele- 
(M TH ELEBENT OF X) (IF N ment of 
EQUAIS 1 THEN FmST OF X EXSE l i s t  x 
N Mç 1 TH ELEMENT OF REST OF 
x) 

(DEFINE =ER (IS A OF) (6) x is a mem- 
(X 1.5 A MmER OF Y) (IF Y IS ber of y 
EGiiPrP THEN NIL ELSE IF X EQUALS 
FIRST OF Y THEN T ELSE X IS A 
K%D3ER OF REST OF Y)) 

(DEFINE UNION (OF AND) (8) t he  union of 
(UNION OF X AND Y )  (IF X IS x and y 
EMPTP THEN Y ELSE IF FIRST OF 
X IS A MEMBER OF Y TIEN UNION 
OF REST OF X AND Y ELSE 



S-Expression A-Lan- 
CONNECT FIRST OF X TO BEGIN 

Ennlish 

UNION OF FUST OF X AND Y 
END) 

(INTERSECTION X Y )  (DEFINE INTERSECTIQN (OF AND) t he  in te r -  
(8) (INTEF~SECTION OF X AND Y) section of 
(IF X IS EMPTY THEN NIL ELSE x and y 
I F  FIRST OF X IS A EBEMBER OF 
Y THEN CONNECT FIRST OF X TO 
INTERSECTION OF REST OF X AND 
Y ELSE IiUTERSECTION OF REST OF 
X AND Y ) )  

(PLUS x Y) (DEFINE PS (NIL) (5) (X PS Y) x PIUS y 
( a n s  x Y))  

(DIFFTRENCE X Y )  (DEFINE MS (NIL) (5) (X h4S Y) x minus y 
(PLUS x (MINUS Y ) ) )  

(T ' IBIES X Y) ( D m  + (NIL (6) (X + Y) x multiplieci 
M TI^ x Y))  b~ Y 

(SUOTIEE X Y)  (DEFINE / (NIL (6) (X / Y) x divided by 
(QUOTIENT X Y) Y 

(CSETQ Y X) (DEFINE PUT (INTO) (O) (PUT l e t  y equal x 
x IITO Y) (CSETS Y x)) 

In  the  A-Language, one may choose t o  use i n f i x  notation, 
Polish notation, o r  some other placement of the  operator i n  re- 
l a t ion  t o  the  variable,  and specify t h i s  position i n  the de- 
f in ing  example. $. jndicious choice, one may make t he  notation 
f i t  the problem a t  hand in the  most natural  manner. 

An S-expression is allowed as an3 part of an A-expression. 
Thus, the def in i t ion  of firstatom could jus t  as ne11 have been 
wri t ten (IF (NULL X) THEN NIL ELSE I F  (CAR X) IS ATOMIC THEN 
FIRST OF X ELSE (FIRSTATOM (CAR X) ) ) , 

(IF (NULL X) THEN NIL ELSE IF  (ATOMIC (FIRST x))  THEN 
(FIRST X) ELSE (FIRSTATOM (FIRST x)) ). 

(1n the preceding expression, ATOMIC is i n  A-Language, and has 
the  same meaning and function as the predicate ATOM i n  S-expres- 
sions . ) 

The Translater of A-Language 

The translater ( the system f o r  t rans la t ing  A-Language in to  



L E P )  was designed to  e l b i n a t e  the pcss ib i l i t y  cf a programmer- 
caused f a t a l  e r ro r  in compilation. This causes some los s  of ef- 
f iciency i n  compile time, but t h i s  w i l l  hopefully be more than 
o f f se t  by having the number of debugging e f fo r t s  reduced, 

Aside from checking f o r  obvlcus s tup id i t i e s  (omitted paren- 
theses, dropped auxi l iary words, etc.), there i s  a f a i r l y  elab- 
ora te  function uhich checks to see i f  the t rans la t ion  is 
"making any sense"--- i.e,, to see if functions have the proper 
number of variables,  if amiliarg words have a l 1  been edited out, 
e tc ,  The one grea t  cause of most of the incorrect  r e s u l t s  ob- 
tained i n  pract ice i s  an incorrect  precedence being assigned to 
a Rinction. For example, when the functicns THIRD and RESI have 
precedences 10 and 9, respectively, the function 

THIRD CF REST OF X 

was incorrec t ly  translated a s  

( (TEIRD REST) x). 

The function t h a t  checks f o r  incorrect  arguments of functions 
f inds t h a t  REST i s  a function, and s ignals  the t rans la tor ,  

A function is planned (and i s  partially rwining) which w i l l  
search f o r  an in te rpre ta t ion  of the  offending statement that 
produces rneaningful output, and which a i l 1  inform the  programmer 
of t h i s  %unchn on the par t  of the  compiler. I f  the compiler was 
correct,  the  programmer may then forget  the e r r o r  -- if not, 
compilation w i l l  not be halted, I n  most cases of incorrect ly  
assigned precedences, the t r ans l a to r  w i l l  assign a consis tent  
meaning t o  an expression. If, hcwever, it cannot, a f a t a l  emor  
occurs, and compilation i s  halted, 

Several programs have been successfully compiled with the  
current version of the t ranslator .  Surprisingly, the  compile 
times have been jus t  a f rcc t ion  more than the corresponding 
compile times from the corresponding S-expression format, Since 
the  t r ans l a to r  i s  wri t ten e n t i r e l y  i n  S-expressicns, and since 
the  number of auxi l iary functions ras held to a minimum, t h i s  
is a r a the r  renarkable fea t ,  and speaks well of the innate  
power of LISP 1.5, 

I n  viem of our experience, i t  would appear t h a t  the  goai 
of providing a special-purpose language to workers i n  each area 
of science is qui te  a t ta inable  with LISP and A-Language. 



An I l l u s t r a t i v e  Example 

In order t o  i l l u s t r a t e  the various points discussed i n  the  
preceding pages, l e t  us define the  various functions needed to 
t r ace  a path from the entrance t o  the exit of a maze, such as  
the  one i n  f igure  1. 

For convenience, we s h a l l  replace the l e t t e r s  tha t  l abe l  the  
branch points i n  the maze by t h e i r  nwneric posit ions i n  the alpha- 
be t  -- thus an naH w i l l  become 1, a nbn, 2, etc.; and we s h a l l  
represent the  maze by a l is t  whose nth entry is the l i s t  of 
points t h a t  can be reached i n  one s t e p  from the point n of the 
maze. The maze i n  the f igure  i s  then represented by the l i s t  

l e  s h a l l  denote the nth element of the  l i s t  by r [n], GAMMA of n. 

It w i l l  be useni l  i n  the sequel i f  we have a convenient way 
of talking about the  s e t  of points tha t  can be reached from one 
o r  the other of the points belonging to a s e t  A in one step; we 
s h a l l  denote t h i s  s e t  by G [A] , and define it by t he  equation: 

G [AJ = U r x , which is  t h e  union of al1 the 
x i n  A gamma's f o r  each x i n  A. 

There is  one other function t h a t  w i l l  have g rea t  i n t e r e s t  
for--us, and t h a t  is  the t r ans i t ive  closure of a point n. This 
is the  s e t  of a l 1  points tha t  can be reached i n  any number of 
moves,starting from the point n of the  maze. We use the aota- 
t i o n  r [d t o  stand f o r  the t r ans i t ive  closure of n. The useful- 
ness of t h i s  function i s  seen upon observing t h a t  a path between 
the  points a and b exis t s  i f  and only i f  b i s  a member of the 
t r ans i t ive  closure of a. Since, f o r  any point x i n  a maze, 

A 

A 

an effect ive computation procedure f o r  the function is t o  
compute r [ni , r Ln Ur [ n]] , . . . , u n t i l  the r e s u l t  is equal t o  
the  argument. 

The algorithm f o r  fiilding the path from a t o  b i n  a maze 
i s  based upon the  remark connecting the concepts of t r ans i t ive  

*This problem, but not the solution outlined above, i s  taken from 
Brege, The the or^ of G r a ~ h s  and i t s  Applications, New York, 1962, 



Figure 1 



closure and path made above. The only complication cornes from 
the  f a c t  t h a t  the presence of loops i n  the  path chosen may cause 
i n f i n i t e  recursion i f  c a r e  is not taken t o  avoid it. Ho~ever, 
it is  c lear  t h a t  i f  a path with loops l inks  the  points a and b 
i n  a maze, then there i s  a path withcut loops l b k i n g  them a s  well. 

Ne a re  now i n  a p o s i t i o n  t o  wri te  the  main functions f o r  
our program. These are: 

(DEFINE PATH (THE FRGM TO SAVING) (1) (CITE PATH FROM A 
TC B SAVING C )  (IF B IS A h@NBER O F  GAbWi OF A 
THEN CONNECT B TO C ELSE IF B IS A &iEABER O F  THE 
TRANSITm CLUSUI,B O F  F I P S T  OF A THEN IF F I R S T  O F  
A IS A MEMBER OF C THEN THE PATH FEEDM REST OF A TO 
B SAVING C EUE THE PATH FWOM G A l l W  C F  F I R S T  OF C 
TO B SAJïING CONiJECT F R I S T  OF A TO C ELSE THE PATH 
FflL?M REST O F  A TO B SAVING c))  ; 

(DEFINE CLOSUElE (THE TRANSITITTE OF) (9) (THE TRANSITïVE 
CUlSURE O F  X )  (IF G U  GF X EQUALS X THEN X ELSE 
THE TFUNSITTVE CLOSUi?B OF THE UNICN GF X AND GAMMA 
OF XI); 

(DEFINE G- (OF) (7) (GU OF X) (IF x IS E B ~  mm 
N I L  EXSE THE UNIQN O F  THE FIRST OF A TH ELAENT OF 
M AND GAMMA OF REST OF x)),  

The precedence values nere assigned by observing tha t :  

1. CULSURF; must have a precedence value somewhere between 
t h a t  of member and union; 

2, GAbW must have a precedence value somewhere between 
connect and union; 

3. PATFi must have a precedence value l e s s  than any other  
function; 

r e fe r r ing  to the  precedence values i n  t ab le  1, me see t h a t  the  
values assigned jus t  t u r n  the  t r i c k ,  The input and t ranslated 
program, with t h e  final r e s u l t s  of the  run, a re  given below, 

Input 

(DEFINE PATH (THE FIEDM TC! SAVING) (1) (TE PATH FROB'I A TO B 
SAVTNG C)  (IF B IS A bEMBER O F  GAIiiiMA O F  A THEN CONNECT B 
TO C ELSE IF B I S  A MEIüBER OF T n E  Tl?$NSITIVE CLûSUFiE O F  
FIRST O F  A THEN IF  FIPST OF A IS k MFJEE3i G F  C THEN TIIE 
PATH POM REST OF A T O  B SAVING C ELSE THE PATH FROM GkFDna 
OF F I R S T  C.F A TO B SAVING CONNECT A TO C ESSE THE PATH FROM 
REST OF A TO B SAVING C ) )  



(DEFINE CIXlSUHE (THE TRANSITIVE OF) (9) (THE TRANSITIVE CLDSUIiE 
OF X) (IF GAMMA CF X EQUWS X THEN X ELSE THE TRANSITFi% 
CU33UP.E OF THE UNION OF X AND G U  CF X)) 

(DEF'IN?~ G W  (OF) (7) (GA~w OF X)  (IF X IS EMPm THEN NIL 
ELSE Tm UhrION OF TIB FIRST OF A TH ELEMENT OF M AND WMA 
OF ?-EST OF X) ) 

Translated Promm 



Appendix 1 

The LISP Program for METEOR 

Daniel G. Bobrow 

This  l i s t i n g  i s  c u r r e n t  a s  o f  February  20, 1964 and has a l 1  
known e r r o r s  removed. A t  t he  t o p  of t h e  f i r s t  page i s  a  l i s t  of 
f r e e  o r  " spec i a l "  v a r i a b l e s  used i n  t h e  compiled program. This  
l i s t i n g  was made w i t h  t h e  a i d  of a  format  p r i n t i n g  program writ- 
t e n  by Danie l  Edwards of  Massachuset ts  I n s  t i t u t e  of Technology, 
and t h e  l i n e s  g i v i n g  a  va lue  and the  l a b e l  $ /  FUNCTION DEFINI- 
TIONS/ a r e  a r t i f a c t s  of  t h i s  program. 

The p r i n c i p a l  f u n c t i o n s  i n  METEOR are :  

1. MElRIX2: which performs t r a n s f e r  of c o n t r o l  from 
r u l e  t o  r u l e ;  

2. COMIIRUE: which performs t r a c i n g  and f low of con- 
t r o l  through each r u l e ;  

3. CMAXH ( c a l l e d  from COMIRIIAXH) : which performs 
t h e  l e f t  ha l f  match; 

4. COMITRIN ( c a l l e d  from COMIIR) : which c r e a t e s  t h e  
t ransformed workspace and l i s t s  f o r  t h e  s h e l v e s ;  

5. SHELVE: which performs the  s h e l v i n g  ope ra t ions .  



( ( M P A I R S )  ( P R S )  (WORKSPACE) ( D I S P C H )  ( S t i E L F )  ( T R A C K ) )  

(METEOR 
(LAMBDA ( R U L E S  WORKSPACE) ( M E T R I  X  RULES WORKSPACE N I  L  N I  L  

N I  L I )  

(b lETR I X  
(LAMBDA (RULES WORKSPACE S H E L F  D l  SPCH TRACK)  (METR 1  X2 RULES 

WORKS PACE 1 )  

(METR 1  X2 
(LAMBDA (RULES WORKSPACE) (PROG ( P C  GT A )  

( S E T Q  PC R U L E S )  
S T A R T  (COND 

( ( N U L L  PC)  (RETURN (PROG2 ( P R I N T  (QUOTE (OVER 
END OF PROGRAM) 1 )  WORKSPACE) 1 )  

( S E T Q  GT ( D I  SPATCt I  (COIvII T R U L E  (CAR PC)  1 )  ) 
( CO ND 

( ( E Q  GT (QUOTE * ) )  (GO N E X T ) )  
( ( E Q  GT (QUOTE E N D ) )  (RETURN WORKSPACE))  
( ( E Q U A L  GT (CAAR P C ) )  (GO S T A R T ) ) )  

( S E T Q  A  (TRANSFER CT R U L E S ) )  
(COND 

( ( E Q  (CAR A )  (QUDTE NONAME))  (RETURN (PROG2 
( P R I N T  ( L I S T  (CADR A )  (QUOTE ( U N D E F I R E D  GO-TO I N ) )  (CAR PC)  
1 )  W O R K S P A C E ) ) ) )  

( S E T U  PC A )  
(GO S T A R T )  

NEXT  ( S E T Q  PC (CDR P C ) )  
(GO S T A R T ) ) ) )  

( COtl  l T R U L E  
(LAMBDA ( R U L E )  (PROG ( A  B C D E  G  M L E F T )  

( S E T Q  G R U L E )  
TOP ( S E T 4  RULE  (CDR R U L E ) )  

( S E T Q  A  (CAR R U L E ) )  
( S E T Q  E  (QUOTE * ) )  
(COND 

( ( N O T  (ATOM A ) )  (GO S T A R T ) )  
( ( E Q  A  (QUOTE * ) )  (GO S T A R ) )  
( ( E Q  A  (QUOTE *I.\)) (GO *M)) 
( ( E Q  A (QUOTE * T l )  (GO * T l )  
( ( E Q  A (QUOTE * U ) )  (GO * U ) ) )  

( D E F L I S T  (CDR R U L E )  A )  
(KETURN (QUOTE * )  1 

STAR ( S E T Q  RULE  (CDR R U L E ) )  
( S E T 4  E  (FSTATivI  R U L E ) )  

S T A K T  (COND 
( ( A N D  

( N U L L  TRACK)  
( N U L L  I4)) (GO T R A C K ) ) )  

( PR I NT (QUOTE LJORKSPACE) 1 
( P H I  NT WORKSPACE 
( PR I NT (QUOTE RULE  1)  
( P R I N T  G) 



TRACK ( S E T Q  L E F T  ( C O M I T M A T C H  (CAR R U L E )  WORKSPACE)) 
( COND 

( ( N U L L  L E F T )  (RETURN E l ) )  
LOOP ( S E T Q  R U L E  (CDR R U L E ) )  

( S E T 4  A  ( C A R  R U L E ) )  
(COND 

( ( N U L L  R U L E )  (RETURN E l )  
( ( E Q  A  (QUOTE $ 1 )  (GO D O L L ) )  
( ( E Q U A L  A  O )  (GO O N ) )  
( ( A T O N  A )  (GO SW) )  
( ( E Q  (CAR A )  (QUOTE / ) )  (GO S H E L V E ) ) )  

ON ( S E T Q  WORKSPACE ( C O M I T R  L E F T  A ) )  
(COND 

( M  (PROGZ ( P R 1  N T  (QUOTE WORKSPACE) ) ( P R 1  N T  WORKSPACE 
1 ) ) )  

(GO LOOP) 
D O L L  ( S E T Q  A  (CAR WORKSPACE))  
SW (COND 

( ( E Q  E  (QUOTE * ) )  (RETURN A ) ) )  
(RETURN (QUOTE * )  

S H E L V E  ( S H E L V E  L E F T  A )  
(GO LOOP) 

*M ( S E T Q  M A )  
(GO TOP)  

* T  ( S E T Q  TRACK A )  
(GO TOP)  

*U ( S E T Q T R A C K N I L )  
(GO T O P ) ) ) )  

(TRAIJSFER 
(LAMBDA ( G T  R L )  (PROG N I L  

S T A R T  (COND 
( ( N U L L  R L )  (RETURN ( L I S T  (QUOTE NONAME) G T ) )  

1 
( ( E Q  GT ( C A A K  R L ) )  (RETURN R L ) ) )  

( S E T Q  R L  (CDR R L ) )  
(GO S T A R T ) ) ) )  

( D I  SPATCH 
(LAMBDA ( G T )  (PROG ( A )  

(COND 
( ( E Q  GT (QUOTE * ) )  (RETURN G T ) ) )  

( S E T Q  A  ( G T P A I R  GT D I S P C H ) )  
(COND 

( ( N U L L  A )  (RETURN G T ) ) )  
(RETURN (CAR A ) ) ) ) )  

( G T P A I  R  
(LAMBDA (NAME X )  (PROG ( A )  

START  (COND 
( ( N U L L  X )  (RETURN N I L ) )  
( ( E Q U A L  (CAR X I  NACIE) (RETURN (CDR X I ) ) )  

( S E T Q  X  (CDDR X I )  
(GO S T A R T ) ) ) )  



( F  S  TATM 
(LAMBDA ( R U L E )  (PKOG ( A )  

START  ( S E T Q  A  (CAR R U L E ) )  
(COND 

( ( N U L L  R U L E )  (RETURN (QUOTE * ) ) )  
( ( E Q U A L  A  U )  (GO O N ) )  
( ( A T O M  A)  (RETURN A ) ) )  

ON ( S E T Q  RULE  (CDR R U L E ) )  
(GO S T A R T ) ) ) )  

( S H E L V E  
(LAMBDA ( P A I R S  I N S T )  (PROG ( A  B C  D l  

START  ( S E T Q  I NST  (CDR I N S T ) )  
(COND 

( ( N U L L  I NST)  (RETURN S H E L F  1) 
( S E T Q  A  (CAR I N S T ) )  
( S E T 4  B ( C A R  A ) )  
( S E T Q  C (CADR A ) )  
( S E T Q  D  (CDDR A ) )  
(COND 

( ( E Q  B  (QUOTE * P l )  (GO P R ) )  
( ( E Q  B (QUOTE * D l )  (RETURN ( S E T D I S  C  (CAR D l  

1 ) )  
( ( N O T  ( E Q  C  (QUOTE * I l )  (GO G E T D ) ) )  

( S E T Q  C  ( I N D I R E C T  (CAR D )  P A I R S ) )  
( S E T 4  D  (CDR D ) )  

GETD ( S E T Q  D (COI .1 ITRIN P A I R S  D I )  
( S E T Q  A  ( G T S H L F  C l )  
(CONO 

( ( E Q  B (QUOTE * S I )  (GO S T 1 ) )  
( ( E Q  B (QUOTE * Q I )  (GO Q U 1 ) )  
( ( E Q  B (UUOTE * X I )  (GO E X ) ) )  

( P R I N T  ( L I S T  (QUOTE ( S I I E L V I N G  ERROR I N ) )  (CAR I N S T  
1) 

(GO S T A R T )  
PR ( COND 

( ( E Q  C (QUOTE / ) )  (RETURN ( P R I N T  S H E L F ) ) ) )  
P R 1  ( P R 1  NT ( L I S T  (QUOTE S H E L F )  C  (QUOTE CONTAI  NS)  ( 

CAR ( G T S H L F  C ) ) ) )  
t COND 

( ( N U L L  D )  (GO S T A R T ) ) )  
( S E T 4  C  (CAR D ) )  
( S E T Q  D  (CDR D l )  
(GO P R 1 )  

EX ( S E T Q ~  ( C A R A I )  
( R P L A C A  A  WORKSPACE) 
( S E T Q  WORKSPACE B) 
(GO S T A R T )  

Q U 1  ( R P L A C A A  (NCOtJC (CAR A )  D I )  
(GO S T A I I T )  

S T 1  ( R P L A C A  A  (APPEND D  ( C A R  A ) ) )  
(GO S T A R T ) ) ) )  

( S E T D I S  
(LAMBDA ( X  Y )  (PROG ( A )  

( S E T Q  A  ( G T P A I K  X D I S P C t i ) )  
( COND 

( ( N U L L  A )  ( S E T Q  D I S P C t i  (CONS X (CONS Y  D I S P C H  

( T  ( R P L A C A  A Y ) ) )  
(RETURN D I S P C H )  1 )  



(GETDCT 
(LAMBDA ( X  Y )  (PROG ( A )  

( COND 
( ( N O T  (ATOM X I )  (RETURN ( L I S T  X ) ) ) )  

( S E T 4  A (GET X Y ) )  
(COND 

( ( N U L L  A)  (RETURN X I ) )  
(RETURN A ) ) ) )  

( 1  ND1 RECT 
(LAMBDA ( X  P A I R S )  (GTNAME k P A I R S ) ) )  

VALUE 
(METEOR M E T R I X  M E T R I X 2  COMITRULE TRANSFER DISPATCH G T P A I R  FSTATM 
SHELVE S E T D I  S GETDCT 1 ND1 RECT) 
$ / F U N C T I O N  D E F I N I T I O N S /  

(COMI TR 
(LAMBDA ( L E F T  ORDER) (PROG ( A  B C) 

(SETQ A (GTNAME O L E F T ) )  
( COND 

( (EQUAL A O )  (SETQ A N I L ) )  
( ( N U L L  A )  (GO O N ) )  
( (ATOM A )  (SETQ A ( L I S T  A ) ) ) )  

ON (SETQ B (GTNAblE (QUOTF WSEND) L E F T ) )  
(COND Z 

( (EQUAL ORDER O) (SETQ C N I L ) )  
( T  (SETQ C ( C O M I T R I N  LEFT O R D E R ) ) ) )  

(RETURN (APPEND A (APPEND C B ) ) ) ) ) )  

( C O M I T R I  N 
(LAMBDA ( L E F T  ORDER) (PROG ( A  B I  

START (COND 
( ( N U L L  ORDER) (RETURN A ) ) )  

(SETQ B (GTNAME (CAR ORDER) L E F T ) )  
(COND 

( ( N U L L  B) (GO ON) )  
( (ATOM B I  (SETQ B ( L I S T  B ) ) ) )  

(SETQ A (NCONC A B I )  
ON (SETQ ORDER (CDR ORDER)) 

(GO S T A R T ) ) ) )  

( GTNAt4E 
(LAIvlBDA (NAME PRS) (PROG ( A  B C l  

( S E T 4  C (CAR NAME)) 
(COND 

( (ATOM NAME) (GO S T A R T ) )  
( ( E Q  C (QUOTE F N ) )  (RETURN (COPYTP (APPLY (CADR 

NAME) ( C O M I T R I N  PRS (CDDR NAME)) N I L ) ) ) )  
( ( E Q  C (QUOTE * K I )  (RETURN ( L I S T  ( C O M I T R I N  PRS 

(CDR N A M E ) ) ) ) )  
( ( E Q  C (QUOTE * C l )  (RETURN (COMPRESS ( C O M I T R I N  

PRS (CDR N A M E ) ) ) ) )  
( ( E Q  C (QUOTE * ) )  (RETURN (COPYTP (EVAL  (CADR 

NAI.1E) N I L ) ) ) )  
( ( E Q  C (QUOTE * W ) )  (RETURN (WRITES ( C O M I T R I N  

PRS (CDR NAME) ) )  1) 
( ( E Q  C (QUOTE * E l )  (RETURN (EXPAND (GTNAME ( 

CADR NAME) P R S I ) ) )  
( ( E Q  C (QUOTE * / ) )  (RETURN ( L I S T  (SBMERGE (CDR 



NAME) 1 )  1 )  
( ( E Q  C  (QUOTE + N I )  (RETURN ( N E X T  (CDR I IACIE) )  

1 )  
( ( E Q  C  (QUOTE * R I )  (RETURN ( M T R E A D ) ) )  
( ( E Q  (CADR NAME) (QUOTE / ) )  (RETURI1 ( L I S T  (SBMERGE 

( L I S T  (QUOTE I.ZERGE) C  (CONS (QUOTE G 9 9 9 9 9 )  (CDR NAI4E) )  1 )  1 )  
) 

( ( E Q  C  (QUOTE * F I )  (RETURN (CAAR (GTNAME (CADR 
NAME) P R S I ) ) )  

( ( E Q  C  (QUOTE * A ) )  (RETURN ( A L L  (CDR N A M E ) ) )  
1 

( ( E Q  C  (QUOTE Q U O T E ) )  (RETURN (CADR N A M E ) ) ) )  
S T A R T  (COND 

( ( N U L L  PRS)  (RETURN NAME) 1 )  
( S E T Q  A  (CAR P R S I )  
(COND 

( ( E Q U A L  NAME (CAR A ) )  (RETURN (COPYTP (CDR A  
) I l ) )  

( S E T Q  PRS (CDR PRS)  
(GO S T A R T ) ) ) )  

(COPYTP 
(LAIvIBDA ( X I  (COND 

( ( A T O M  X I  X I  
( T  (APPEND X  N I L ) ) ) ) )  

( EX PAND 
(LAMBDA ( X I  (COND 

( ( A T O M  X)  (MAPCON ( G E T  (CDR X I  (QUOTE PNAME) )  ( F U N C T I O N  
(LAMBDA ( Y )  (UNPACK (CAR Y ) ) ) ) ) )  

( T  (CAR X I ) ) ) )  

(COMPRESS 
(LAMUDA ( X I  (PROG N I L  

( C L E A R B U F F )  
(MAP X  ( F U N C T I O N  (LAMBDA ( X I  (PACK (CAR X ) ) i ) )  
(RETURN ( I NTERN (MKNAI I )  1 )  1 )  

(MTREAD 
(LAMBDA N I L  (PROG ( A  B C l  

( S E T 4  A ( S T A R T R E A D ) )  
(GO A )  

START  ( S E T Q  A  (ADVANCE)  
A  (COND 

( ( E Q  A  (QUOTE $ E O F $ ) )  (RETURN A ) )  
( ( E Q  A  (QUOTE $ E O R $ ) )  (RETURN B I )  
( ( E Q  A  (QUOTE 1 )  ( S E T Q  C  (NCONC C  ( L I S T  A ) )  

1 )  
( T  (GO B I ) )  

(GO S T A R T )  
B ( S E T Q  B (NCONC B (NCONC C ( L I S T  A ) ) ) )  

( S E T Q  C  N I L )  
(GO S I A R T ) ) ) )  

( A L L  
(LAMBDA ( X I  (PROG ( A  B )  

(COND 
( ( E Q  (CAR X )  (QUOTE * ) )  ( S E T Q  X ( I N O I R E C T  (CADR 



X) P R S I ) )  
( T  (SETQ X (CAR X ) ) ) )  

(SETQ A (GTSHLF X I )  
(SETQ B (CAR A ) )  
(RPLACA A N I  L I  
(RETURN 6)))) 

(NEXT 
(LAMBDA ( X I  (PROG ( A  B C) 

( COND 
( ( E Q  (CAR X I  (QUOTE * ) )  (SETQ X ( I N D I R E C T  (CADR 

X) P R S I ) )  
( T  (SETQ X (CAR X ) ) ) )  

(SETQ A (GTSHLF X I )  
(SETQ C (CAR A ) )  
( COND 

( ( N U L L  C l  (RETURN N I L ) ) )  
( S E T Q  B (CAR C l )  
(RPLACA A (CDR C l )  
(RETURN ( L I S T  B ) ) ) ) )  

(GTSH LF 
(LAMBDA ( X I  (PROG ( A )  

(SETQ A ( G T P A I R  X S H E L F ) )  
(COND 

( ( N U L L  A )  (GO A ) ) )  
(RETURN A) 

A (SETQ A (CONS N I  L S H E L F ) )  
( S E T Q  SHELF (CONS X A ) )  
(RETURN A ) ) ) )  

(SBMERGE 
(LAMBDA ( X I  (PROG ( A  B C D E G) 

(SETQ A (CAR X I )  
(SETQ B (CADR X I )  
(COND 

( ( E Q  (CADR BI (QUOTE / ) )  (GO E X ) ) )  
(SETQ B (GTNAME B PR'S)) 
(COND 

( ( N O T  (ATOM 6 )  1 (SETQ B (CAR 6 ) )  1) 
BX (SETQ C (CADDR X I  1 

( CûND 
( ( E Q  (CADR C l  (QUOTE / ) )  (GO C X ) ) )  

(SETQ C (GTNAME C PRS) ) 
(COND 

( (NOT (ATOM X I )  (SETQ C (CAR C ) ) ) )  
CX (COND 

( (OR 
(ATOM C) 
( N û T  (EQ (CADR C l  (QUOTE / ) ) ) )  (SETQ C E l l L  

( T  (SETQ C (CDDR C l ) ) )  
(COND 

( ( O R  
(ATON E) 
(NOT (EQ (CADR B )  (QUOTE / ) ) ) )  (GO G ) ) )  

(SETQ D ( L I S T  (CAR B )  (QUOTE / ) ) )  
(SETQ G (CDDR B I )  
(GO D) 

B (SETQ D ( L I S T  B (QUOTE / ) ) )  
( S E T 4  E N I L )  



D (COND 
( ( E Q  A (QUOTE A N D ) )  (GO A N D ) )  
( ( E Q  A (QUOTE MERGE) )  (GO A N D ) )  
( ( E Q  A (QUOTE O R ) )  (GO O R ) )  
( ( E Q  A (QUOTE S U B S T ) )  (GO S U 6 S T ) ) )  

ERROR ( P R I N T  (QUOTE ( S U B S C R I P T  ERROR) ) )  
( P R I N T  X )  
(RETURN (GTNAME (CADR X I  P R S ) )  

AND (COND 
( ( N U L L  B I  (GO R E T U R N ) )  
( (MEMBER (CAR B )  C) ( S E T Q  G (CONS (CAR B )  G)  

( S E T Q  B (CDR B I )  
(GO AND) 

OR ( S E T Q  G C l  
O R 1  (COND 

( ( N U L L  B I  (GO R E T U R N ) )  
( ( N O T  (MEMBER (CAR B )  G ) )  ( S E T Q  G (CONS 

B )  G ) ) ) )  
( S E T Q  B (CDR 6 ) )  
(GD O R 1 1  

SUBST  ( S E T 4  G Cl 
RETURN (COND 

( (AND 
( E Q  A (QUOTE MERGE) )  
( N U L L  G ) )  ( S E T Q  G C l ) )  

(COND 
( ( N U L L  G) (RETURN (CAR D ) ) ) )  

(RETURN (NCONC D G ) ) ) ) )  

(CAR 

VALUE 
( C O M I T R  C O M l T R l N  GTNAME COPYTP EXPAND COMPRESS MTREAD A L L  NEXT 
GTSHLF SBMERGE) 
$ / F U N C T I O N  D E F I N I T I O N S /  

(COMITMATCH 
(LAMBDA ( R U L E  WORKSPACE) (PROG ( A  B I  

( S E T Q  A (CMATCH (NAMER R U L E )  WORKSPACE N I  L )  
(COND 

( ( N U L L  A )  (RETURN N I L ) )  
( ( E Q  A (QUOTE $ I M P ) )  (RETURN N I L ) ) )  

( S E T Q  B (CONS (QUOTE WSEND) (CDR A ) ) )  
(RETURN ( A D D L A S T  (CAR A )  B ) ) ) ) )  

(CMATCH 
(LAMBDA ( R U L E  WORKSPACE WPAI  RS)  (PROG (RNAME A E C D E G 

t i  1 
( S E T Q  RNAI*lE (CAR R U L E ) )  
( S E T Q  RULE  (CDR R U L E ) )  
( S E T Q  B (CAR R U L E ) )  
(COND 

( ( N U L L  R U L E )  (RETURN (CONS M P A I R S  WORKSPACE) 

( ( E Q  B (QUOTE $ 0 ) )  (GO $ 0 ) )  
( ( E Q  B (QUOTE $1)  (GO P D O L L ) ) )  

( S E T Q  H (CAR B I )  
t COND 

( ( E Q  H (QUOTE * P l )  (GO P R I N T ) )  
( ( E Q  H (QUOTE F M ) )  (GO F N ) )  
( ( N U L L  k4ORKSPACE) (RETURN (QUOTE $ l t . i P ) )  1 )  



(SETQ G O )  
(COND 

( ( E Q  B (QUOTE $ 1 ) )  ( S E T Q  G 1)) 
( ( E Q  B (QUOTE $ 2 ) )  ( S E T Q  G 2 ) )  
( ( E Q  B (QUOTE $ 3 ) )  ( S E T Q  G 3 ) ) )  

(COND 
( (NOT (EQUAL G O)) (GO N D O L L 2 ) ) )  

(GO TEST)  
g o  tcorro 

( ( A N D  
(NOT ( N U L L  WORKSPACE)) 
( N U L L  (CDR R U L E ) ) )  (SETQ B N I L ) )  

( T  ( S E T 9  B (CONS N I L  WORKSPACE)) ) )  
(GO WATB) 

T E S T  (COND 
( ( E Q  tl (QUOTE $1)  (GO N D O L L ) )  
( ( E Q  H (QUOTE * ) )  (GO E V A L ) )  
( ( E Q  H (QUOTE QUOTE)) (GO A T B 1 ) )  
( T  (GO A T G ) ) )  

F N  (SETQ B (CDR B I )  
( S E T 9  E (CONS IJORKSPACE ( C O M I T R I  FJ b1PAI RS (CDR B 

) ) ) )  
( S E T Q  6 (COPYTP (APPLY (CAR B )  C N I L ) ) )  

WATB (COND 
( ( N U L L  6 )  (RETURN N I  L I )  
( ( E Q  B (QUOTE $ I M P ) )  (RETURN BI) 
( T  (RETURN (CIv1ATCtI (CONS (CDR RNAME) (CDR RULE 

1) (CDR B )  (ADDLAST MPAIRS (CONS (CAR RNAME) (CAR B ) ) ) ) ) ) )  
PDOLL ( S E T Q  D (CDR RNAME)) 

(SETQ RULE (CDR R U L E ) )  
(COND 

( ( N U L L  RULE)  (RETURN ( L I S T  (ADDLAST MPAIRS ( 
CONS (CAR RNAME) LJORKSPACE) ) ) ) ) )  

DLOOP (SETQ B (CMATCH (CONS D RULE)  HORKSPACE FlPAI RS)  
1 

( CO tJD 
( ( N U L L  WORKSPACE) (RETURN N I L ) )  
( ( E Q  B (QUOTE 31E4P)) (RETUR1.I R I )  
( B  (RETURN (CUNS (ADDLAST (CAR G )  (COriS (CAR 

RNAME) C l )  (CDR B ) ) ) ) )  
( S E T 4  C (ADDLAST C (CAR kJORKSPACE))) 
( S E T 4  LJORKSPACE (CDR WORKSPACE) 1 
(GO DLOOP) 

SUBMCH ( S E T Q  B (SUBMCH B WORKSPACE)) 
( GO WATB 1 

P R I N T  ( P R I N T  (CDR B I )  
( P R I N T  WORKSPACE) 

$ l M P  (RETURN (QUOTE $ I M P ) )  
EVAL (SETQ E ( E V A L  (CADI? B I  N I L ) )  

(GO A T B 2 )  
A T B l  ( S E T 4  B (CADR El) 

(GO A T 6 2 1  
ATB (COND 

((ATOt.1 G )  (SETO. B (GTNAFlE B M P A I R S ) ) ) )  
ATB2 (SETQ II (CAR WORKSPACE)) 

(COND 
( (ATOLI  G )  (GO B I )  
( ( E Q  (CADR 6 )  (QUOTE / ) )  (GO SUBI~ICH))  
( (EQUAL B H )  ( S E T 4  B (COtiS ( L I S T  8 )  (CDR LJORKSPACE 



) ) ) )  
( T  (SETQ B  N I  L I )  

(GO WATB 
B  ( COND 

( ( E Q U A L  B  H) (SETQ B  WORKSPACE)) 
( (AND 

(EQUAL B  (CAR H l )  
(EQ (CADR H) (QUOTE / I l )  (SETQ B  (CONS ( L I S T  

H l  (CDR WORKSPACE)) ) )  
( T  ( S E T Q  B  N I L ) ) )  

(GO WATB) 
NDOLL (SETQ G (CDR B I )  
NDOLL2 ( S E T Q  B (DOLNM G WORKSPACE)) 

(GO W A T B ) ) ) )  

(NAMER 
(LAMBDA ( X I  (PROG ( A B  C  D  E l  

( S E T Q  A  (CAR X I )  
( S E T 4  D  1) 
( S E T Q  B  X I  
( COND 

( ( O R  
(EQ A  (QUOTE $1)  
( E Q  A  (QUOTE $0))) (GO S T A R T ) ) )  

( S E T Q  B  (CONS (QUOTE $1  X I )  
( S E T Q  E  ( L I S T  O ) )  

START (COND 
( ( N U L L  X) (RETURN (CONS E  B ) ) ) )  

( S E T Q  E  (ADDLAST E  D l )  
(SETQ X  (CDR X I )  
(SETQ D ( A D D 1  D l )  
(GO S T A R T ) ) ) )  

(SUBMCH 
(LAMBDA ( X  Y )  (PROG ( A B  C l  

(SETQ A  (CAR X I )  
( S E T Q  B  (CAR Y ) )  
(COND 

( ( N O T  (OR 
( E Q  A  (QUOTE $ 1 ) )  
(EQUAL A (CAR B I )  
(EQUAL A  (QUOTE ( $  . 1) ) ) ) )  (RETURN N I L ) )  

(COND 
( ( E Q  (CADR B )  (QUOTE / ) )  (GO O N ) )  
( T  (RETURN N I  L I ) )  

ON ( S E T Q A ( C D R X 1 )  
(COND 

( ( E Q  (CAR A )  (QUOTE / ) )  (GO A ) ) )  
( P R I N T  ( L I S T  (QUOTE (SUBSCRIPT  ERROR SUBbICH)) X 

(RETURN N I L )  
A  (SETQ A  (CDR A ) )  

(SETQ C (CDDR 6)) 
START (COND 

( ( N U L L  A )  (RETURN (CONS ( L I S T  B )  (CDR Y ) ) ) )  
((MEi4BER (CAK A )  C )  ( S E T Q  A  (CDR A ) ) )  
( T  (RETURN N I L ) ) )  

( G O  S T A R T ) ) ) )  



( DOLNt-I 
( LAMBDA (NUM WSPACE) (PROG ( A  6 )  

( S E T Q  B (CAR WSPACE) )  
(COND 

( (NUMBERP NUM) (GO N U M I )  
( ( E Q  NUM (QUOTE NUMBER) )  (GO NUMBER))  
( ( E Q  NUM (QUOTE ATOM) )  (GO ATOM) )  
( ( E Q  NUbl (QUOTE L I S T ) )  (GO L I S T ) ) )  

(COND 
( ( O R  

( E Q U A L  NUM 6 )  
( E Q U A L  NUM (CAR B I ) )  (GO R N I L ) ) )  

$ 1  (COND 
( ( A T O N  6) (GO B I ) )  

L S T  (RETURN (CONS ( L I S T  6 )  (CDR W S P A C E ) ) )  
NUMBER (COND 

((EIOT (NUlrlBERP 6 ) )  (GO R N I L ) ) )  
B  (RETURN WSPACE) 
ATOM (COFJD 

( (AT014  B )  (GO 6 ) ) )  
RN1 L  (RETURN N I L )  
L I S T  (COND 

((ATOI.1 B I  (GO R N I L ) )  
( T  (GO L S T ) ) )  

NUPl (COND 
( ( E Q U A L  NUM 1) (GO $ 1 ) ) )  

S T A R T  (COND 
( ( E Q U A L  NUCl O )  (RETURN (CONS A W S P A C E ) ) )  
( ( N U L L  WSPACE) (RETURN (QUOTE $ I MP) 1)  

( S E T Q  A ( A D D L A S T  A (CAR W S P A C E ) ) )  
( S E T Q  WSPACE (CDR WSPACE) )  
( S E T Q  NUt.1 ( S U 6 1  NUM))  
(GO S T A R T ) ) ) )  

( ADDLAST  
(LAMBDA ( X  Y )  (APPEND X ( L I S T  Y ) ) ) )  

( W R I T E S  
(LAMBDA ( X I  (PKOG ( A )  

START  ( S E T Q  A ( C A R  X I )  
(COND 

( ( N U L L  X )  (RETURN N I L ) )  
( ( E Q  A (QUOTE $ E O R $ ) )  (GO O N ) )  
( ( A T O M  A )  ( P R I N 1  A ) )  
( T  ( P R I N 1  (QUOTE * * * ) ) ) )  

( S E T Q  X (CDR X I )  
(GO S T A R T )  

ON ( T E R P R I )  
(RETURN NIL)))) 

VALUE 
(CON l TMATCH CMATCH NAbIER SUBMCH DOLNM ADDLAST  blR I TES ) 

READY. 



Appendix 2 

The LISP Programs for 

Inductive Inf erence on Sequences 

Malcolm Pivar and Elaine Gord 

1. Functions Common to Several Prediction Programs 

LAST finds the las t  member of a list.  
COMPOSE applies a function to a l ist  n times. 
NTHMEM finds the nth member of a list, beginning the count with O. 
Pl is true if and only if al1 members of a l ist  a r e  identical. 
S applies a function to successive members of a list, producing a list.  
D finds the f i rs t  difference l is t  of a l is t  of numbers. 
ND finds the nth f i rs t  difference list. 
R finds the f i rs t  ratio l is t  of a l ist  of numbers. 
NR finds the nth f i rs t  ratio list.  
RATIO finds the (real) ratios between corresponding members of 2 lists. 
NTHLIS produces a l is t  containing every nth member of a given l ist .  
NUMEQUAL finds the number of times a given member of a l is t  appears 
DIFFLIST deletes a given member from a l is t  whenever i t  appears. 
DISTAB produces a distribution table of members of a list.  
MODFREQ, given a l ist  of pairs such a s  DISTAB produces, finds that 

pair wi th the larges t second member . 
SUMTEST produces a description in LISP of the additive relationship 

between 2 numbers. 
SUBSTRINGTEST compares first  difference and first  ratio l ists  to a 

given l is t  to see if they match. If they do, the next member of 
the given l is t  i s  returned. Auxiliary functions used a r e  DTEST, 
RTEST, and SUBSTRING. 



RITEFORM is a list-making function. 
BESTONE lists the best one of a list of pairs by finding the MODFREQ. 
RETTIMES, RETTIMESl, RETPLUS, and RETPLUSl  a re  used to pre- 

dict the next member of a list, given the next member of the nth 
first  difference o r  first  ratio list. 

RETMEM returns that member of a l ist  having a given position. 

2. LISP Listing 

FUNCTIONS COMMON TO SEVERAL PREDICTION PROGRAMS 
(LAST (LAMBDA (S) (COND 

((NULL (CDR S) ) (CAR S))(T (LAST (CDR S)) )))) 
(COMPOSE (LAMBDA (EQ X N) (COND ((ZEROP N) X) ((NULL X) NIL) 

( T  (COMPOSE EC (FC X) (SUBI B)))))) 
(NTHEM (LAMBDA (A X)(COND ((NULL X) NIL) ((EQUAL A O)(CAR X)) 

( T (NTHEM (SUB 1 A) (C DR X)))))) 
(Pl(LAMBDA(X)(COND((NULL( C DDR X)) (EQUA L (CAR X)(CADR X))) 

((EQUAL (CAR X) (CADR X)) ( P l  (CDR X))) ( T  F )  ))) 
(S (LAMBDA(FN X) (COND ((NULL(CDR X)) NIL) ( T  (CONS (FN (CADR X) 

(CAR XI) (S F N  (CDR X))))))) 
( D  (LAMBDA (X) (S (FUNCTION DIFFERENCE) X))) 
(ND (LAMBDA (N X) (COND ((NULL X) NIL) ((ZEROP N) X) 

( T  (ND (SUBI N) (D XI)) 1)) 
(R (LAMBDA (X) (COND ((NULL X) NIL) ((MEMBER O X) NIL) 

( T  (S (FUNCTIONQUOTIENT) X)) ))) 
(NR (LAMBDA (N X) (COND ((NULL X) NIL) ((ZEROP N) X) 

( T  (NR (SUBI N) (R XI)) ))) 
(RATIO (LAMBDA (X Y) (COND ((NULL X) NIL) ( T  (CONS 

(QUOTIENT (TIMES 1. O (CAR X)) (CAR Y))(RATIO (CDR X) 

(CDR Y)))) 1)) 
(NTHLIS (LAMBIJA (X N) (PROG (A) 

(COND ((NULL X) NIL)) 
(SETQ A (COMPOSE (FUNCTION CDR) X (SUBI N))) 
(RETURN 
(COND ((NULL A) NIL) ( T  (CONS (CAR A) (NTHLIS (CDR A) 

N)))) )))) 
(NUMEQUAL (LAMBDA(A X) (COND ((NULL X) O) ((EQUAL A 

(CAR X)) (PLUS 1 
(NUMEQUAL A (CDR X)))) ( T  (NUMEQUAL A (CDR X)))))) 

(DIFFLIST (LAMBDA (A X) (COND ((NULL X) NIL) ((EQUAL A 
(CAR XI) 



(DIFFLIST A (CDR X))) ( T  (CONS (CAR X) (DIFFLIST A 

(CDR X))))))) 
(DISTAB (LAMBDA (X) (COND ((NULL X) NIL) ( T (CONS (CONS 

(CAR X) 
(NUMEQUAL (CAR X) X)) ( DISTAB (DIFFLIST ( CAR X) X)))))))  

(MODFREQ (LAMBDA (X) (COND ((NULL (CDR X)) (CAR X)) 
((NULL X) NIL) 
((GREATERP (CDAR X)(CDR (MODFREQ (CDR X)))) (CAR X) 

( T  (MODFREQ (CDR X)))))) 
(SUMTEST (LAMBDA (X Y) (SUBST (DIFFERENCE Y X)(QUOTE Y) 

(QUOTE (PLUS X Y) 

)))) 
(SUBSTRINGTES T (LAMBDA (X) (PROG (D) 

(SETQ D (DTEST X)) 
(COND ((NULL D) (GO A))) 
(RETURN D) 
(RETURN (RTEST X)) ))) 

(DTEST (LAMBDA (X) ((LAMBDA (Y) (COND ((NULL Y) NIL) 
( T  (PLUS (LAST X) Y)))) (SUBSTRING (D X) x)))) 

(RTEST (LAMBDA (X) (COND ((MEMBER O X) NIL) 
( T  ((LAMBDA (Y) (COND ((NULL Y) NIL) (T  (TIMES (LAST X) Y)))) 

(SUBSTRING (R X) X)))))) 
(SUBSTRING (LAMBDA (X Y) (PROG (U V OU OV M N PARM5) 

(SETQ U (REVERSE X)) 
(SETQ 011 U) 
(SETQ PARM5 (MAX 3 (TIMES 0.67 (LENGTH U)))) 
(SETQ V (REVERSE Y)) 
(SETQ OV V) 

(SETQ M 0 )  
(SETQ N 1)  

A (COND ((NULL V)(RETURN NIL)) 
((GREATERP N PARM5)(RETURN (NTHMEM (SUBI M) OV))) 
((EQUAL (CAR U)(CAR V))(GO B))) 
(SETQ N 1)  
(SETQ M (ADDI M)) 
(SETQ V (COMPOSE (FUNCTION CDR) OV M)) 
(SETQ U OU) 

(GO A) 
B (SETQ N (ADD1 N)) 

(SETQ U (CDR U)) 
(SETQ V (CDR V)) 

(GO A) ))) 
(RITEFORM (LAMBDA (X Y) (COND ((NULL X) Y) ( T  (CONS X Y)) ))) 



(BESTONE (LAMBDA (X) (COND ((NULL Xj NIL) ( T  (LIST 
(MODFREQ X))) 1)) 

(RETTIMES (LAMBDA (M V X) (COND ((NULL X) O) ((EQUAL M O) V) 
( T  (RETTIMESl (SUBI M) V X)) ))) 

(RETTIMESl (LAMBDA (M V X) (COND ((NULL X) 1) ( (ZEROP 

(ADDI M)) 1) 
( T  (TIMES V (LAST (NR M X)) (RETTIMESl (SUBI M) 1 X))) ))) 

(RETPLUS (LAMBDA (N V X) (COND ((NULL X) O) ((EQUAL N O) V) 
( T  (RETPLUSl (SUBI N) V X)) ))) 

(RETPLUSl (LAMBDA (N V X) (COND ((NULL X) O) ((ZEROP 
(ADD1 N)) O) 
( T  (PLUS V (LAST (ND N X)) (RETPLUSl (SUBI N) O X))) ))) 

(RETMEM (LAMBDA (N X)(COND ((ZEROP N) NIL)((NULL X) NIL) 
( T  (CONS (CAR X)(RETMEM (SUBI N)(CDR X)))))))  

3 .  The Prediction Program NEXTOF 

NEXTOF produces an ideal sequence corresponding to a given list, and, 
by comparing the h o  lists, predicts the next member. The ideal 
sequence is produced by expanding an encoding of a list.  

ENCODE is a l is t  of f i r s t  members of a l is t  and its successive first  
difference l ists .  CODER is the corresponding l is t  for f i rs t  ratio 
lis ts. 

EXPAND and i ts  auxiliary S T  and RAX and i ts  auxiliary RAST expand 
l ists  produced by ENCODE and CODER respectively. 

DEGREE determines the number of times f i rs t  differences must be 
taken in order to produce a l ist  a se t  number of whose members 
a r e  identical. RADEG is the corresponding function for f i rs t  ratio 
lis ts. 

LEFTLIST and LEFTLISTAUX (and RALEFT and RALEFTAUX) shift 
an encoded l is t  to the left. Once a Ifperfectw encoding is found, 
this is done to insure that the proper ideal sequence is found. 
This avoids an improper prediction due to the f i rs t  member of a 
l is t  being an exception. 

RITENDUM (RATIONUM) indicates the number of shifts to the right that 
is necessary in order to avoid confusion due to exceptions. 

RITFIRSTVEC (RATIOVEC) produces the leftmost llperfectlf encoding. 
IDSEQ expands the encoding to the length of the original list.  
ODPRFIN finds the exceptions to the ideal sequence. If there is no ideal 

sequence VALPOSPAIR returns a l is t  of pairs of members of the 
original l ist  and their positions. Otherwise ODPR returns a l is t  
of pairs of corresponding unlike elements. 



PREDICTNEXT predicts the next member of a l ist  specified by NEXTOF. 
VALIS produces a l i s t  of exceptions in a given l is t  to i ts  ideal se -  
quence. POSLISl produces a l ist  of positions of these exceptions. 
PATTERN determines whether a l ist  has a pattern. 

NEXTOF determines whether the next member of a l i s t  should be an ex- 
ception to the ideal sequence. If not, the next member of the ideal 
sequence is returned by PREDICTNEXT. If it i s  an exception, 
NEXTOF determines whether there is a pattern to exception values 
and if so, returns the next member . 

4. LISP Listing 

THE PREDICTION PROGRAM NEXTOF 
(ENCODE (LAMBDA (X) (COND ((OR (NULL (CDR X)) (P l  X)) (LIST 

(CAR XI)) 
( T  (CONS (CAR X) (ENCODE (D X))))))) 

(CODER (LAMBDA (X) (COND 
((OR (NULL (CDR X)) ( P l  X)) (LIST (CAR X))) 
( T  (CONS (CAR X) (CODER (RATIO (CDR X) X)))) ))) 

(ST (LAMBDA (E)  (COND((NULL (CDR E))E) ( T  (CONS (PLUS (CAR E) 
(CADR E)) 
(ST (CDR El)))))) 

(RAST (LAMBDA (X) (COND ((NULL (CDR X)) X) 
( T  (CONS (TIMES 1 .  O (CAR X)(CADR X)) (RAST (CDR X)))) ))) 

(EXPAND (LAMBDA (N LS) (COND ((ZEROP N) NIL) ( T  (CONS (CAR LS) 
(EXPAND 

(SUBI N) (ST LS))))))) 
(RAX (LAMBDA (N LS) (COND ((ZEROP N) NIL) 

( T  (CONS (CAR LS) (RAX (SUBI N) (RAST LS)))) ))) 
(DEGREE (LAMBDA (X) (PROG (PARMI PARM2 W LENW LENW1) 

(SETQ PARMl 3) 
(SETQ PARM2 0 .4 )  
(SETQ LENW (LENGTH W)) 
(SETQ LENWl LENW) 

A (COND ((LESSP LENW PARMI) (RETURN -1)) 
((GREATERP (CDR (MODFREQ (DISTAB W))) 
(TIMES PARM2 LENW)) 
(RETURN (DIFFERENCE LENWl LENW)))) 
(SETQ W (D W)) 
(SETQ LENW (LENGTH W)) 

(GO A) ))) 



(RADEG (LAMBDA (X) (PROG (PARMI PARM2 W LENW LENWl) 
(SETQ P A R M l 3 )  
(SETQ PARNI2 0.4) 
(SETQ W X) 
(SETQ LENW (LENGTH . W)) 
(SETQ LENWl LENW) 

A (COND ((LESSP LENW PARMI) (RETURN -1)) 
((GREATERP (CDR (MODFREQ (DISTAB W)))(TIMES PARM2 

LENW)) 
(RETURN (DIFFERENC E LENWl LENW)))) 
(SETQ W (RATIO (CDR W) W)) 
(SETQ LENW (LENGTH W)) 
(GO A) ))) 

(LEFTLIST (LAMBDA(L) (COND((NULL (CDR L)) L) ( T  
( LEFTLISTAUX L 
(LEF TLIST (CDR L))))))) 

(LEFTLISTAUX (LAMBDA ( L  X) (CONS (DIFFERENCE (CAR L) 

(CAR X)) X))) 
(RALEFT (LAMBDA (X) (COND ((NULL (CDR X)) X) 

( T  (RALEFTAUX X (RALEFT (CDR X)))) ))) 
(RALEFTAUX (LAMBDA (L X) (CONS (QUOTIENT (CAR L) 

(CAR XI) XI)) 
(RITENDNUM (LAMBDA (X Y) (PROG (U CONSTERM DEGl P N) 

(SETQ U X) 
(SETQ DEGl Y) 
(SETQ CONSTERM (CAR (MODFREQ (DISTAB (ND DEGl U))))) 
(SE%! P 0 )  

A (SETQ N (NTHMEM DEGI (ENCODE U))) 
(COND ((EQUAL N CONSTERM)(RETURN P))) 
(SETQ U (CDR U)) 
(SETQ P (ADD1 P)) 

(GO A)))) 
(RATIONUM (LAMBDA (X Y) (PROG (U CONSTERM DEGl P N) 

(SETQ U X) 
(SETQ DEGl Y) 
(SETQ P (MODFREQ (DISTAB (NR DEGl U)))) 
(COND ((NULL P)(RETURN (PROG2 (PRINT (APPEND 
(QUOTE (THERE IS NO 
CONSTERM FOR)) (LIST X))) O)))) 
('sETQ CONSTERM (CAR P)) 
(SETQ P O) 

A (SETQ N (NTHMEM DEGl (CODER U))) 
(COND ((EQUAL N CONSTERM)(RETURN P))) 



(SE TQ U (CDR U)) 
(SETQ P (ADD1 P)) 
(GO A)))) 

(RITFIRSTVEC (LAMBDA (X)(PROG (V RIT G1 DEG VEC) 

(SETQ V X) 
(SETQ DEG (ADD1 (DEGREE V))) 
(SE TQ RIT (RITENDNUM V (SUBI DEG))) 
(SETQ G1 (ENCODE (COMPOSE(FUNCTI0N CDR) V RIT))) 
(SETQ VEC (RETMEM DEG Gl)) 
(RETURN (COMPOSE (FUNC TION LEFTLIST) VEC RIT))))) 

(RATIOVEC (LAMBDA (X) (PROG (V R G RAD VEC) 
(SETQ V X) 
(SETQ RAD (ADD1 (RADEG V))) 
(SETQ R (RATIONUM V (SUBI RAD)) ) 
(SETQ G (CODER (COMPOSE (FUNCTION CDR) V R))) 
(SETQ VEC (RETMEM RAD G)) 
(RETURN (COMPOSE (FUNCTION RALEFT) VEC R)) ))) 

(IDSEQ (LAMBDA (X) (COND 
((EQUAL (DEGREE X) -1) (COND 
((MEMBER O X) NIL) 
((EQUAL (RADEG X) -1) NIL) 
( T  (RAX (LENGTH X) (RATIOVEC X))))) 
( T  (EXPAND (LENGTH X) (RITFIRSWEC X))) ))) 

(VALPOSPAIR (LAMBDA (X N)(COND ((NULL X) NIL) 
( T  (CONS (CONS (CAR X) N)(VALPOSPAIR (CDR X)(ADDl N))))))) 

(ODPR (LAMBDA (X Y) (COND ((NULL X) NIL) ((EQUAL (CAR X) 
(CAR Y)) 
(ODPR (CDR X) (CDR Y))) ( T  (CONS (CONS (CAR X) (CAR Y)) 
(ODPR (CDR X) (CDR Y))))))) 

(ODPRFIN (LAMBDA (X) (COND ((AND (EQUAL (DEGREE X) -1) 
(EQUAL (RADEG X) -1)) (VALPOSPAIR X 1)) 
( T  (ODPR X (IDSEQ X)))))) 

(PREDIC TNEXT (LAMBDA (X L)(COND ((NULL X) NIL) 
((EQUAL L 1) (CAR X))((EQUAL L B)(DIFFERENCE 
(TIMES B(CADR X))(CAR X))) 
( T  (NTHMEM L (EXPAND (ADD1 L)(ENCODE X))))))) 

(VALIS (LAMBDA (X) (COND ((NULL X) NIL) 
( T  (CONS (CAAR X)(VALIS (CDR X))))))) 

(POSLISl (LAMBDA (X Y) (COND ((NULL X) NIL) 
((EQ (CAR X) (CAAR Y)) (CONS (CDAR Y) (POSLISl (CDR X) 

(CDR Y)))) 
( T  (POSLISl X (CDR Y))) ))) 



(PATTERN (LAMBDA (X) (COND ((NULL X) F) 
((EQUAL (LENGTH (ODPRFIN X)) (LENGTH X)) F) ( T  T)))) 

(NEXTOF (LAMBDA (X) (PROG (B C D E LENA) 
(SETQ LENA (LENGTH X)) 
(COND ((LESSP LENA 4)(RETURN (PREDIC INEXT X LENA)))) 
(SETQ B (IDSEQ X)) 
(SETQ E (COND ((NULL B)(VALPOSPAIR X l))(T (ODPR X B)))) 
(SETQ D (VALIS E)) 
(SE TQ C (POSLIS1 (VALIS E)(VALPOSPAIR X 1))) 
(COND ((NOT (PATTERN C))(Gû Z))) 
((PATTERN D)(GO Y)) 
((EQUA L (ADDL LENA)(NEXTOF C))(RETURN NIL))) 

(GO Z) 
Y (COND ((EQUAL (ADD1 LENA)(NEXTOF C)) 

(RE TURN(NEXT0F D)))) 
Z (RETURN (PREDICTNEXT B LENA))))) 



5. The Program Producing Program OUTFCN 

OUTFCN produces a LISP program describing the pattern of a 
given l ist  and exceptions to this pattern. Given a number, this pro- 
gram will return the corresponding value. Exceptions to the pattern 
a r e  determined by comparison with an ideal sequence (see the program 
NEXTOF). The pattern i s  determined by a numerical analysis of the 
encoding of the original list.  

6. LISP Listing 

(IDSEQ (LAMBDA (X) (COND ((EQUAL (DEGREE X) -1) NIL) 
( T  (EXPAND (LENGTH X)(RITFIRSTVEC X)))))) 

(CONST (LAMBDA (X) (PROG (Z V LEN DEG RIT G1 VEC RITFIRST 
N L) 

(SETQ Z X) 
(SETQ LEN (LENGTH Z)) 
(SETQ DEG (DEGREE Z)) 
(SETQ RIT (RITENDNUM Z DEG)) 
(SETQ G1 (ENCODE (COMPOSE (FUNCTION CDR) Z RIT))) 
(SETQ VEC (RETMEM (ADD1 DEG) Gl)) 
(SETQ RITFIRST (COMPOSE (FUNC TION LEF TLIST). 
VEC RIT)) 
(SETQ V (EXPAND LEN RITFIRST )) 
(SETQ N 1) 

B (COND ((AND (NULL L)(NULL Z))(RETURN ( P P  
(COMPl VEC) O))) 
((NULL Z)(RETURN (CONS (QUOTE COND)(APPEND L 
(SUBST ( P P  (COMPl 
VEc)  0 )  (QUOTE V) (QUOTE ((T V)))))))) 
((EQUAL (CAR Z)(CAR V ) ) ( W  A))) 
(SETQ L (APPEND L (SUBLIS (LIST (CONS (QUOTE M) N) 
(CONS(QU0 TE P)(CAR Z)))(LIST(QUO TE((EQUAL X M) 

Pl))) )) 
A (SETQ Z (CDR Z)) 

(SETQ V (C DR V)) 
(GO B)))) 



(STTB (LAMBDA (N L) (COND ((NULL L) NIL) (T(CONS(TIMES 
N(CAR L)) 

N (CDR L))))))) 
(VADD (LAMBDA (L M) (COND ((NULL L) M)((NULL M) L) 

( T  (CONS (PLUS (CAR L)(CAR M))(VADD (CDR L)(CDR M))))))) 
(COMPl(LAMBDA (V) (CC V 1 1 (LIST 1)))) 
(CC (LAMBDA (V FACT COUNT XVEC) (COND ((NULL V) NIL) 

( T  (VADD (STTB (QUOTIENT (CAR V) FACT) XVEC)(CC 
(CDR V) (TIMES FACT 
(COUNT()PLUS COUNT l)(VADD(CONS O XVEC)(STTB 
(MINUS COUN T) XVEC)))))))) 

( P P  (LAMBDA ( L  N) (COND ((NULL L) NIL) 
((ZEROP (CAR L))(PP (CDR L) (ADD1 N))) 
((EQ N O) (CONS (QUOTE PLUS)(CONS (CAR L) ( P P  (CDR L) 

(ADDI N))))) 
((EQUAL (CAR L) 1) (COND 
( (NULL (CDR L)) (LIST (QUOTE EXPT) (QUOTE X) N)) 
(T(C0NS (LIST (QUOTE EXPT)(QUOTE X)N)(LIST(PP (CDR L) 
(ADDI N))))))) 
((NULL (CDR L))(LIST (QUOTE TIMES)(CAR L)(LIST 
(QUOTE EXPT) 
(QUOTE X) NI)) 
( T  (CONS (LIST (QUOTE TIMES) (CAR L) (LIST (QUOTE EXPT) 
(QUO TE X) N)) (LIST ( P P  (CDR L) (ADD1 N))))) ))) 

(OUTFCN (LAMBDA (X) (COND ((EQUAL (DEGREE X) -1)(PRINT 
(QUOTE (NO 
PATTERN))))( T(SUBST (CONST X)(QUO TE Z)(QUO TE (LAMBDA 

(X) Z)))) ))) 



7. The Prediction Program SEQUENTIAL PATTERNS 

POSN assigns to a letter a number correponding to i ts  position in the 
alphabet, beginning with A = 0. 

POSNLIS applies POSN to each member of a l is t  of let ters 
D subtracts the members of one l is t  from the corresponding members 

of another. 
COMPOSE applies a function to a variable, then applies the function to 

the result, and so forth, a total of n times. 
SN subtracts the first  member of a l is t  from the nth member, the 
second from the n + lst,  and in general the kth member from the 
n + k - 1st. 
SNMOD puts a l is t  of nurnbers into an equivalent l is t  mod 26. 
DIFFLIST strikes from a l is t  al1 numbers equal to a given number. 
NEXTMEM predicts the next member of a periodic series.  
NTHEM locates the nth member of a list.  
PATCONST produces two numbers indicating the nature of a periodic 

function. The first  number, when used with the l is t  in SN, pro- 
duces a periodic series.  The second number i s  the period of 
that series.  

PERTESTl  predicts the next member of a l ist  of numbers. 
PERTEST2 is an auxiliary function for saving time. 
PERTEST predicts the next letter of the original sequence using 

NUMMOD and RETLET. 
NUMMOD transforms a number into an equivalent number mod 26. 
R E T L E T  finds the letter occupying the place in the alphabet indicated 

by a given number. 
NEXTLET gives a l ist  of let ters to PERTEST. If no prediction is re -  

turned, it gives POSNLIS of that l i s t  to STUDY which, in turn 
calls the program NEXTOF. 

8. LISP Listing 

C S E T ( A L P H A B E T ( A B C  D E F G H I J K L M N O P Q R S T  
U V  w X Y  Z)) 
CSET ( PARM2 0 . 5  ) 
CSET (PARM3 0 .67)  
DEFINE(( 

(POSN (LAMBDA (X A)(COND((EQUAL X(CAR A))O)(T(PLUS 1 

(POSN X(C DR A))))))) 
(POSNLIS (LAMBDA (X) (COND ((NULL X) NIL)(T (CONS (POSN 

(CAR X) 



ALPHABET)( POSNLIS (C DR X))))))) 
(D2 (LAMBDA (X Y) (COND ((NULL X) NIL) ( T 

(CONS (DIFFERENCE (CAR X)(CAR Y))(D2(CDR X)(CDR Y))))))) 
(COMPOSE (LAMBDA (FC X N) (COND ((ZEROP N) X) ((NULL X) NIL) 

( T  (COMPOSE FC (FC X) (SUBI N)))))) 
(SN (LAMBDA (N X)(D2(COMPOSE (FUNCTION CDR) X N) X))) 
(SNMOD (LAMBDA (X) (COND ((NULL X) NIL) ( T  (CONS (COND 

((GREATERP (CAR X) 25) (DIFFERENCE (CAR X) 26)) 
((LESSP (CAR X) O)(PLUS (CAR X) 26))(T (CAR X)))(SNMOD 

(CDR X))))))) 
(DIFFLIST (LAMBDA (A X) (COND ((NULL X) NIL) ((EQUAL A (CAR X)) 

(DIFFLIST A (CDR X))) ( T  (CONS (CAR X) (DIFFLIST A 

(CDR X))))))) 
(NEXTMEM (LAMBDA (N X)(NTHMEMl(ADDl (REMAINDER(LENGTH X) 

NI) XI)) 
(NTHMEMl(LAMBDA (N X)(COND ((NULL X NIL)((EQUAL N l)(CAR X)) 

( T  (NTHMEMl(SUB1 N)(CDR X)))))) 
(PATCONST (LAMBDA (Y) 

(PROG ( P  L HLENY N M LENL) 
(SETQ P 1)  
(SETQ HLENY (TIMES PARM2 (LENGTH Y))) 

C (SETQ L (SNMOD (SN P Y))) 
(SETQ LENL (TIMES PARM3 (LENGTH L))) 
(SETQ N 1) 

B (SETQ M ('SNMOD (SN N L))) 
(COND ((NULL (DIFFLIST O M((*RE TURN (CONS P N)))) 
(COND ((GREATERP N LENL)(GO A))) 
(SETQ N (ADDZ N)) 

(GO B) 
A (COND ((GREATERP P HLENY)(RETURN NIL))) 

(SETQ P (ADD1 P)) 

(Go C) ))) 
(PERTEST1 (LAMBDA (U Y) (COND ((NULL U NIL) 

( T  (RETLET (NUMMOD (PLUS (NEXTMEM (CDR U)(SN (CAR U Y)) 
(NTHMEMl(D1FFERENC E (LENGTH Y)(SUBl (CAR U))) Y)))))))) 

(PERTEST2 (LAMBDA (X)(PERTESTl (PATCONST X) X))) 
(PERTEST (LAMBDA (X) (PERTEST2 (POSNLIS X)))) 
(NUMMOD (LAMBDA (X) (COND ((GREATERP X 25)(DIFFERENCE X 26)) 

((LESSP X O)(PLUS X 26))(T X)))) 
(RETLET (LAMBDA (N) (CAR (COMPOSE (FUNCTION CDR) 

A LPHAB E T N)))) 
(NEXTLETl (LAMBDA (X Y) (COND ((NULL Y)(NEXTLET2 (STUDY 

(POSNLIS X)))) 



(T Y)))) 
(NEXTLET2 (LAMBDA (X) (COND ((NULL X)(QUOTE (NO PATTERN))) 

(T  (RETLET (NUMMOD X)))))) 
(NEXTLET (LAMBDA (X) (NEXTLETl X (PERTEST X)))) 

9. The Prediction Program Test 

ENTER, UPDATE, and STEP a r e  the 3 func tions that form the 
frequency distribution l is t  for a given list. Before TEST can be called, 
FIXLIST must cal1 these functions, apply the functions DOIT, Dû1 and 
Dû2 (which calls ORACLE), and CSETQ the final result a s  FREQDIST. 
FREQDIST is an argument of PREDICT, the function called by TEST. 
(ENTER i s  also called by the program NEXT - not the same a s  
NEXTOF referred to in the article. NEXT i s  independent of the pro- 
gram TEST but uses some of the same functions; i.  e . ,  if CYCLES does 
not provide a prediction, ELIPSIS is called. ) 

ORACLE produces a l is t  of LISP expressions of interesting rela- 
tions between two expressions, if these expressions a r e  numbers. The 
function ORVAL applies the tests PRIMTEST, EXPTEST, MULTEST 
and SUMTEST, each of which produces a LISP expression if applicable. 
If the two numbers a r e  primes, determined by the functions PRIME and 
PRIM1, PRIMTEST produces a LISP expression that will predict the 
next prime if a value is substituted for its variable. The number of 
primes i'upv o r  "down" to be sought is determined by the difference of 
the PRIMSEQs (determined by PS and NEXTPRIMEUP) of the two num- 
bers.  The LISP expression i s  in terms of PRIMEGEN, which calls 
NEXTPRIMEUP o r  NEXTPRIMEDN, until the desired prime is found. 
EXPTEST (with EX1) describes the exponential, SUMTEST the additive, 
and MULTEST the multiplicative relation between the two numbers. 
(ORACLE is called by the frequency distribution functions and a t  other 
times by the program TEST. It  i s  also called by the program TEX, 
unconnec ted with TEST, and its connected func tions TEX2, LOOKUP, 
and L2. ) 

PREDICT, called by TEST, has a s  i ts  two arguments a l is t  and 
FREQDIST. The first  test that PREDICT applies to the l is t  is CYCLES. 
CYCLES, Cl ,  and LIKE determine if a l ist  i s  perfectly cyclic. If so, 
i t  predicts the next member. If not, the second test i s  applied. 

The second test of PREDICT i s  SBAR of LOOP of the l ist .  LOOP 
app1,es the subroutine ORACLE to successive members of the list.  Thus 



the argument of SBAR is a l ist  of S-expressions, each of which is 
either NIL o r  a l is t  of S-expressions describing the numerical relations 
holding between a pair of numbers from the original list. SBARfs 
auxiliary function S1 applies SCAN to each of the descriptions of the 
f i rs t  pair of numbers of the original l ist  and to the descriptions of the 
remaining pairs. This is continued until al1 descriptions of the f i rs t  
pair have been tested by S1 and SCAN or  until a solution based on these 
comparisons has been found. SCAN always returns a l ist  whose f i rs t  
member is either T o r  ML. This f i rs t  member is used by S1 as  the 
antecedent of a conditional whose consequent is  CDR of the l is t  returned 
by SCAN. SCAN searches the descriptions of the relations between two 
successive members of the original l ist  until the predicate SEQ returns 
T. The value of SEQ is determined by that of FORQ which, with the 
functions QFORM, QF, FORM, and TLU, analyzes each part of the 
description. When SEQ returns T, SC A N  continues with descriptions 
of the next pair. If no solution has been found by the second test, the 
third test of PREDIC T i s  applied. If a value Y other than NIL has been 
found by SBAR, PREDICT of (CDR Y) and FREQDIST is sought. This 
value is substituted within the value Y, which is in turn applied to the 
last  member of the original l ist  given PREDICT. 

The third test of PREDICT is the application of the function 
FOLLOW to the three arguments: 1) the last  member of the original 
list; 2) the recursive application of PREDICT to ELIPSIS of the original 
l is t  and frequency distribution list and a new frequency distribution l is t  
which adds to the original one an analysis of the list in question; and 
3) the original frequency distribution list. ELIPSIS applies EP to suc- 
cessive members of the original list. The functions E and G search the 
frequency distribution list for a description whose f i rs t  member is the 
same as that of the f i r s t  of the two members being considered by EP. 
Probability levels for solutions a re  set  by the functions VALUE, TRANS, 
and the frequency distribution list; solutions having a probability beneath 
a certain level a r e  disregarded. FOLLOW searches the frequency dis- 
tribution l ist  for a description whose f i rs t  member is the same a s  the 
last  member of the original list. If the frequency distribution l is t  is 
exhausted before such a description is found, PREDICT returns 
(IGIVEUP). Otherwise FOLLOW and FOL cal1 one another, using the 
last  member of the original list, the value returned a s  the second argu- 
ment of FOLLOW and the description in the frequency distribution list 
to predict the next member of the original list. 



10. LISP Listing 

(UPDATE (LAMBDA ( P  L K) (COND 
((NULL L) (LIST (LIST (CAR P) K (LIST (CDR P )  K)))) 
((NOT (EQUAL (CAR P )  (CAAR L))) 
(CONS (CAR L) (UPDATE P (CDR L) K))) 
( T  (CONS (CONS (CAR P)  (CONS (PLUS K (CADAR L)) 
(STEP P (CDDAR L) K))) (CDR L)))))) 

(STEP (LAMBDA (N L K) (COND 
((NULL L) (LIST (LIST (CAR N)K(ORACLE (CAR N) 

(CDR NI)))) 
((NOT (EQUAL (CAAR L) (CAR N))) (CONS (CAR L) 

(STEP N (CDR L) K))) 
( T  (CONS (CONS (CAR N) (CONS (PLUS (CADAR L) K) 

(CDDAR L)))(CDR L)))))) 
(ENTER (LAMBDA (S L) (COND 

((NULL (CDR S)) L) 
((EQ (CAR S) (CADR S)) (ENTER (CDR S) L)) 
( T  (ENTER (CDR S) (UPDATE (CONS (CAR S) (CADR S)) 

L 1)))))) 
(NEXT (LAMBDA (S L) ((LAMBDA (X) (COND 

((CAR X) (CDR X)) 
( T  ((LAMBDA (Y) (NEXT Y (ENTER Y L)))(ELIPSIS S L))))) 

(CYCLES S)))) 
(CYCLES (LAMBDA (S) ( C l  S (CDR S) 1 (LENGTH S)))) 
( C l  (LAMBDA ( L  M N P )  (COND 

((GREATERP (TIMES 2 N) P)  (LIST NIL)) 
(T ((LAMBDA (X) (COND 

((CAR X) X) 
( T  ( C l  L (CDR M) (PLUS N 1 )  P)))) (LIKE L M)))))) 

(LIKE (LAMBDA (L  M) (COND 
((NULL M) (CONS T (CAR L))) 
((NOT (EQUAL (CAR L) (CAR M))) (LIST NIL)) 
(T (CDR L) (CDR M)))))) 

(G (LAMBDA (N L TH M Q) (COND 
((NULL L) NIL) 
((LESSP (QUOTIENT (CADAR L) (PLUS Q 0 . 0 ) )  TH) 
(G N (CDR L) TH M Q)) 

(EQUAL N (CAAR L)) ((LAMBDA (X) (COND 
((NULL X) (LIST N)) (T  X))) 
(G N (CDR L) (QUOTIENT (CADAR L) (PLUS Q 0 . 0 ) )  

M QI)) 
(T ((LAMBDA (X) (COND 



((NULL X) (G N (CDR L) TH M Q)) 
( T  ((LAMBDA (Y) (COND 

((NULL Y) X) ( T  Y))) 
(G N (CDR L) (TIMES (QUOTIENT (CADAR L) (PLUS Q 0 . 0 ) )  

(VALUE X Ml) M Q))))) 
(E (CONS (CAAR L) N) M (QUOTIENT (TIMES TH Q) 

(PLUS (CADAR L) 0 . 0 ) )  M)))))) 
(E (LAMBDA ( P  L TH M) (COND 

((NULL L) NIL) 
((LESSP TH 0 . 0 1 )  (E P L 0 . 0 5  M)) 
((NOT (EQUAL (CAR P)  (CAAR L))) (E P (CDR L) TH M)) 

( T  ((LAMBDA (X) (COND 
((NULL X NIL) ( T  (CONS (CAR P) X)))) 
(G (CDR P)  (CDDAR L) TH M (CADAR L))))))) 

(VALUE (LAMBDA (S L) (V1 S 1 L))) 
(VI (LAMBDA (S A L) (COND 

((NULL (C DR S)) A) 
( T  (VI (CDR S) (TIMES A (TRANS (CONS (CAR S)(CADR S)) 

L))L))))) 
(ORACLE (LAMBDA (X Y) (ORVAL X Y (QUOTE (PRIMTEST EXPTEST 

MULTEST SUMTEST))))) 
(ORVAL (LAMBDA (X Y L) (COND 

((NOT (AND (NUMBERP X) (NUMBERP Y))) NIL) 
((NULL L) NIL) 

( T  ((LAMBDA (Z) (COND 
((NULL Z) (ORVAL X Y (CDR L))) 
(T (CONS Z (ORVAL X Y (CDR L)))))) (APPLY (CAR L) 
(LIST X Y) NIL)))))) 

(EXPTEST (LAMBDA (X Y) (EX1 X Y 1 X))) 
(EX1 (LAMBDA (X Y M P) (COND 

((LESSP X 2) NIL) 
((EQUAL P Y) (SUBST M (QUOTE Y) (QUOTE (POWER X Y)))) 
((GREATERP P Y) NIL) 
( T  (EX1 X Y (PLUS M 1) (TIMES P X)))))) 

(MULTEST (LAMBDA (X Y) (COND 
((ZEROP (REMAINDER Y X)) SUBST (QUOTIENT Y X) (QUOTE Y) 
(QUOTE (TIMES X Y)))) ( T  NIL)))) 

(SUMTEST (LAMBDA (X Y) (SUBST (DIFFERENCE Y X)(QUOTE Y) 
(QUOTE (PLUS X Y))))) 

(PRIMTEST LAMBDA (X Y) (COND 
((AND (PRIME X (PRIME Y)) (SUBST (DIFFERENCE (PRIMSEQ Y) 



(PRIMSEQ X)) (QUOTE Y) (QUOTE (PRIMEGEN X Y)))) ( T  NIL)))) 
(PRIME (LAMBDA (X) (COND 

((LESSP X 2) NIL) 
((EQUAL X 2) T) 
((ZEROP (REMAINDER X 2 ) )  NIL) 
( T  (PRIM1 X 3))))) 

(PRIM1 (LAMBDA (X Y) (COND 
((GREATERP (TIMES Y Y) X) T) 
((ZEROP (REMAINDER X Y)) NIL) 
( T  (PRIM1 X (PLUS Y 2)))))) 

(PRIMSEQ (LAMBDA (Y) (PS Y 2 1))) 
(PS (LAMBDA (Y P C) (COND 

((GREATERP P Y) (ERROR (QUOTE PRIMSEQ))) 
((EQUAL Y P)  C) 
( T  (PS Y (NEXTPRIMEUP (PLUS P l))(PLUS C 1)))))) 

(NEXTPRIMEUP (LAXIBDA (X) (COND 
((PRIME X) X) 
( T  (MEXTPRIMEUP (PLUS X 1)))))) 

(PRIMEGEN (LAMBDA (X C) (COND 
((LESSP C O) (PRIMEGEN (NEXTPRIMEDN (SUBI X)) (PLUS C 1))) 
((GREATERP C O) (PRIMEGEN (NEXTPRIMEUP (PLUS X 1)) 

(SUBI C))) 
(T  X)))) 

(NEXTPRIMEDN (LAMBDA (X) (COND 
((PRIME X) X) 
((EQUAL X 3) 2) 
( T  (NEXTPRIMEDN (SUBI X)))))) 

(TRANS (LAMBDA ( P  L) (COND 
((NULL L) O) 
((EQUAL (CAR P)  (CAAR L)) ( T l  (CDR P)  (CDDAR L) (C ADAR L))) 
( T  (TRANS P ( CDR L)))))) 

( T l  (LAMBDA (N L K) (COND 
(( NULL L) O) 
((EQUAL (C AAR L) N) (QUOTIENT (CADAR L) (PLUS K O. 0)))  

( T  ( T l  N (CDR L) K))))) 
(LOOKUP (LAMBDA ( P  L) (COND 

((NULL L) (ORACLE (CAR P) (CDR P))) 
((NOT (EQUAL (CAR P)  (CAAR L))) (LOOKUP P (CDR L))) 

( T  (L2 P (CDDAR L)))))) 
(L2 (LAMBDA (N L) (COND 

((NULL L) (ORACLE (CAR N) (CDR N))) 
((NULL L) (ORACLE (CAR N) (CDR N))) 
((NOT (EQUAL (CAR N) (CAAR L))) (L2 N (CDR L))) 



( T  (COND 
((NULL (CDDR L)) (ORACLE (CAR N) (CDR N))) 
( T  (C ADDAR L))) 

(TEX (LAMBDA (S L) (TEX2 (CDR S) L (LOOKUP (CONS (CAR S) 
(CADR S)) L)))) 

(TEX2 (LAMBDA (S L J) (COND 
((NULL J )  J )  ((NULL (CDR S) ) J) 
( T  (TEX2 (CDR S) L (INTERSECTION J (LOOKUP (CONS (CAR S) 

(CADR SI) L))))))) 

(ELIPSIS (LAMBDA (S L) (COND 
((NULL (CDR S) ) NIL) 
( T  (CONS (EP  (CAR S) (CADR S) L) (ELIPSIS (CDR S) L)))))) 

(EP  (LAMBDA (M N L) ((LAMBDA (X) (COND 
((NULL X) 1) ( T  (SUBI (LENGTH X))) 
)) (E (CONS M N ) L (TRANS (CONS M N) L)L)))) 

(PREDICT (LAMBDA (S L) (COND 
((NULL S) NIL) 

( T  ((LAMBDA (X) (COND 
((CAR X) (C DR X)) 

( T  ((LAMBDA (Y) (COND 
((NULL Y) (FOLLOW (LAST S)(PREDICT (ELIPSIS S L) 
(ENTER S L)) L)) 

( T  ((LAMBDA (W) (COND 
((NULL W) (ERROR (QUOCTE BOTCHUP))) 
( T  (APPLY (SUBST (SUBST W (CAAR Y)(CDAR Y))(QUOTE Z) 
(QUOTE 

(LAMBDA (X) Z))) (LIST (LAST S)) NIL)))) (PREDICT (CDR Y) 
L))))) 
@BAR (LOOP S)))))) 
(CYCLES S)))))) 

(INTERSECTION (LAMBDA (M N) (COND 
((NULL M ) NIL) 
((MEME3ER (CAR M) N) (CONS (CAR M (INTERSECTION (CDR M) 

NI)) 
( T  (INTERSECTION (CDR M) N))))) 

(LAST (LAMBDA (S) (COND 
((NULL (CDR S) ) (CAR S))(T (LAST (CDR S)))))) 

(FOLLOW (LAMBDA (E N L) (COND 
((EQUAL N O) E) 
((NULL L) (QUOTE (1 GIVE UP))) 
((EQUAL (CAAR L) E) (FOL (CDDAR L) (QUOTE (O O)) N L)) 
( T  (FOLLOW E N (CDR L)))))) 



(FOL (LAMBDA (S B N L) (COND 
((NULL S) (FOLLOW (CAR B) (SUBI N) L)) 
((GREATERP (CADAR S) (CADR B)) (FOL (CDR S) (CAR S) N L)) 
( T  (FOL (CDR S) B N L))))) 

(DOIT (LAMBDA (L) (COND 
((NULL L) NIL) 
( T  (CONS (Do1 (CAR L)) (DOIT (CDR L))))))) 

(Do1 (LAMBDA (L) (CONS (CAR L) (CONS (CADR L) (DOB(CAR L) 

(CDDR LI))))) 
(DO2 (LAMBDA (N L)  (COND 

((NULL L) NIL) 
( T  (CONS (LIST (CAAR L) (CADAR L) (ORACLE N (CAAR L))) 

(Do2 N (CDR L))))))) 
(FMLIST (LAMBDA (X Y) (COND 

((NULL X) (CSAR (DOIT Y))) 
(T  (FIXLIST (CDR X) (ENTER (CAR X) Y)))))) 

(CSAR (LAMBDA (X) (CSETQ FREQDIST X))) 
(TEST (LAMBDA (S) (PREDIC T S FREQDIST))) 
(FORT (LAMBDA (M L) (CDAR (FORQ M L)))) 
(SC AN (LAMBDA (M L N A) (COND 

((NULL L) (CONS NIL A)) 
((SEQ M (CAR L) A) ((LAMBDA (X) (COND 

((CAR X) X) 
( T  (SCAN M (CDR L) N A)))) 
(COND ((NULL N) (CONS T (CONS (FORT M (CAR L)) A))) 
(T (SC AN (CAR L) (CAR N) (CDR N) (CONS (FORT M (CAR L)) 
(COND ((NULL A) (CONS (FORT (CAR L) M) (LIST (CONS (CAAR 

(FORQ M (CAR LI)) Ml))) 
( T  (SC AN M (CDR L) N A))))) 

(SEQ (LAMBDA (M L A) ((LAMBDA (X) (COND 
((NULL X) NIL) 
((AND (NULL (CDR X)) (NUMBERP (CDAR X))) T) 

( T  NIL))) (FORQ M L)))) 
(FORQ (LAMBDA (M L) (QFORM (FORM M L NIL)))) 
(QFORM (LAMBDA (X) (COND 

((CAR X) (QF (CDR XI)) 
( T  NIL)))) 

(QF (LAMBDA (X) (COND 
((NULL X) (QUO T E  NIL)) 
((EQ (C AAR X) (C DAR X)) (QF (C DR X))) 

(T  (CONS (CAR X) (QF (CDR X))))))) 
(FORM (LAMBDA (X Y A) (COND 

((NULL X) (CONS T A)) 



((ATOM X) ((LAMBDA (Z) (COND 
((NULL Z) (CONS T (CONS (CONS X Y) A))) 
((EQ Y (CDR Z)) (CONS T A)) 
( T  (LIST NIL)))) (TLU X A))) 

( T  ((LAMBDA (Z) (COND 
((CAR Z) (FORM (CDR X) (CDR Y) (CDR Z))) 
( T  Z)))(FORM (CAR X) (CAR Y) A)))))) 

(LOOP (LAMBDA (S) (COND 
((NULL (CDR S)) NIL) 
( T  (CONS (ORACLE (CAR S) (CADR S)) (LOOP (CDR S))))))) 

(TLU (LAMBDA (X L) (COND 
((NULL L) NIL) 
((EQ X (CAAR L)) (CAR L)) 

( T  (TLU X (CDR L)))))) 
(LAST (LAMBDA (L) (COND ((NULL (CDR L))(CAR L)) 

( T  (LAST (CDR LI))))) 
(SBAR (LAMBDA (L) (SI (CAR L) (CDR L)) 
(S1 (LAMBDA (M L) (COND 

((NULL M) NIL) 
( T  ((LAMBDA (X) (COND 

((CAR X) (REVERSE (CDR X))) 
( T  (S i  (CDR M) L)))) (SC AN (CAR M) (CAR L) (CDR L) NIL)))))) 

(REVERSE (LAMBDA (L) (R1 NIL L))) 
(R1 (LAMBDA (M L) (COND 

((NULL L) M) 
( T  ( R i  (CONS (CAR L) M) (CDR L)))))) 
FIXLIST( 

( 
(1  2 3 4 5 6 7 8 8 10  11 12  13 14  15  16) 
(1  2 3 4 5 6 7 8 9 10 11 12  13 14  1 5  16) 
( A B C D E F G H I J K L M N O P Q R S T U V W X Y  Z) 

1 
NIL 

) 

The result of FIXLIST is: 

(((1 2 (2  1 ((TIMES X 2) (PLUS XI))) (1  1 ((TIMES X 1) (PLUS X O)))) 
(2 2 (3 1 ((PRIMEGEN X 1) (PLUS X 1))) 

(2 1 ((PRIMEGEN X O) (POWER X 1)  (TIMES X 1) (PLUS X O)))) 
(3  2 (4 1 ((PLUS X 1))) (3 1 ((PRIMEGEN X O) (POWER 

X 1) (TIMES X 1) (PLUS X 0)))) (4 2 (5 1 ((PLUS X 1))) (4 1 ((POWER X 1) 
(TIMES X 1) (PLUS X 0)))) (5 2 (6 



1 ((PLUS X 1))) (5 1 ((PRIMEGEN X O) (POWER X 1) (TIMES X 1) 
( (PLUS X 0)))) (6 2 (7 1 ((PLUS X 1))) (6 1 ((POWER 

X 1) (TIMES X 1) (PLUS X 0)))) (7 2 (8 1 ((PLUS X 1))) 
(7 1 ((PRIMEGEN X O) (POWER X 1) (TIMES X 1) (PLUS X 

O)))) (8 2 (9 1 ((PLUS X 1))) (8 1 ((POWER X 1) (TIMES X 1) (PLUS X O)))) 
(9 2 (10 1 ((PLUS X 1))) (9 1 ((POWER 

X 1) (TIMES X 1) (PLUS X 0)))) (10 2 (11 1 ((PLUS X 1))) 
(10 1 ((POWER X 1) (TIMES X 1) (PLUS X O))))  (11 2 

(12 1 ((PLUS X 1))) (11 1 ((PRIMEGEN X O) (POWER X 1) (TIMES X 1) 
(PLUS X O)))) (12 2 (13 1 ((PLUS X 1))) ( 

12 1 ((POWER X 1) (TIMES X 1) (PLUS X 0)))) (13 2 (14 1 ((PLUS X 1))) 
(13 1 ((PRIMEGEN X O) (POWER X 1) (TIMES 

X 1) (PLUS X 0)))) (14 2 (15 1 ((PLUS X 1))) (14 1 ((POWER X 1) 
(TIMES X 1) (PLUS X 0)))) (15 2 (16 1 ((PLUS 

Xi))) (15 1 ((POWER X 1) (TIMES X 1) (PLUS X O)))) (A 1 (B 1 NIL)) 
(B 1 (C 1 NIL)) (C 1 (D 1 NIL)) (D 1 (E 

1 NIL)) (E 1 (F 1 NIL)) (F  1 (G 1 NIL)) (G 1 (H 1 NIL)) (H 1 (1 1 NIL)) 
(1 1 ( J  1 NIL)) ( J  1 (K 1 NIL)) (K 

1 (L 1 NIL)) (L 1 (M 1 NIL)) (M 1 (N 1 NIL)) (N 1 (O 1 NIL)) 
(O 1 (P 1 NIL)) (P 1 (Q 1 NIL)) (Q 1 (R 1 NIL)) 

(R 1 (S 1 NIL)) (S 1 (T 1 NIL)) (T 1 (U 1 NIL)) (U 1 (V 1 NIL)) 
(V 1 (W 1 NIL)) (W 1 (X 1 NIL)) (X 1 (Y 1 NIL)) 

(Y 1 ( Z  1 NIL)))) 

11. The Prediction Program Getnext 

The ALLRELS subroutine finds numerical relations between suc - 
cessive members of a list. LENGHTEST is a parameter signifying that 
there a r e  no exceptions to the pattern in question. The first two tests 
a r e  P l  and SUBSTRINGTEST, which admit of no exceptions. 

TIMESTEST and SUMTEST find multiplicative and additive rela- 
tions between two numbers. FINDREL applies these functions to suc- 
cessive members of a list.  The most frequently appearing relation is  
found and the las t  member of the l is t  substituted for the variable by AL- 
LRELS2. Called by ALLRELSl, this i s  evaluated by WORKOUT if the 
relation occurs a t  least 1/3 of the time. 

If the pattern found by the ALLRELS subroutine admits of no ex- 
ceptions, the parameter LENGTHTEST is substituted for the number of 
times the pattern actually applies by PARTLIST and PARTLISTl. TEST- 
IT signals that a given prediction i s  from a pattern that admits of no ex- 
ceptions. 



TRYPART and TRYPARTl take NTHLISs of a l ist  and, applying 
the ALLRELS subroutine, produce either a prediction whose pattern ad- 
m i t ~  of no exceptions or  a list of predicitions and the number of mem- 
bers of the list to which they apply . 

TRYDRB, having predicted the next member of first and second 
f i r s t  difference and f i rs t  ratio lists of a given list, predicts the next 
member of the given list. It produces either a llperfectll prediction o r  
a lis t of predic tions . 

The above functions a r e  used for number sequences. The functions 
GETLET, POSN, POSNLIS, NUMMOD, and RETLET a re  used to change 
a letter sequence to a number sequence and a number prediction to a 
letter prediction. POSN finds the position of a letter in an alphabet. 
POSNLIS translates a l is t  of letters into a l is t  of number positions. NU- 
MMOD reduces a nurnber modulo alphabetlength. RETLET finds the let- 
ter corresponding to a given number position in an alphabet. GETLET 
gets the letter corresponding to a given prediction. 

The functions PATTEST, PARTIAL, PARFCN and PARFCNl pre- 
dict the next member of a cyclic o r  partially cyclic sequence of symbols 
other than letters o r  numbers. PARTZAL tests whether various NTHLISs, 
starting with different members, have members satisfying Pl.  Using 
the results of PARTIAL, PARFCN and PARFCNl produce a LISP pro- 
gram which is applied by PATTEST to the number 1 greater #an the 
length of the original list, i. e .  , to the position of the next member. 

WORTH is an auxiliary function used in returning the prediction. 

SETPARMS sets the parameters LENGTHTEST and PARTLENGTH. 

GETNEXTl applies the function ALLRELS to a l is t  of numbers. If 
no perfect pattern is found, it calls the function TRYPART. If no per- 
fect pattern is found, i t  then calls the function TRYDRB. The best pre- 
diction (that whose pattern covers the most cases), if any, is returned. 

GETNEXT sends number, letter, and other sequences to the ap- 
propriate subroutines. 



12. LISP Listing 

CSET (ALPHABET ( A B  C D E F G H 1 J K L M N  O P Q  R S T U  
v w x Y Z)) 

CSETQ (LENGTHALPH (LENGTH ALPHABET)) 
DEFINE (( 

(ALLRELS (LAMBDA (X) (COND ((NULL X) NIL) 
((PI X) (CONS (CAR X) LENGTHTEST)) 

( T  ((LAMBDA (Y) (COND 
((NOT (NULL Y)) (CONS Y LENGTHTEST)) 
( T  (ALLRELSl X)))) 
(SUBSTRKNGTEST X))) ))) 

(ALLRELSl (LAMBDA (X) (WORKOUT (ALLRELSB X)))) 
(WORKOUT (LAMBDA (X) (COND ((NULL X) NIL) 

((GREATERP PARTLENGTH (CDR X)) NIL) 
( T  (CONS (EVAL (CAR X) NIL) (CDR X))) ))) 

(ALLRELS2 (LAMBDA (X) (SUBST (LAST X) (QUOTE X) (MODFREQ 
(APPEND 
(DISTAB (FINDREL X (FUNC TION SUMTEST))) 
(DISTAB (FINDREL X (FUNCTION TIMESTEST))) )) ))) 

(FINDREL (LAMBDA (X FN) (COND ((NULL (CDR X)) NIL) 
(T (RITEFORM (FN (CAR X) (CADR X)) (FINDREL (CDR X) 

FN))) 1)) 
(TIMESTEST (LAMBDA (X Y) (COND ((ZEROP X) NIL) 

((ZEROP (REMAINDER Y X)) (SUBST (QUOTIENT Y X) (QUOTE Y) 
(QUOTE (TIMES X Y)))) ( T  NIL) ))) 

(PARTLIST (LAMBDA (X) (COND ((NULL X) NIL) 
(T (PARTLISTI (LENGTH X) (ALLRELS X))) ))) 

(TESTIT (LAMBDA (X) (COND ((EQUAL LENGTHTEST (CDR X)) T) 
( T  NIL) ))) 

(PARTLIST 1 (LAMBDA (X Y) (COND ((NULL Y) NIL) 
((LESSP X 3) NIL) 
((EQUAL (SUBI X) (CDR Y)) (CONS (CAR Y) LENGTHTEST)) 

( T  Y) ))) 
(TRYPART (LAMBDA (X N) (COND ((NULL X) NIL) 

((GREATERP N PARTLENGTH) NIL) 
(T (TRYPART 1 (PARTLIST (REVERSE (NTHLIS (REVERSE X) 

N))) N)) ))) 
(TRYPARTl (LAMBDA (X N) (COND ((NULL X) (TRYPART X 

(ADDI N))) 
((TESTIT X) (LIST X)) 
(T (RITEFORM X (TRY PART X (ADD1 N)))) ))) 

(THYDRL (LAMBDA (X N) (COND ((NULL X) NIL) 



((EQUAL N 3) NIL) 
( T  ((LAMBDA (Y) (COND 

((TESTIT Y) (LIST (CONS (RETPLUS N (CAR Y) X) (CDR Y)))) 
(T  ((LAMBDA (Z) (COND 

((NULL Z) (COND ((NULL Y) (TRYDRB X (ADD1 N))) 
( T  (CONS (CONS (RETPLUS N (CAR Y) X) (CDR Y)) 
(TRYDR2 X (ADD1 N)))))) 
((TESTIT Z) (LIST (CONS (RETTIMES N (CAR Z) X) (CDR Z)))) 
((NULL Y) (RITEFORM (CONS (RETTIMES N (CAR Z) X) (CDR Z)) 
(TRY DR2 X (ADD1 N)))) 
( T  (RITEFORM (CONS (RETPLUS N (CAR Y) X) (CDR Y)) 
(RITEFORM (CONS (RETTIMES N (CAR Z) X) (CDR Z)) 
(TRYDRB X (ADD1 N))))))) 
(MODFREQ (TRYPART (NR N X) 1)))))) 
(MODFREQ (TRYPART (ND N X) 1)))) ))) 

(GETLET (LAMBDA (X) (COND ((NULL X) NIL) 
(T (RE TLET (NUMMOD X))) ))) 

(POSN (LAMBDA (X A) (COND((EQUAL X (CAR A))O) ( T  (PLUS 1 

(POSN X(CDR A))))))) 
(POSNLIS (LAMBDA (X) (COND ((NULL X) NIL) (T (CONS (POSN 

(CAR X) ALPHABET) POSNLIS (CDR X))))))) 

(NUMMOD (LAMBDA (X) (COND 
((GREATERP X (SUBI LENGTHALPH)) 

(DIFFERENCE X LENGTHALPH)) 
((LESSP X O) (NUMMOD (PLUS X LENGTHALPH))) ( T  X) ))) 

(RETLET (LAMBDA (N) (CAR (COMPOSE (FUNCTION CDR) 
ALPHABET N)))) 

(PATTEST (LAMBDA (X) (COND ( ( P l  X) (CAR X)) 
( T  (APPLY (PARFCN X) (LIST(ADD1 (LENGTH X))) NIL)) ))) 

(PARTIAL (LAMBDA (X) (PROG (U V M N L) 
(SETQ V NIL) 
(SETQ U X) 
(SETQ L (ADDI (QUOTIENT (LENGTH U) 2))) 
(SETQ M 1) 
(SETQ N 1) 

A (COND ((NULL U) (RETURN V)) 
((GREATERP N L) (GO B)) 
((P 1 (NTHLIS U N)) (GO C))) 
(SE TQ N (ADD1 N)) 
(GO A) 

B (SETQ U (CDR U)) 
(SETQ M (ADD1 M)) 



(SETQ N 1) 
(GO A) 

C (COND ((GREATERP M N) (GO D))) 
(SETQ V (CONS (LIST (SUB 1 M) N (NTHMEM (SUBI N) 

U)) V)) 
D (SETQ N (ADD1 N)) 

(GO A) ))) 
(PARFCN (LAMBDA (X) (PARFCNl (PARTIAL X)))) 
(PARFCNl (LAMBDA (X) (PROG (U V W) 

(SETQ U X) 
A (COND ((NULL U) (GO B))) 

(SETQ V (CAR U)) 
(SETQ W (COND ((EQUAL (CAR V) (CONS (LIST (LIST 

(QUOTE ZEROP) 
(LIST (QUOTE REMAINDER) (QUOTE X) (CADR V))) 
(LIST (QUOTE QUOTE) (CADDR V))) W)) 
(T (CONS (LIST (LIST (QUOTE ZEROP)(LIST (QUOTE PLUS) 

(LIST (QUO TE 
REMAINDER) (QUOTE X) (CADR V)) (CAR V))) 
(LIST (QUOTE QUOTE) (CADDR V))) W)) )) 
(SETQ U (C DR U)) 

(GO A) 
B (COND ((NULL W) (RETURN NIL))) 

(RETURN (LIST (QUOTE LAMBDA) (QUOTE (X)) (CONS (QUOTE COND) 
(APPEND W (QUOTE ((T NIL)))) ))) ))) 

(WORTH (LAMBDA (X) (COND ((NULL X) NIL) ( T  (CAAR X)) ))) 
(SETPARMS (LAMBDA (X) (PROG2 (CSETQ LENGTHTEST (SUBI X)) 

(CSETQ PARTLENGTH (MAX 3 (QUOTIENT X 3))) ))) 
(GETNEXTl (LAMBDA (X) ((LAMBDA (Y) (COND 

((EQUAL LENGTHTEST (CDR Y)) (CAR Y)) 
( T  ((LAMBDA (Z) (COND 

((NULL Z) (WORTH (BESTONE (TRYDRZ X 1)))) 
((EQUAL (CDAR Z) LENGTHTEST) (CAAR 2) )  
( T  (WORTH (BESTONE (APPEND (TRYDRZ X 1) Z)))))) 
(BESTONE (RITEFORM Y (TRY PART X 2))))))) 
(ALLRELS X)))) 

(GETNEXT (LAMBDA (X) (COND ((NULL X) NIL) 
((PROGZ (SETPARMS (LENGTH X)) (NUMBERP (CAR X))) 

(GETNEST1 X)) 
((NOT (LITER (CAR X))) (PATTEST X)) 
(T (GE TLET (GETNEXTl (POSNLIS X))))))) 

)) 



13. Examples of Prediction 

ORACLE 
(4 16) 

((POWER X 2) (TIMES X 4) (PLUS X 12)) 

ORACLE 

(3 27) 

((POWER X 3) (TIMES X 9) (PLUS X 24)) 

ORACLE 
(11 13) 

((PRIMEGEN X 1) (PLUS X 2)) 

ORACLE 

(11 7) 

(PRIMEGEN X -1) (PLUS X -4)) 

ORACLE 
(41 43) 

(PRIMEGEN X 1) (PLUS X 2)) 

PRIMEGEN 

(3 5) 

PRIMEGEN 
(41 -3) 

PRIMEGEN 

(2 1) 



TEST 

((1 2 3 4 5)) 
6 

TEST 

((1 3 5 7)) 
9 

TEST 
((1 21  4 8 16 32)) 
6 4 

TEST 
((1 2 6 24 120)) 
7 20 

TEST 

((5 4 3 2 1)) 
-0 

TEST 
((1 2 3 1 2 3 1 2 3)) 
1 

TEST 
((2 3 5 7 11 13)) 
17 

TEST 
((2 5 11 17)) 
23 

STUDY IS A MORE GENERAL 
PROGRAM THAT CALLS 
NEXTOF 

STUDY 
((37 91 8 17 12  17 16 123 20 1 24 

19  4 5)) 
32 

STUDY 
((20 21 23 26 30 35  41  48)) 
5 6 

STUDY 
((4 8 16 24 32 40 48)) 
5 6 

STUDY 
((6 7 9 12 16 21 28 35)) 
4 2 

STUDY 
((3 13 4 1 5  5 17 6 1 9  7))  
2 1 

STUDY 
((20 29 37 44 50 55 59)) 
6 2 

STUDY 
((40 39  43 38 46 37 49 36)) 
52 

STUDY 
((10 50 1 3  54 16 58 1 9  62)) 
2 2 

STUDY 
((2 90 4 80 6 70 8 60)) 
1 O 

S TUDY 
((2 5 4 6  8 8 14  11 22 15)) 
3 2 

STUDY 
((2 4 5 6 11 1 0  20 16 32 24)) 
47 

STUDY 
( ( 1 2 3 4 4 4 7 6 5 1 0 8 6 ) )  
1 3  



SEQUENTIAL PATTERNS 

PERTEST 
( ( B A D C F E H G J I L ) )  
K 

PERTEST 
( ( A B D C E F H G I J L K M N ) )  
P 

PERTEST 
( ( Y Z W X U V S T Q R O P M ) )  
N 

PERTEST 
( ( A B C D E F  E G H I J L K M ) )  
N 

PERTEST 
((Z Y X U V W T S R)) 
O 

PERTEST 
( ( A B C B C D C D E E D D E  

F El) 
F 

PERTEST 
( ( Z X V W  T R S P N O ) )  

(NO PATTERN) 

PERTEST 
((X C X D X E X)) 
F 

PERTEST 
((A B D C E F H)) 
G 

PERTEST 
( ( B A C A D A E A F A G A ) )  
H 

PERTEST 
( ( J  1 H G F  E D C)) 
B 

PERTEST 
((Z Y X W V U T S R)) 
Q 

PERTEST 
( ( X X W X V X U X T X S X R ) )  
X 

PERTEST 
((A C E G 1 K M O Q)) 
S 

PERTEST 
((Z X V T R P N L)) 
J 

PERTEST 
((A D G J M P S)) 
v 

PERTEST 
((Z W T Q N K H)) 
E 

PERTEST 
((A D F 1 K N P S)) 
u 

PERTEST 
( ( A B C F E D G H I L K J M ) )  
N 

PERTEST 
((Z Y X TJ V W T S R)) 
O 



PERTEST 
( ( Z Y X U V W T S R O P Q  

N M L)) 
1 

PERTEST 
( ( K L N M O P R Q S T ) )  
v 

PERTEST 
( ( A B C D F E G H I J L K M ) )  
N 

PERTEST 
( ( A C  E D G I H K  M L ) )  
U 

PERTEST 
( ( A B D C B D D B E E B D F  

B D G B)) 

NIL 

PERTEST 
( ( Z Y W X V U S T R Q O P N M ) )  
K 

PERTEST 
((Y Z X W U V T S Q R P O  

M N)) 
L 

PERTEST 
( ( B A  D C  F E H G  J I L ) )  
K 

PERTEST 
( ( A B D C  E F H G I J L K M N ) )  
P 

PERTEST 
( ( Y Z W X U V S T Q R O P M ) )  
N 

PERTEST 
( ( A B C B C D C D E D E F E ) )  
F 

GETNEXT 
((5 15 23  29 3 9  47 53 63)) 
7 1  

GETNEXT 
((AA AB AA AB AA AB AA)) 
AB 

GETNEXT 
( ( 1 9 1 1 2 6 3 2 4 3 5 7 9 ) )  
6 

GE TNEXT 
((7 8 6 7 5 6)) 
4 

GE TNEXT 
((40 3 9  43 38  46 37 49  36)) 
5 2 

GE TNEXT 
( ( K L N M O P R Q S T ) )  
v 

GETNEXT 
( ( A B C F E D G H I L K J M ) )  
N 

GETNEXT 
((1 2 3 5 8 13  21  34)) 
5 5 

GETNEXT 
((20 29 37 44 50 55 59)) 
6 2 



GETNEXT 
((0.5EO 0.25EO 0.1253-1 0.6253-2 0.31253-2)) 
O. 156253-3 

GETNEXT 
((1 4 9 16 25 36)) 
49 



Appendix 3 

The LISP Listing for the 4-32 Compiler, 

and Some Samples 

Robert A. Saunders 

Information International, Inc. 

1. THE Q-32 COMPILER 

This is the complete deck which is run on an IBM 7090 to produce 
the compiled part  of Q-32 LISP. The listing contains the compiler, which 
i s  interpreted to compile itself on the 7090, and a s  compiled code runs on 
the Q-32; two versions of LAP, one which runs on the 7090 to produce 
Q-32 code, and one which runs a s  compiled code on the Q-32; and mis- 
cellaneous functions. In addition to the function compilations, the run 
generates al1 of the permanent l is t  structure for the Q-32. 

The compiled code uses the following routines which a r e  written 
in SCAMP, the Q-32 assembly language: 

CONS and the garbage collector 
ERROR 
PRIN1, TERPRI, and PRINOCT 
*RATOM and TEREAD 
GENSY M 
*MKNO 
*CALL and *RETRN 

A copy of the listing of these i s  available on request from 
Information International, Inc . 



The compiler listing contains some known e r rors ,  including the 
following (al  terations a r e  underlined): 

In A TTACH, the second line should read: 
((AND (EQ (CAAR A) (QUOTE LDA)) LISTING (EQ (CAAR 

LISTING) (QUOTE STA)) 

In PASS2, the second line in part  should read: 
(SETQ LEN 2) 

In the second listing of LAP, the section starting a t  E P  
should read: 

E P  (COND ((NOT P2) (GO El))  (EI 1W R)) ((NULL (CAR L)) 
(GO E2)) ((ATOM (CAR L)) (GO R)) ) 

(CSET (CAAR L) TRW) 

E2 (SETQ BPORG LOC) 

R (RETURN ST) - 



+** T H I q  DFCK I S  I N P U T  TO THE SHARE D I S T R I B U T E D  V E R S I O N  OF L I S P  1.5. 
I T  C O N T A I Y S  L A P  O C T A L S  TO Q U I E T  THE GARBAGF COLLECTOR AND TO GET A T  
T H F  P U N C H I N G  F A C I L I T I E S .  THE OUTPUT 1 5  A l  AN A I S E M B L Y  L I S T I N G  O F  T H E  
C O M P I L E D  CODEI AND B I  O C T A L  CPRD I V A G E S  ON T q E  PUNCH OUTPUT T A P E  ( B 7 ) .  
T H E  PUNCH T A P E  1 5  L O A D E D  I N T O  T I E  Q - 3 2  B Y  A  P A R T  OF THE SCAMP-CODED 
B A S I C  F U N C T I O N S .  *** 

TAPE S Y S P P T  1 9 7  

S F T S F T  

O P D E F I N E  i (  (PRI.2 5 1 3 5 0 )  I T E R P U N  5 4 4 5 0 )  (MKNO 1 2 6 7 0 0 )  ( P U N A C T  5 5 0 5 0 )  ) )  

L A P  i (  1 4 1 7 0  ( S T Z  1 6 0 4 0 1  ( S T Z  2  6 0 4 0 )  ( T Q A  3  4 )  ) N I L )  
L A P  i ( 3 3 0 1 0  ( 0 )  ) N I L )  
L A P  ( (  5 5 0 2 0  ( 4 3 6 2 4 7 0 6 )  ) N I L )  
L A P  ( (  1 2 7 7 3 0  ( C L A  1 3 0 1 1 Q )  N I L )  
L A P  i f  1 3 0 3 3 0  ( T S X  N I L  4 )  ) N I L )  
L A P  ( (  N I L  ( S L W  T )  ( C L A  T )  ( T R A  MKNO)  T ( O )  ( ( S L W  . 6 0 2 0 8 ) )  

L A P  ( ( ( M K V A L  SURQ 1 )  
( S X A  X 4 )  
( X C A )  
( C L A  A F )  
( T S X  CONS 4 )  
( P D X  O  4 )  
( C L A  T 5 )  
( O R S  O  4 )  
( P X D  O 4 )  

X  ( A X T  O 4 )  
( T R A  1 4 )  

A F  ( 7 7 7 7 7 0 6 )  
T 5  ( 5 0 5 )  

) ( ( 0 9 5  . 4 6 0 2 0 8 ) )  ) 

L A P  I ( ( S T A R T P U N  SUBR O )  
( S T L  P U N A C T )  
( C L A  P R I N 2 )  
( S S M )  
( S T O  P Q I N 2 )  
( T R P  1 4 )  

( ( S S M  4 7 6 0 0 0 0 0 0 0 0 3 0 1  ( S T L  4 6 2 5 0 8 ) )  1  

L A P  ( (  ( T E S P U N  SUSR P )  
( S T L  F U N A C T )  
( T R A  T E R P U N )  
) ( ( S T L  4 6 2 5 0 8 )  

L A P  ( (  ( O C T  SUER 1 )  
( S X A  X  4 )  
( S T O  C T )  

A  I P X D )  
( L X A  CT 4 )  
( L G L  3 )  
( A L S  3 )  
( L G L  3) 
( S T Q  T )  
( C A S  M )  



( T X I  ( *  3 )  4 1 )  
( T R A  ( *  2 ) )  
( T X I  ( *  1 )  4 1 1  
( S X A  C T  4 )  
( A L S  2 4 )  
( O R A  S 7 )  
( T S X  P R I N 2  4 )  
( L D Q  T )  
( T I X  A  2 1 )  
( C L A  C T I  

X  ( A X T  0 4 )  
( T R A  1 4) 

M ( 7 0 7 0 )  
T  ( 0 )  
C T  ( 0 )  
5 7  i 7 7 7 7 7 7 7 7 0 )  

( ( A L S  7 6 7 0 8 3  ( L G L  4 7 6 3 Q 8 )  ( O R A  4 5 0 1 0 8 )  ( C A S  3 4 0 9 8 ) )  ) 

L A P  ( (  ( P U N O C T  S U B R  2 )  
( S T Q  M Q )  
( S X A  X 4  4 )  
( S X A  X 2  2 )  
( P D X  O 2 )  
( L D Q  O  2 )  
( R Q L  1 2 )  
( A X T  3 2 )  
( P X D )  
( T S X  OCT 4 )  
( A X T  1 2 )  
( T S X  OCT 4 )  
( L X D  YQ 4 )  
( L D Q  O  4 )  
( R Q L  1 2 1  
( A X T  3 2 )  
( T S X  O C T  4 )  
( A X T  1 2 1  
( T S X  OCT 4 )  
( L D Q  ( Q U O T E  O C T A L ) )  
( T S X  MKNO 4 )  

X 4  ( A X T  O  4 1  
X 2  ( A X T  O  2 )  

( T R A  1 4 )  
YQ ( O )  

( ( R Q L  4 7 7 3 0 8 ) )  

L A P  ( (  ( P U N L O C  S U B R  1 )  
( S X A  X 4  4 )  
( P D X  O 4 )  
( L D Q  O 4 )  
( R Q L  1 8 )  
( A X T  3  2 )  
( P X D )  
( T S X  O C T  4 )  

X 4  ( A X T  O  4 )  
( T R A  1 4 )  1 
( ( R O L  4 7 7 3 0 8 ) )  ) 

DEFINE ( (  



( L A P E V A L  ( L A M B D A  ( X )  ( P 9 0 G  ( S  J K )  
( C O N D  ( ( N U L L  X )  ( R E T U R N  B P O R G I I  ( ( A T O M  X I  ( G O  L I ) )  

( ( E Q  ( C A R  X I  ( Q U O T E  E l )  ( R E T U R N  (MKOB ( C O N S  (QUOTE S P E C I A L )  
( C A D P  X ) ) ) )  ) 

( ( E Q U A L  X  ( Q U O T E  ( Q U O T E  N I L ) ) )  ( R E T U R N  7 7 7 6 0 0 Q ) )  
( ( E O  ( C A R  X i  ( Q U O T E  Q U O T E ) )  ( G O  3)) 
( ( F a  ( C P P  X )  ( Q U O T E  S P F C I A L ) )  1 5 0  A ) )  ) 

( S E T 0  S '3) 
( S E T Q  J X )  

L ( C O N D  ( ( N U L L  J )  ( 9 E T U R N  S I )  ) 

( S E T Q  S  ( P L U S  5  ( L A P E V A L  ( C A R  J ) ) )  ) 

( S E T Q  J ( C D R  Ji) 
( G O  L )  

L 1  ( C O N D  ( ( N U M S E R P  X )  ( R E T U R N  X I )  ( ( E Q  X  D O L L A R )  ( R E T U R N  L O C ) )  1  
( S E T 0  K  S T )  

L 2  ( C O N D  ( ( N U L L  K )  (GO L 3 ) )  ( ( E Q  ( C A A R  K )  X )  ( R E T U R N  (CDAR K I ) )  1 
( S E T Q  K  ( C D R  K i )  
( G O  L 2 )  

L 3  ( S E T 0  K I N I S Y M )  
L 5  ( C O N D  ( ( N U L L  K i  ( G O  L 6 ) )  ( ( F Q  ( C A A R  K )  X )  ( R E T U R N  ( C D A R  K I ) )  

( S E T Q  K ( C D R  K ) l  
( G O  L 5 )  

L 6  ( C O N D  ( ( G E T  X  ( Q U O T E  T W O R D I I  
( R E T U R N  ( L O G A N D  ( G E T  X (QUOTE T W O R D ) )  7 7 7 7 7 7 0 ) ) )  1 

L 4  ( P R I N T  ( L I S T  X  ( Q U O T E  B S S U N D E F I N E D  -- L A P S )  1 )  
( 4 E T U 9 N  ' )  

A  ( S E T 0  I V 2  (LOGOR I V 2  2 0 0 6 ) )  
B  ( R E T U R N  ( M K O B  ( C O N S  ( C A R  X I  ( C A D R  X ) ) ) )  

1 ) )  

f J U S T  ( L A M B D A  ( A )  (COND ( ( M I N U S P  A )  ( P L U S  A  7 7 7 7 7 7 0 ) )  ( T  A )  ) ) )  

( B L A N K S  ( L A M B D A  ( N 1  (COND ( ( Z E R O P  N I  N I L )  
( T  (PROGZ ( P R I N 1  B L A N K )  ( B L A N K S  ( S U R 1  N ) l  ) 1  ) I l  

(MKOR ( L A M B D A  ( S )  (PROG ( N  L I  
( S F T Q  N  O B O R G I  
( S E T 0  L O B L I S )  

A  ( C O N D  ( ( N U L L  L )  ( G O  1 ) )  
( ( E Q U A L  ( C A R  L I  S )  ( R E T U R N  N I )  
( ( N U L L  ( C D R  L ) l  ( G O  M K ) )  

( S E T O  L  ( C D R  L I )  
( S E T Q  N ( A D D I  N ) )  
( G O  A )  

1 ( C S E T O  O R L I S  ( L I S T  5 ) )  
( R E T U R N  OBORG) 

MK ( R P L P C D  L  ( L I S T  5 ) )  
( R F T U T N  ( A D D I  N ) )  ) ) )  

( P U N O S J  ( L A M B D A  N I L  ( P 9 O G  ( O B C  F S C  FWC O 8 L  FOO F 0 0 2 )  
( S E T Q  FWC FWORGI 
( S E T Q  O3C 0 3 0 R G )  



( S E T Q  FSC F S O R G )  
( S E T Q  O B L  O B L I S )  

A  ( C O N D  ( ( N U L L  O B L )  ( s E T U 9 N  ( L I S T  OBC F S C  F W C ) ) )  
( ( E O  ( C A A 9  O B L )  ( Q U O T E  S P E C I A L ) )  ( G O  5 ) )  
( ( E Q  ( C A A R  O R L )  ( Q U O T E  Q U O T E ) )  ( G O  Q ) )  
( T  (ERSOR ( L I S T  ( Q U O T E  P U N O B J )  ( C A R  O B L )  1 )  ) ) 

S  ( S E T Q  F 0 0 2  ( G E T  ( C D A R  O B L )  ( C U O T E  T W O R D ) ) )  
(PUNWORD (LOGOR 20'36 F S C )  (COND ( ( N U L L  F O O 2 )  O )  ( T  ( S U B I  F S C ) )  O B C )  
( R L A N K S  3 )  ( P R I N T  ( C D A R  O B L ) )  
(PUNWORD 0 0  FWC F S C )  
( T E R P R I  ) 
( S E T Q  FOO ( ( L A M B D A  ( J I  (PUNWORD ( L E F T S H I F T  ( M K V A L  ( C A R  J I )  - 1 2 )  

( L O G 0 9  ( L E F T S H I F T  ( M K V A L  ( C A R  J I )  1 2 )  (COND 
( ( N U L L  ( C D R  J I )  7 7 7 7 0 )  ( T  ( L E F T S H I F T  ( M K V A L  ( C A D R  J i )  - 2 4 1 1  ) )  

( A D D I  FWC)  ) ( G E T  (CDAR O B L )  ( Q U O T E  P N A M E ) )  ) )  
( T E S P R I  ) 
(PUNWORD 3 0 0 ~ n o i o  (LOGOR (LFFTSHIFT ( L O G A N D  FOO 7 )  1 8 )  F S C )  F W C )  
( S E T Q  FWC ( P L U S  2  F W C ) )  
( S E T Q  F S C  ( S u e 1  F S C ) )  
( C O N D  ( ( N U L L  F O O 2 )  ( G O  H l )  ) 

( T E R P R I  
( S E T Q  FOO F S C )  
( S E T Q  F S C  ( S U R 1  F O O ) )  
(PUNWORD OQ ( P U N L I S T  F 0 0 2 )  F O O )  
( G O  H )  

Q  (PUNWORD OQ ( P U N L I S T  ( C D A R  O S L ) )  O B C )  

H ( T E R P R I )  
( T E R P R I  ) 
( S E T Q  OBC ( A D D 1  O B C ) )  
( S E T Q  0 B L  ( C D R  O B L ) )  
( G O  A )  1 )  

( P U N L I S T  ( L A M B D A  ( J I  ( P R O G  ( N  L I  
( C O N D  ( ( N U L L  J )  ( R E T U R N  O )  

( ( N U M B E R P  J I  ( G O  A ) )  
( ( A T O M  J )  ( R E T U R N  (MKOR (CONS ( Q U O T E  S P E C I A L )  J ) ) )  ) ) 

(PUNWORD ( P U N L I S T  ( C D S  J I )  ( P U N L I Ç T  ( C A R  J I )  F S C )  
B ( T E R P R I )  

( R E T U Q N  ( A D D I  ( S E T 0  F S C  ( S U B I  F S C I I ) )  

A  (PUNWOPD 2 0 Q 6  (LOGOR FWC 7506) F S C I  
( S L A N K S  3 )  ( P R I N T  JI  
( C O N D  ( ( M I N U S P  JI (PUNWORD 7 7 7 7 7 7 7 7 8  ( P L U S  J 7 7 7 7 7 7 7 7 0 1  ( A D D 1  FWC) ) )  

( T  (PUNWORD ( L E F T S H I F T  J - 2 4 )  ( L O G A N D  J 7 7 7 7 7 7 7 7 0 )  ( A D D 1  F W C )  1 )  
( T E R P R I  ) 
(PUNWORD 2 C 0 0 0 0 1 0  F S C  FWC) 
( T E R P R I  ) 
( S E T Q  FWC ( P L U S  2 F W C I )  
( G O  0 )  
) ) )  

(PUNWORD ( L 4 M B D A  ( I V 1  I V 2  L O C I  (PROG N I L  
( C O N D  ( ( N O T  P N C H )  ( G O  A ) )  ) 

( S T A R T P U N )  
( P R I N T  O )  ( P R I N T  O )  



(PUNLOC (CDR L O C I )  
(PUNOCT (CD9 I V 1 )  (CDR I V 2 ) )  
(TFRPUN) 

A ( P R I N 1  BLANK) 
(PUNLOC (CDR L O C I )  
i PR 1 N I  BLANK ) 
(RETURN (PUNOCT (COR I V 1 1  (CD9 I V Z ) ) )  i ) )  

D E F L I S T  ( (  
(CONS 6 0 2 0 4 0 0 0 2 0 )  
(ERROR 4 0 1 0 4 0 0 0 3 0 )  
( P R I N 1  4 0 1 0 4 0 0 0 4 0 1  
( T E R P R I  2 0 0 0 4 0 0 0 5 0 )  
(*RATOM 2 0 0 0 4 0 0 0 6 0 )  
(CENSYM 2 0 0 0 4 0 0 0 7 0 )  
( *CALL 4 0 0 1 0 0 )  
( * R E t R N  4 0 0 1 1 0 )  
(+MKNO 4 0 0 1 2 0 )  
(TEREAD 2 0 0 0 4 0 0 1 3 Q )  
lPRINOCT 6 0 2 0 4 0 0 1 4 0 )  
( *SETFLAC 6 0 2 0 4 0 0 2 0 0 )  
(*CLRFLAG 6 0 2 0 4 0 0 2 1 8 )  
( P R I N L I S  ( N I L ) )  
(SCRACH 5 4 4 0 0 0 )  
(BPOQG 5 5 4 0 0 0 1  
( T B P S  6 7 7 7 7 0 1  
(BSX 7 6 5 4 3 2 1 0 )  
(BUC 7 6 5 4 3 2 1 0 3  
( STA 7 6 5 4 3 2  10 3 
( S T Z  7 6 5 4 3 2 1 0 )  
( 0 0 2  7 6 5 4 3 2 1 Q )  
(BNZ 7 6 5 4 3 2 1 0 1  
I L D A  7 6 5 4 3 2 1 0 )  
(XOR 7 6 5 4 3 2 1 0 )  
(CAS 7 6 5 4 3 2 1 0 )  
( L D B  7 6 5 4 3 2 1 0 )  
( S T B  7 6 5 4 3 2 1 0 1  
i T  T )  
) TWORD) 

(LAMBDA ( J I  (MAP J (FUNCTION (LAMBDA ( K )  ( D E F L I S T  ( L I S T  ( L I S T  
(CAR K )  ( € V A L  ( C A R  K I  N I L )  ) )  (QUOTE TWORD) i 1 )  ) )  

( ( D O L L A R  LPAR RPAR SLASH COMMA PERIOD PLUSS DASH STAR BLANK EQSIGN) ) 

CSET ( I N I S Y M  ( ( L 3 A  . 2 0 0 Q 5 )  (STA . 5 0 0 0 5 )  ( L D B  2 2 0 0 5 )  ( S T B  5 0 4 0 5 1  
( S T Z  . 0 5 1 Q 5 )  (BOZ . 6 0 0 0 5 )  (9NZ . 6 0 1 0 5 )  ( 8 S X  7 3 0 0 5 1  
( 9 A X  . 7 4 0 0 5 )  (PSG 6 1 0 0 5 )  (STP . 5 1 4 0 5 )  (SA 4 7 7 7 6 2 1 0 )  
( $2 7 7 7 6 0 0 0 )  
( L D X  . 4 2 0 0 5 )  (ATX . 4 2 4 0 5 )  (STX . 5 2 0 0 5 )  (BPX . 7 5 0 0 5 )  (BXE 7 2 0 0 5 )  
( L D S  . 4 3 4 0 5 )  (CON r 430Q51 (ADD . 1 0 0 0 5 )  (MUL r 1 2 0 0 5 )  (LDC . 2 1 0 Q 5 )  
( S F T  . 0 2 0 0 5 )  (ECH . 5 2 4 0 5 )  (FAD . 3 0 0 0 5 )  (FMD , 3 3 0 0 5 )  ( F L T  e 3 2 0 Q 5 )  
(CAS 4 0 3 0 5 )  ( S U 8  . 1 1 0 0 5 )  (BUC . 0 1 4 0 5 )  I X 0 4  . 4 3 0 0 3 0 3 )  ) )  



C S E T  (FSORG 1 6 7 7 7 7 0 )  
CSET  ( O R L I S  N I L )  
CSET  (PNCH + T + )  

S P E C I A L  ( ( F S C  F W C ) )  
COMMON ( I 

LOC ST I V 2  I N I S Y M  FWORG BPORG OBORG FSORG O B L I S  PNCH DOLLAR B L A N K  
1 )  

C O M P I L E  ( ( L A P E V A L  JUST B L A N K S  MKOB PUNOBJ  P U N L I S T  PUNWORD))  

U N S P E C I A L  1 i F S C  F W C ) )  
UNCOYMON ( (  

LOC ST  I V 2  I N I S Y M  FWORG BPORG OBORG FSORG O B L I S  PNCH DOLLAR BLANK 
1 )  

E X C I S E  i + T + )  

TEST 

D E F I N F  i (  

( * S P E C I N D  ( L A M B D A  ( J i  ( G E T  J (QUOTE S P E C I A L ) )  ) )  

( C O M P I L E  (LAMBDA ( L )  I M A P L I S T  L  ( F U N C T I O N  (LAMBDA (JI 
( C O M I  ( C A R  J )  ( C E T  ( C A R  J i  ( Q U O T E  E X P R ) )  ) 1 ) )  ) )  

( C O M I  (LAMBDA ( N  A )  (PROGZ (COND 
( A  (COM2 (QUOTE S U B R )  ( L E N G T H  (CADR A ) )  A N ) )  
( T  ( P R I N T  ( L I S T  N  ( Q U O T E  U N D E F I N E D I ) ) )  ) N ) ) )  

(COMZ (LAMBDA ( T Y P E  YAQGS E X P  NAME)  IPROG ( L I S T I N G  L E N )  
( S E T 0  L I S T I N G  ( P A S S Z  ( P A S S I  NAME E X P )  N A M E ) )  
( L A P  ICONS ( L I S T  NAME T Y P E  NARGS L E N )  

( C A R  L I S T I N G ) )  (CADR L I S T I N G ) )  
(RETURN NAME)  ) )  

( P A S S I  ( LAMBDA (NAME F N )  ( P A L A M  ( P R O G I T E R  NAME F N )  N I L )  1 )  

( P R O G I T E R  (LAMBDA (NAME E X P )  (COND 
( ( P h D  ( E O  ( C A 4 D D R  E X P )  (QUOTE C O N D ) )  ( P I 1  (CDADDR E X P I ) )  

( ( L A M B D A  ( G 1  G 2  VS G S )  ( L I S T  (QUOTE LAMBDA)  VS (CONS 
(OUOTE PROG) (CONS GS (CONS G 1  ( P I 3  (CDADDR E X P )  N I L  

(CONS G2 ( P A I R V A P  V S  GS ( L I S T  ( L I S T  (QUOTE GO)  G 1 ) )  ) )  I ) ) ) ) )  
( C E N S Y Y )  ( G E N S Y M )  (CADR E X P )  
( Y A P L I S T  (CADR E X P l  ( F U N C T I O N  G E N S Y M ) ) ) )  

( T  E X D )  ) 

( P I 1  (LAMBDA ( L I  (PROG N I L  
A  (COND ( I N U L L  L I  ( R E T U R N  N I L ) )  

( ( E C  (CAADAR L )  NAME)  ( Q E T U R N  T i )  ) 

( S E T Q  L  (CDR L I )  
(GO A )  1 ) )  

( P A I R M A P  (LAMBDA ( L  M Z )  (PROG ( A  0 )  



( C O N 0  ( ( Y U L L  L )  ( R E T U Q N  2))) 
( S E T 0  A  ( S E T 0  R ( C O Y S  ( L I S T  ( Q U O T E  S E T Q )  ( C A R  L )  ( C A D  2 ) ) )  

A  ( S E T Q  L  ( C D R  L ) )  
( S F T O  ( C O Q  M i  1 
( C O N D  ( ( N U L L  L )  i R E T U 9 N  A ) ) )  
( S E T G  B  ( = D R  ( R P L A C D  B  ( C O N S  ( L I S T  

( O U O T E  S F T Q )  ( C A R  L 1  ( C A R  M i  1 2 ) ) ) )  
( G O  A )  1 ) )  

( P T ?  ( L A M B 0 4  ( L  C 5 )  ( P R O G  N I L  
A  ( C O N D  ( ( N U L L  L )  ( 9 E T U R N  ( C O N S  ( C O N S  ( Q U O T E  C O N D I  C )  5 ) ) )  
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( ( N U L L  S D E C S )  ( L I S T  ( Q U O T E  L A M B D A )  

( C A D R  F N )  ( P A F O R M  ( C A D D R  F N I  ( A P P E N D  ( C A D R  F N I  8 )  ) ) )  

( T  ( L I S T  ( Q U O T E  L A M B D A )  ( C A D R  F N )  ( C O N C  
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( P P Q  S P F C S  ( Q U O T E  S P E C R S T R )  G 1 )  ( P A 1 2  G )  1 ) )  1 ) )  

( P A 5  ( L A M B D A  ( V A R S )  ( P R O G  ( M l  
A  ( C O N D  ( ( N U L L  V A R S )  ( R E T U 9 N  M ) )  
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( ( Q U O T E  Q U O T E )  FORM) 
( ( Q U O T E  PROG)  ( P A 8  (GENSYM) ( P A 5  ( C A D R  F O R M I )  ( G E N S Y M )  ) )  
( ( Q U O T E  F U N C T I O N )  ( L I S T  ( Q U O T E  S P E C I A L )  (COMP ( G E N S Y M )  

(CADR F O R M I  1 ) )  
( ( Q U O T E  GO) F O R M )  
( ( Q U O T E  C S E T Q )  ( L I S T  ( Q U O T E  C S E T )  ( L I S T  ( Q U O T E  Q U O T E )  

(CADR F O R M ) )  ( P A F O R M  (CADDR FORM) B ) ) )  
( ( Q U O T E  S E L E C T )  ( ( L A M B D A  ( G S )  ( L I S T  ( L I S T  (QUOTE L A M B D A )  

( L I S T  C S )  (CONS ( Q U O T E  COND)  ( P A 3  (CDDR F O R Y ) )  ) )  

( P A F O R M  ( C A D R  FORM) 8 ) ) )  ( G E N S Y M )  1 )  
( ( Q U O T E  N O T )  ( L I S T  (QUOTE N U L L )  ( P A F O R M  (CADQ FORM) 6 ) ) )  
( ( Q U O T E  S E T )  (PROG N I L  I D R I N T  ( Q U O T E  ( S E T  I L L E C A L ) ) )  

( R E T U R N  ( Q U O T E  ( Q U O T E  N I L ) ) )  ) )  

( ( Q U O T E  CONC)  ( P A 2  ( C D R  F O R M ) ) )  
(CONS ( C A R  FORM) ( P A 1  (CDR F O R M I )  ) )  
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( ( E Q  (CAR E X P )  (QUOTE S E T Q ) )  (PROG N I L  

(COMVAL (CADDR E X P )  STOMAP NAME)  
( A T T A C H  ( L I S T  (CONS (QUOTE S T A )  ( L O C A T E  I C A D R  E X P I ) ) ) )  ) )  
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( A T T A C H  ( L I S T  ( L I S T  (QUOTE B U C )  (CDR (SASSOC (CADAR H O L D )  
G O L I S T  ( F U N C T I O N  (LAMBDA N I L  (ERROR (CONS (CADAR H O L D )  

(QUOTE (NOT A  L A B E L  ( C O M P R O G ) ) )  ) )  j I  ) )  ) ) ) )  
( ( E Q  (CAAR H O L D )  (QUOTE C O N D ) )  (COMCOND (CDAR H O L D )  F I )  
( T  (COMVAL (CAR H O L D )  STOMAP N A M E ) ) )  

( S E T Q  HOLD (CDR H O L D ) )  
( G O  D l  

E  (COND ( R E T N  ( R E T U R N  ( A T T A C H  ( L I S T  R E T N ) ) ) ) )  1 ) )  

(COMCOND (LAMBDA ( E X P  MODE) (PROG ( F L A C  S W I T C H  GEN)  
( S E T Q  F L A G  T l  

A  (COND ( ( N U L L  E X P )  (GO 8 ) ) )  
( S E T Q  GEN ( G E N S Y M ) )  
( S E T Q  S W I T C H  N I L )  
(COND ( ( E Q  (CAADAR E X P )  ( Q U O T E  G O ) )  (GO C l ) )  
(COMPACT (CAAR E X P )  G E N I  
( S E T Q  AC (COND ( S W I T C H  (QUOTE (QUOTE N I L ) ) )  ( T  N I L ) ) )  
(COMVAL (CADAR EXP ) STOMAP NAME 
(COND ( ( O R  ( A N D  NAME ( N U L L  (CDR E X P I ) )  

(MEMBER (CAADAR E X P )  (QUOTE (RETURN G O ) ) ) )  
(GO L ) ) )  

( A T T A C H  ( L I S T  (COND (NAME ( L I S T  ( Q U O T E  B U C )  N A M E ) )  
( T  ( L I S T  (QUOTE B S X )  (QUOTE *RETRN)  

4 ( L I S T  (QUOTE E )  R E N A M E ) ) )  ) ) )  

L  ( A T T A C H  ( L I S T  G E N ) )  
D  ( S E T Q  EXP (CDR E X P ) )  

( S E T Q  AC (COND ( S W I T C H  (QUOTE N I L ) )  ( T  (QUOTE (QUOTE N I L ) ) ) ) )  
( G O  A )  

B  (COND ( ( A N D  F L A G  MODE)  ( A T T A C H  (QUOTE ( ( B U C  C O N D E R ) ) )  1 ) )  
(COND (NAME ( A T T A C H  ( L I S T  N A M E ) ) ) )  
( R E T U R N  N I L )  

C  (COMPACT ( L I S T  ( Q U O T E  N U L L )  (CAAR E X P I )  
( C D R  (SASSOC (CADR (CADAR E X P )  G O L I S T  ( F U N C T I O N  

(LAMBDA N I L  (ERROR (CONS (CADR (CADAR E X P ) )  
(QUOTE (NOT  A  L A B E L  ( C O M C O N D ) ) )  1 )  1 )  1 )  1 

( G O D )  ) ) )  

(COMBOOL (LAMBDA ( F N  MODE EXP A )  (PROG (GEN S W I T C H )  
( S E T Q  GEN ( G E N S Y M ) )  

A  ( S E T Q  S W I T C H  N I L )  
(COND ( ( N U L L  E X P )  ( G O  C l )  

( ( A N D  MODE ( N U L L  (CDR E X P ) )  ( E Q  A  F N )  (GO B I ) )  
(COMPACT (COND ( F N  ( C A R  E X P ) )  ( T  ( L I S T  (QUOTE N U L L )  (CAR E X P ) ) ) )  

(COND ( ( A N D  MODE (NOT A 1 )  (COND ( F N  NAME)  ( T  G E N ) ) )  
( T  (COND ( ( N O T  MODE) G E N )  ( F N  GEN)  i T  N A M E ) ) )  ) )  

( S E T Q  AC (COND ( ( E Q  ( C A A R  L I S T I N G )  ( Q U O T E  B N Z ) )  (QUOTE (QUOTE N I L ) )  
) ( T  (QUOTE (QUOTE T  ) I l ) )  

( S E T Q  EXP (CDR E X P I )  



( G O  A )  
B  ( C O M P A C T  ( C O Y D  ( F N  ( L I S T  ( Q U O T E  N U L L )  ( C A R  E X P I ) )  

( T  ( C A 9  E X P I )  ) N A M E )  
C  ( C O N D  ( ( N O T  M O D E )  ( P T T A C H  ( L I S T  ( Q U O T E  ( B U C  ( a  2 )  ) )  ( L I S T  ( Q U O T E  

L D A )  ( L I S T  ( Q U O T E  Q U O T E )  F N ) )  ) ) ) )  

( A T T A C H  ( L I S T  G E N ) )  
( C O N D  ( ( N O T  M O D E )  ( A T T A C H  ( L I S T  ( L I S T  ( Q U O T E  L D A )  

( L I S T  ( Q U O T E  Q U O T E )  ( N O T  F N )  ) ) ) )  ) )  1 ) )  

( C O M P A C T  ( L A M B D A  ( E X P  N A M E )  ( C O N D  
( ( E Q  ( C A R  E X P )  ( Q U O T E  N U L L ) )  ( P R O G Z  ( S E T Q  S W I T C H  ( N O T  S W I T C H ) )  

( C O M P A C T  ( C A D Q  E X P )  N A M E ) ) )  
( ( E Q U A L  E X P  ( Q U O T E  ( Q U O T E  T ) ) )  ( C O N D  ( S W I T C H  ( A T T A C H  ( L I S T  

( L I S T  ( Q U O T E  B U C )  N A M E ) ) ) )  ( T  ( S E T Q  F L A G  F I ) ) )  
i i E Q  ( C A R  E X P )  ( Q U O T E  O R ) )  (COMBOOL F  T ( C D R  E X P I  S W I T C H ) )  
( ( E Q  ( C A R  E X P )  ( Q U O T E  A N D ) )  ( C O M B O O L  T  T  ( C D R  E X P )  S W I T C H ) )  
( T  ( P R O C 2  

( C O N D  ( ( E Q  ( C A R  E X P )  ( Q U O T E  E Q )  
( C E Q  E X P  S T O M A P ) )  

f T  ( C O M V A L  E X P  STOMAP ( G E N S Y M )  1 ) )  
( A T T A C H  ( L I S T  ( L I S T  ( C O N D  ( S W I T C H  ( Q U O T E  E N Z ) )  

( T  ( Q U O T E  B O Z ) ) )  N A M E ) ) )  1 )  ) 1 )  

( C E Q  ( L A M B D A  ( E X P  S T O M A P )  ( P R O G  ( A )  
( S E T Q  A  ( C O M L I S  ( C D R  E X P I ) )  
( C O N D  ( ( E Q U A L  ( C A R  A )  A C )  ( A T T A C H  ( L I S T  ( C O N S  ( Q U O T E  X O R )  

( L O C A T E  ( C A D R  A ) )  1 ) ) )  
( T  ( P R O G 2  ( L A C  ( C A D R  A ) )  

( A T T A C H  ( L I S T  ( C O N S  ( Q U O T E  X O R )  ( L O C A T E  ( C A R  A ) ) ) )  ) ) ) )  

( S E T Q  S W I T C H  ( N O T  S W I T C H ) )  ) ) )  

( C O M P L Y  ( L A M B D A  ( F N  A R G S )  ( M A P  ( P A I R  ( C A D R  F N )  A R G S )  
( F U N C T I O N  ( L A M B D A  ( J I  ( P R O G  N I L  ( C O M V A L  ( C D A R  J )  STOMAP 

( G E N S Y M ) )  ( S T O R E  ( C A A R  J )  T ) ) ) ) )  1 )  

( C O M L I S  ( L A M B D A  ( E X P I  ( P R 0 6  ( B I  
( R E T U R N  ( M A P C A R  E X P  ( F U N C T I O N  ( L A M B D A  ( J I  ( C O N D  

( ( O R  ( E Q  ( C A R  J I  ( Q U O T E  Q U O T E ) )  ( A T O M  J I )  J )  
i B  ( P R O C 2  ( S T O R E  AC T )  ( C O M V A L  J STOMAP ( G E N S Y M ) )  ) )  

( T  l P R O G 2  ( S E T Q  B T )  ( C O M V A L  J STOMAP ( G E N S Y M ) ) ) )  ) ) ) ) )  

1 ) )  

( S T O R E  ( L A M B D A  ( X  Y )  ( P R O G  N I L  
( C O N D  ( ( O R  ( N U L L  X )  ( E Q  ( C A R  X )  ( Q U O T E  Q U O T E ) ) )  ( R E T U R N  N I L ) ) )  
( S E T Q  STOMAP ( C O N S  ( C O N S  X  ( L I S T  ( L I S T  

( A D D 1  ( A D D 1  ( C A A D A R  S T O M A P ) ) )  ( Q U O T E  * N i )  1 ) )  S T O M A P ) )  
( C O N D  ( Y  ( A T T A C H  ( L I S T  ( C O N S  ( Q U O T E  S T A )  ( L O C A T E  X I ) )  ) )  

( S E T Q  L E N  ( + M A X  L E N  ( A D D I  ( C A A D A R  S T O M A P ) )  1 1  ) ) )  

( C A L L  ( L A M B D A  I F N  A R G S )  ( P R O C  ( H O L D  I T E M  NUM S  X )  
( C O N D  ( ( M E M B E R  F N  ( Q U O T E  ( S P E C B I N D  S P E C R S T R  L I S T  R E T U R N  G O ) ) )  

( G O  E t )  
( ( N U L L  A R G S )  ( G O  D ) )  ) 

( S E T Q  NUM 1 )  
( S E T Q  H O L D  A R G S )  

F  ( C O N D  ( ( N U L L  H O L D )  ( G O  G ) )  
( ( N U L L  ( C D R  H O L D ) )  ( G O  G ) )  

( S E T Q  NUM ( A D D 1  ( A D D I  N U M I ) )  
( S E T Q  H O L D  ( C D 9  H O L D ) )  



( G O  F )  
G ( S E T Q  H O L D  ( R E V E R S E  A R C S ) )  

( C O N D  ( ( N U L L  H O L D )  ( G O  D l )  ) 

( S E T Q  X  ( C A R  H O L D ) )  
( S E T Q  H O L D  ( C D R  H O L D ) )  

A  ( C O N D  ( ( N U L L  H O L D )  ( G O  Hi) ) 

( S E T Q  I T E M  ( C A R  H O L D ) )  
( C O N D  ( ( E Q U A L  I T E M  ( Q U O T E  ( Q U O T E  N I L ) ) )  ( A T T A C H  ( L I S T  ( L I S T  

( Q U O T E  S T Z )  NUM 1 ) ) ) )  
( ( E Q U A L  I T E M  A C )  ( A T T A C H  ( L I S T  ( L I S T  ( Q U O T E  S T A )  NUM 1)))) 
( T  ( A T T A C H  ( L I S T  ( L I S T  ( Q U O T E  S T B )  NUM 1 )  

(CONS ( Q U O T E  L D B )  ( L O C A T E  I T E M )  1 ) ) )  ) 

( S E T 0  H O L D  ( C D R  H O L D ) )  
( S E T Q  NUM ( S U B I .  ( S U B I  N U M I ) )  
( G O  A )  

H  ( L A C X )  
D  ( A T T A C H  ( L I S T  ( L I S T  ( Q U O T E  B S X )  ( Q U O T E  * C A L L I  4 ( L I S T  ( Q U O T E  E )  F N )  

1 ) )  
( R E T U R N  N I L )  

E  ( C O N D  ( ( E Q  F N  ( Q U O T E  G O ) )  (ERROR F N ) )  
( ( E Q  F N  ( Q U O T E  R E T U R N ) )  (PROG N I L  ( L A C  ( C A R  A R G S ) )  

( A T T A C H  ( L I S T  ( C O N D  ( R E T N  ( L I S T  ( Q U O T E  B U C )  R E T N ) )  
( T  ( L I S T  ( Q U O T E  B S X )  ( Q U O T E  * R E T R N )  4 ( L I S T  ( Q U O T E  E l  RENAME)  

) ) ) )  ) 1 
( ( E Q  F N  ( Q U O T E  L I S T )  (PROG N I L  

( S E T Q  AC ( L O C A T E  A C ) )  
( A T T A C H  ( L I S T  ( L I S T  ( Q U O T E  B S X )  ( Q U O T E  * L I S T )  2 ( L E N G T H  A R G S )  1 ) )  
( M A P  ARGS ( F U N C T I O N  ( L A M B D A  (J I  ( A T T A C H  ( L I S T  ( C O N S  O  

( L O C A T E  ( C A R  J I )  ) ) )  ) ) )  1 )  
( ( E Q  F N  ( Q U O T E  S P E C B I N D ) )  (PROG N I L  

( A T T A C H  ( L I S T  ( L I S T  ( Q U O T E  B U C )  F N  O  4 ) ) )  
( A T T A C H  ( C D R  A R G S ) )  
( M A P  ( C A D A R  A R G S )  ( F U N C T I O N  ( L A M B D A  ( J )  

( A T T A C H  ( L I S T  ( L I S T  ( C O N D  ( ( C D R  J )  O )  i T  ( Q U O T E  C A S ) )  
( L I S T  ( S U B I  ( C A A R  ( L O C A T E  ( C A R  J ) ) ) )  ( Q U O T E  * N I )  1 
( L I S T  ( Q U O T E  E )  ( C A R  J I )  1 ) )  ) ) )  ) )  

( T  ( A T T A C H  ( L I S T  ( L I S T  ( Q U O T E  R S X )  ( Q U O T E  S P E C R S T R )  4 ( C A D R  A R G S I )  
1 ) )  ) 1 ) )  

( L A C  ( L A M B D A  ( X I  ( C O N D  ( ( E Q U A L  AC X )  N I L )  
( T  ( A T T A C H  ( L I S T  ( C O N S  ( Q U O T E  L D A )  ( L O C A T E  X )  ) ) ) )  1 ) )  

( A T T A C H  ( L A M B D A  ( A )  ( C O N D  
( ( A N D  ( E Q  ( C A A R  A )  ( Q U O T E  L D A ) )  ( E Q  ( C A A R  L I S T I N G )  ( Q U O T E  S T A I I  

( E Q U A L  ( C D A R  A )  ( C D A R  L I S T I N G ) ) )  N I L )  
I T  ( S E T Q  L I S T I N G  ( A P P E N D  A  L I S T I N G ) . ) )  1 ) )  

( L O C A T E  ( L A M B D A  ( B )  ( S E L E C T  ( C A R  B i  
( ( Q U O T E  Q U O T E )  ( L I S T  R I )  ( ( Q U O T E  S P E C I A L )  ( L I S T  B ) )  
( C D R  ( S A S S O C  B  STOMAP ( F U N C T I O N  ( L A M B D A  N I L  ( C O N D  

( ( E Q  B  A C )  ( P R O G  N I L  ( S T O R E  AC T )  
( R E T U R N  ( S A S S O C  B  STOMAP ( F U N C T I O N  ( L A M B D A  N I L  N I L )  1 )  1 ) )  

( T  (CONS N I L  ( L O C A T E  ( L I S T  ( Q U O T E  S P E C I A L )  B I ) ) )  ) ) \ ) ) ) ) )  

( L A S T  ( L A M B D A  ( X I  ( P R O G  N I L  
A  ( C O N D  ( ( N U L L  X )  ( R E T U R N  N I L ) )  

( ( N U L L  ( C D R  X ) )  ( R F T U R N  ( C A R  X I ) )  
( S E T Q  X  ( C D R  X I )  
( G O  A )  1 ) )  



( R E V E R S E  ( L A M B D A  ( X )  ( P R O G  ( Y )  
A  ( C O N D  ( ( N U L L  X )  ( Q E T U R N  Y )  I I  

( S E T Q  Y  ( C O N S  ( C A R  X I  Y ) )  
( S E T Q  X  ( C O R  X ) )  
( G O  A )  1 ) )  

(MAPCAR ( L A M B D A  ( L  F N )  ( C O N D  ( ( N U L L  L )  N I L )  
( T  ( C O N S  ( F N  ( C A R  L I )  (MAPCAR ( C D R  L )  F N ) ) )  ) ) )  

(+MAX ( L A M B D A  ( X  Y )  ( M A X  X Y )  1 )  

D E F I N E  i ( 

( L A P  ( L A M B D A  ( L  S T )  (PROG ( L I S  1 ORG L O C  I V 1  I V 2  P Z )  
( M K O B  (CONS ( Q U O T E  S P E C I A L )  ( C A A R  L )  ) )  

( S E T Q  ORG B P O R G )  
( B L A N K S  3 0 )  
( P R I N T  ( C A R  L I )  

NP ( S E T Q  LOC U P O Q C )  
( S E T Q  L I S  ( C D R  L I )  

B  ( C O N D  ( ( N U L L  L I S )  ( G O  E P ) )  
( S E T Q  1 ( C A R  L I S ) )  
( C O N D  ( P Z  ( G O  1 2 ) )  ( ( A T O M  1 )  ( G O  E S ) )  

NW ( S E T Q  LOC ( A D D I  L O C I )  
KW ( S E T Q  L I S  ( C D R  L I S ) )  

( G O  B i  

1 2  ( C O N D  ( ( A T O M  1 )  ( G O  P S ) )  ) 

( S E T Q  I V 2  0 )  
( S E T Q  I V 1  ( L A P E V A L  ( C A R  1 ) ) )  
( C O N D  ( ( N U L L  ( C D R  I I )  ( G O  I W ) ) )  
( V E T Q  I V 2  (LOGOR ( J Ü S T  ( L A P E V A L  (CAC!? 1 ) ) )  I V 2 ) )  
( C O N D  ( ( N U L L  (CDDR 1 ) )  ( G O  I W ) ) )  
( S E T Q  I V 2  (LOGOR I V 2  ( L E F T S H I F T  ( L A P E V 4 L  ( C A D D R  1 ) )  1 8 ) ) )  
( C O N D  ( ( N U L L  (CDDDR 1 ) )  ( G O  I W ) ) )  
( S E T Q  I V 1  (LOGOR I V 1  ( J U S T  ( L A P E V A L  (CAODDR 1 ) ) )  ) 

I W  (PUNWORD I V 1  I V 2  L O C I  
( B L A N K S  1 0 )  
( P R I N T  1 )  
( G O  NW) 

E S  ( S E T Q  ST ( C O N S  ( C O N S  1  L O C )  S T ) )  
( G O  K b l )  

P S  ( R L A N K S  2 6 )  
( P R I N T  1 )  
( G O  KW) 

E P  ( C O N D  ( ( N O T  P 2 )  ( G O  E l ) )  
( T E R P Q I )  ( T E S P R I )  
( R P L A C D  ( C A A R  L i  ( C O N S  ( Q U O T E  TWORD) ( C O N S  

(LOGOR ORG ( L E F T S H I F T  (CADDAR L )  1 8 )  
( L E F T S H I F T  ( C A D R  (CDDAR L i )  2 4 )  ) ( C D A A R  L )  ) )  ) 

( C S E T Q  BPORG L O C )  
( R E T U R N  S T )  



E l  I S E T Q  P 2  T )  
( G O  N P )  
1 ) )  

( S P E C I A L  (LAMBDA ( X )  ( M A P L I S T  X ( F U N C T I O N  (LAMBDA ( J I  
( D E F L I S T  ( L I S T  ( L I S T  (CAR J )  ( L I S T  N I L ) ) )  (QUOTE S P E C 1 A L ) ) ) I ) ) )  

( U N S P E C I A L  (LAMBDA ( L )  (MAP L  ( F U N C T I O N  (LAMBDA ( J )  
(REMPROP (CAR J) (QUOTE S P E C I A L ) )  1 ) )  1 )  

( * S E T F L A G  (LAMBDA ( A  B i  ( S P E C I A L  ( L I S T  A ) )  1 )  

( LAMBDA N I L  (PROG ( J I  
A  ( S E T Q  J ( R E A D ) )  

(COND ( ( E Q  J (QUOTE S P E C I A L ) )  ( S P E C I A L  (CAR ( R E A D ) ) ) )  
( ( E Q  J (QUOTE U N S P E C I A L )  I ( U N S P E C I A L  (CAR ( R E A D ) ) ) )  
( ( E Q  J (QUOTE L A P ) )  ( P R O 6 2  ( S E T Q  J ( R E A D ) )  ( L A P  (CAR J )  (CADR J ) )  ) 1  
( ( N U L L  J )  (RETURN N I L ) )  
( T  (COM2 (QUOTE SUER)  ( L E N G T H  (CADADR JI1 (CADR J)  (CAR J )  ) )  ) 

(GO A )  
) )  N I L  

C O M P I L E  f f 
P A S S l  P A I R M A P  P A 5  COMP P A 7  P A 9  P A 1 2  L A S T  REVERSE 

1 )  

S P E C I A L  ( (  
NAME GS G 2  F N  B FORM L E N  AC STOMAP L I S T I N G  S W I T C H  F L A G  RETN G O L I S T  
RENAME H O L D  E X P  

1 )  

C O M P I L E  î (  
COM2 PROGITER P I 1  P I 3  PALAM P A 4  PAFORM P A 1  P A 2  P A 3  P A 8  D E L E T E L  
P A S S Z  COMVAL COMPROG COMCOND COMBOOL COMPACT CEQ COMPLY C O M L I S  
STORE C A L L  L A C  ATTACH LOCATE 

1 )  

C O M P I L E  ( ( M A P C A R ) )  

U N S P E C I A L  ( (  
NAME GS G 2  F N  B FORM L E N  AC STOMAP L I S T I N G  S W I T C H  F L A G  RETN G O L I S T  
RENAME HOLD E X P  

1 )  

PUNOBJ  N I L  

S T O P ) ) ) ) ) ) ) ) ) ) ) )  

L A P  ( ( (ATOM SUBR 1 4 )  
( B O 2  A )  
( L D X  SA O 5 )  
( L D S  O 5  2 4 0 )  
( B N Z  A )  
( L D A  (QUOTE N I L ) )  
( B S X  *RETRN 4  i E  A T O M ) )  

A  ( L D A  (QUOTE T )  



( B S X  *RETRN 4  ( E  A T O M ) )  
) N I L )  

L A P  ( (  (RPLACA SUBR 2 6 )  
( L D A  ( 3  * N )  1 )  
( L D B  ( 5  *NI 1 )  
( S T B  O 1 7 0  3 7 0 0 )  
( B S X  *RETRN 4  ( E  R P L A C A ) )  
) ( ( * N  - 6 ) )  1 

LAP i ( (RPLACD SUBR 2 6) 
( L D A  ( 3  * N I  1 )  
( L D B  ( 5  * N i  1 )  
( S T B  O 1 7 0  4 0 2 1 7 0 )  
( R S X  *RFTRN 4  ( E  RPLACD)  

( ( * N  -6)) 1 

L A P  ( i  (CAR SUBR 1 4 )  
( L D A  O 1 7 0  3 7 0 0 )  
( B S X  *RETRN 4  ( F  C A R ) )  

N I L )  

LAP ( ( (COR SUBR 1 4 )  
( L D A  û 1 7 0  4 0 3 7 0 0 )  
( R S X  +RETRN 4  ( E  CDR) 

N I L )  

LAP ( ( ( S P E C B I N D  SUBR O 2 )  
( S T A  AC) 

L  ( L D A  O 4 4 0 3 6 0 0 )  
( L D R  O 1 7 0 )  
( S T B  O 2 4 0  3 6 0 0 )  
( S T A  O 2 4 0  4 0 2 1 7 0 )  
( L D X  1 1 1 0 0 0 P 5 0 )  
( A T X  O 4  5 )  
( S T X  O 1 7 0  5 )  
( B S G  ( B  2 )  O  4 0 3 6 7 0 3  
( B A X  L  4  1 )  
( L D A  AC)  
(BUC 1 4 )  

AC ( O )  
) N I L )  

LAP ( (  (SPECRSTR SUBR O 2 )  
( S T A  A C )  
( S T P  X O  3 7 0 0 )  

L  ( L D A  O 4  4 0 3 6 n 0 )  
( L D B  O 2 4 0 )  
( S T B  O 1 7 0  3 6 0 0 )  
( S T Z  O  24 '3 )  
(RSG ( B  2 )  O  4 0 3 6 7 4 )  
( R A X  L  4  1 )  
( L D A  AC) 

X ( B U C I  
AC ( ' 3 )  

N I L )  

LAP ( (  ( * L I S T  SUR9 0 2 )  
( S T P  G O 3 7 0 0 )  



( S T P  X  O  3700) 
( S T X  GX O 4 0 0 0 2 0 )  
( L D A  (QUOTE N I L ) )  
( B X E  GX 2  0 )  
( B U C  L P )  

G  ( L D B  O 2 2 8 )  
( S T B  3 1 )  
( B S X  * C A L L  4 ( E  C O N S ) )  

LP  ( B P X  G  2  1 )  
GX ( B S X  X  2  O )  
X  ( B U C  O  2 )  

N I L )  

L A P  ( (  ( *EVQ SUBR 2  6 )  
( B U C  S P E C B I N D  O  4 )  

L ( C A S  ( 2  * N )  1 ( E  * F U N C I )  
( L D X  ( B Z  1 )  3 5 )  

Cl ( B O Z  GO) 
( L D X  BA O 4 )  
( L D A  O  4 3 7 0 Q )  
( S T A  3  5 )  
( L D A  O 4 4 0 3 7 0 0 )  
( B A X  G 1  5 2 )  

L A P  ( (  ( * S P E C I N D  SUBR 1 4 )  
( L D X  BA 0  5 )  
( L D S  O 5  5 1 Q )  
( B O Z  ( 5  2 ) )  
( L D A  (QUOTE T  1 )  
( B S X  *RETRN 4  ( E  * S P E C I N D ) )  

N I L )  

L A P  ( ( 1 NUMBERP SUBR 1 4 )  
( S T P  NX O 3 7 0 0 )  
( B O Z  N N )  
( L D X  B A  r) 5 )  
( L D S  0 5  7 4 0 )  
( B O Z  NN)  
( L D S  O  5 4 0 0 1 3 0 )  
( R X E  N  1 7 0  7 )  

NN ( L D A  (QUOTE N I L ) )  
NX ( B U C )  

N  ( L D S  O 5 4 0 0 4 0 0 )  
( L D X  SA fi 2 ) 
( L D A  O  5 3 7 0 8 )  
1 RUC N X )  
) N I L )  

L A P  ( (  ( *NUMVAL SURR O 2) 
( S T P  X  O  3 7 0 0 )  



( S T A  A )  
(RUC NUMBERP) 
(BO7 F )  
( L D A  1 1 7 0 )  

X ( B U C I  
E  ( L D B A )  

( S T B  3 1 )  
( L D A  (QUOTE (NOT A  N U M B E R ) ) )  
(BSX *CALL 4  ( E  CONS))  
(BSX *CALL 4  ( E  ERRORI)  

A  ( O )  
N I L )  

LAP ( (  i * F I X V A L  SUBR O  2 )  
( S T P  X  O 3 7 0 0 )  
(BUC *NUMVAL 
( B X E  C  2  2 )  

X ( B U C I  
C  ( F A D  MN O 1 Q 5 )  

( S F T  -11 O 1 2 0 4 )  
( S F T  -36 O 1 0 Q 4 )  
(EUC X )  

MN ( L D C  O O  1 Q 5 )  
N I L )  

LAP ( (  (MINUS SUER 1 4 )  
fBUC *NUMVAL) 
(LDC SA) 
(BUC *MKNO) 
(BSX *RETRN 4  ( E  M I N U S ) )  
) N I L )  

LAP ( (  (MINUSP SUBR 1 4 )  
(BUC *NUMVAL) 
(BSC M O 4 0 1 7 7 0 )  

P  ( L D A  (QUOTE N I L ) )  
(BSX *RETSN 4  ( F  M I N U S P ) )  

M ( L D A  (QUOTE T ) )  
(ESX *RETRN 4 ( E  M I N U S P ) )  
1 N I L )  

LAP ( i  ( F I X P  SUER 1 4 )  
( BUC *NUMVAL 
( B X E  N  2  2 )  
( L D A  (QUOTE T )  
(BSX *RETRN 4 i E  F I X P ) )  

N  (LDA (QUOTE N I L ) )  
(ESX *RETRN 4  ( E  F I X P ) )  

N I L )  

LAP ( ( (FLOATP SUBR 1 4 )  
(BUC *NUMVAL) 
( B X E  N  2 2 )  
( L D A  (QUOTE N I L ) )  
(BSX *RETRN 4  i E  F L O A T P ) )  

N  (LDA (QUOTE T ) )  
(BSX *RETRN 4  ( E  F L O A T P ) )  
) N I L )  



L A P  ( (  (*COMPAT SUER O 2 )  
( S T P  X  O 3 7 0 Q )  
( B U C  *NUMVAL) 
( S T A  C T )  
( L D A  ( 3  * N )  1 )  
( B X E  F 1  2  2 )  
( BUC *NUMVAL ) 

( B X E  F 2  2  2 )  
F 3  ( L D B  C T )  
X  ( B U C I  

F 2  ( E C H  C T )  
( F L T  K )  
I E C H  C T )  
( B U C  F 3 )  

L A P  ( ( (*LOGOR SUER 2  8 
( B U C  * F I X V A L )  
( S T A  ( 7  * N )  1) 
( L D A  ( 3  * N I  1 )  
( B U C  * F I X V A L )  
(CON ( 7  * N )  1 3 4 0 2 )  
( B S X  *MKNO 2  5 )  
( B S X  *RETRN 4  ( E  * L O G O R ) )  
) ( ( * N  a -8)) ) 

L A P  ( (  (*LOGAND SUER 2  8 )  
( B U C  * F I X V A L  
( S T A  (7 *NI 1 )  
( L D A  ( 3  * N )  1) 
( B U C  * F I X V A L )  
( C O N  17  *NI 1 4 0 2 )  
( B S X  *MKNO 2  5 )  
( B S X  *RETRN 4  ( E *LOGAND) ) 

( ( * N e - 8 ) )  

L A P  ( (  (*LOGXOR SUER 2  8 )  
( B U C  * F I X V A L )  
( S T A  ( 7  * N )  1) 
( L D A  ( 3  * N )  1 )  
( B U C  * F I X V A L )  
(CON ( 7 ' s ~ )  1 3 0 0 2 )  
( B S X  *MKNO 2  5 )  
( R S X  *RETRN 4  ( E  * L O G X O R ) )  
) ( ( S N  . -8)) 

L A P  ( ( ( * P L U S  SUER 2  6 ) 
( R U C  *COMPATI  
( R X E  F  2 2 )  
( A D D  (BA  1 ) )  



( B S X  *MKNO 2  1 )  
( B S X  *RETQN 4 ( E  * P L U S ) )  

F  ( F A D  ( B A  1 ) )  
( B S X  *MKNO 2 2 )  
( B S X  *RETRN 4 ( E  * P L U S ) )  

N I L )  

L A P  ( (  ( * T I M E S  SUBR 2 6 )  
( BUC *COMPAT) 
( 8 X E  F 2 2 )  
( M U L  ( B A  1 ) )  
( L D A  ( B A  1 ) )  
( B S X  *MKNO 2  1 )  
( B S X  +RETRN 4 ( E  * T I M E S ) )  

F  ( F M P  ( B A  1 ) )  
( B S X  *MKNO 2 2 )  
( B S X  *RETRN 4 ( E  * T I M E S ) )  

N I L )  

L A P  ( (  ( L S H I F T  SUBR 2 6 )  
( B U C  * F I X V A L )  
( L D C  S A )  
( S T A  Q )  
( L D A  (3 * N )  1 )  
( B U C  * F I X V A L )  
( S F T  Q O  1 Q 4 )  
( B S X  *MKNO 2 5 )  
( B S X  *RETRN 4  ( E  L S H I F T ) )  

Q  ( O )  
1 ( ( * N  a - 6 ) )  ) 

L A P  ( (  ( * P L A N T  SUBR 2 6 )  
( B U C  * F I X V A L )  
( L D X  SA C 3 )  
! L D A  ( 3  * N )  1)  
( B U C  *NUMVAL)  
( S T A  O 3 )  
( L D A  (3 * N )  1 )  
( R S X  *RETRN 4 ( E  * P L A N T ) )  
) ( ( * N  a - 6 ) )  ) 

L A P  ( ( ( *GETNO SUBR 1 4 )  
( BUC * F I X V A L  
( L D A  O 1 7 Q )  
( B S X  *MKNO 2 5 )  
( B S X  *RETRN 4 ( E  * C E T N O ) )  

N I L )  

L A P  ( ( ( *LOCN SUER 1 4 
( B S X  *MKNO 2 5 )  
( B S X  *RETRN 4 ( E  * L O C N ) )  

N I L )  

(CAAR (LAMBDA ( X )  ( C A R  ( C A R  X ) )  ) )  

(CADR (LAMBDA ( X I  ( C A R  ( C D 4  X I 1  ) )  

(CDAR (LAMBDA ( X I  (CDR ( C A R  X I I  ) )  

(CDDR (LAMBDA ( X )  (CDR (COR X I )  ) )  

(CAAAR (LAMBDA ( X )  (CAR ( C A R  (CAR X I ) )  1 )  
(CAADR (LAMBDA ( X )  ( C 4 4  ( C A 4  ( C D 4  X ) ) )  1 )  



( C A D A R  ( L A M B D A  ( X I  ( C A R  ( C D R  ( C A R  X I ) )  ) )  

( C A D D R  ( L A M B D A  ( X I  ( C A R  ( C D R  ( C D R  X I ) )  ) )  

( C D A A R  ( L A M B D A  ( X I  ( C D R  ( C A R  ( C A R  X ) ) )  1 )  
( C D A D R  ( L A M B D A  ( X I  ( C D R  ( C A R  ( C D R  X ) ) )  ) 1  
( C D D A R  ( L A M B D A  ( X i  ( C D R  ( C D R  ( C A R  X I ) )  ) )  

( C D D D R  ( L A M B D A  ( X i  ( C D 9  ( C D R  ( C D R  X ) ) )  ) )  

( C A A A A R  ( L A M B D A  ( X I  ( C A R  ( C A R  ( C A R  ( C A R  X ) ) ) )  ) )  

( C A A A D R  ( L A M B D A  ( X I  ( C A R  ( C A R  ( C A R  ( C D R  X ) ) ) )  ) )  

( C A A D A R  ( L A M B D A  ( X )  ( C A R  ( C A R  ( C D R  ( C A R  X ) ) ) )  ) )  

( C A A D D R  ( L A M B D A  ( X I  ( C A R  ( C A R  ( C D R  ( C D R  X ) ) ) )  ) )  

( C A D A A R  ( L A M B D A  I X )  ( C A R  ( C D R  ( C A R  ( C A R  X ) I ) )  1 )  
( C A D A D R  ( L A M B D A  ( X I  ( C A R  ( C D R  ( C A R  ( C D R  X I ) ) )  1 )  
( C A D D A R  ( L A M B D A  ( X )  ( C A R  ( C D R  ( C D R  ( C A R  X I ) ) )  ) )  

( C A D D D R  ( L A M B D A  ( X i  ( C A R  ( C D R  ( C D R  ( C D R  X ) ) ) )  ) )  

( C D A A A R  ( L A M B D A  ( X i  ( C D R  ( C A R  ( C A R  ( C A R  X ) ) ) )  1 )  
( C D A A D R  ( L A M B D A  ( X i  ( C D R  ( C A R  ( C A R  ( C D R  X ) ) ) )  ) )  

( C D A D A R  ( L A M B D A  ( X I  ( C D R  ( C A R  ( C D R  ( C A R  X i ) ) )  1 )  
( C D A D D R  ( L A M B D A  I X )  ( C D R  ( C A R  ( C D R  ( C O R  X ) ) ) )  1 )  
( C D D A A R  ( L A M B D A  ( X I  ( C D R  ( C D R  ( C A R  ( C A R  X i ) ) )  ) 

( C D D A D R  ( L A M B D A  ( X I  ( C D R  ( C D R  ( C A R  ( C O R  X I ) ) )  1 )  
( C D D D A R  ( L A M B D A  ( X I  ( C D R  ( C D R  ( C O R  ( C A R  X I ) ) )  ) )  

( C D D D D R  ( L A M B D A  ( X I  ( C O R  ( C O R  ( C D R  ( C O R  X I ) ) )  ) )  

S P E C I A L  ( ( F N ) )  

( C S E T  ( L A M B D A  L X  Y )  ( C O N D  
( ( N O T  ( A T O M  X I )  ( E R R O R  ( C O N S  X ( Q U O T E  ( N O T  A N  A T O M  ( C S E T ) )  1 ) )  1 
( T  ( R P L A C A  X ( L I S T  Y ) ) )  1 ) )  

( D E F I N E  ( L A M B D A  ( L I  ( M A P L I S T  L ( F U N C T I O N  ( L A M B D A  ( J i  ( ( L A M B D A  ( K )  
( C O M 2  ( Q U O T E  S U B R )  ( L E N G T H  ( C A D A D R  K )  ~ ' ( C A D R  K )  ( C A R  K )  1 )  

( M D E F  ( C A R  J I )  1 ) )  i l )  

( M D E F  ( L A M B D A  ( L )  ( C O N D  ( ( A T O M  L )  L )  
( ( E Q  ( C A P  L )  ( Q U O T E  Q U O T E ) )  L )  
( ( M E M B E R  ( C A R  L )  ( Q U O T E  ( L A M B D A  L A B E L  P R O C ) ) )  

( C O N S  ( C A R  L )  ( C O N S  ( C A D R  L )  ( M D E F  ( C D D R  L ) )  1 )  ) 

( ( G E T  ( C A R  L i  ( Q U O T E  M A C R O l l  ( ( M D E F  ( ( G E T  ( C A R  L i  ( Q U O T E  M A C R O ) )  L ) )  ) 

( T  ( M A P L I S T  L ( F U N C T I O N  ( L A M B D A  ( J i  ( I 4 D E F  ( C A R  J ) )  ) )  ) )  1 ) )  

( M A C R O  ( L A M B D A  ( L I  ( M A P C A R  L ( F U N C T I O N  ( L A M B G A  I J )  ( P R O G 2  
i C O M 2  ( Q U O T E  S U B R )  ( L E N G T H  ( C A D A R  J ) )  ( C A D R  J )  ( C A R  J i )  
( D E F L I S T  ( L I S T  ( C A R  J )  ( C A A A R  J ) )  ( Q U O T E  M A C R O ) )  ) ) 1  ) I I  

S P E C I A L  ( ( O R  P R O ) )  

( D E F L I S T  ( L A M B D A  ( L  P R O )  ( M A P L I S T  L ( F U N C T I O N  ( L A M B D A  ( J )  
( D E F l  ( C A A R  J I  ( C A D A R  J ) )  ) )  1 ) )  

( D E F 1  ( L A M B D A  ( O R  L i  ( P R O G  N I L  
( R P L A C A  ( P R O P  O B  P R O  ( F U N C T I O N  ( L A M B D A  N I L  

( C D D R  ( R P L A C D  O B  ( C O N S  P R O  ( C O N S  N I L  ( C D R  0 3 ) ) )  ) ) ) )  ) L )  
( R E T U R N  O B )  1 ) )  

U N S P E C I A L  ( ( O B  P R O )  

( N U L L  ( L A M B D A  ( A )  (COND [ ( N U L L  A )  T )  ( T  N I L )  1 ) )  

( E Q  ( L A M B D A  ( A  B )  ( C O Y D  I I E Q  A  B )  T )  ( T  N I L )  1 ) )  



( E Q U A L  (LAMBDA ( A  0 )  (COND 
( ( N U M B E R P  A )  (COND ( ( Y U Y B E R P  B 1  ( E Q P  A  B ) )  ( T  F )  1 1  
( ( A T O M  A )  ( E Q  A  B ) )  
( ( A T O M  B i  F I  
( I E Q U A L  [ C A R  A )  ( C A R  8 ) )  ( E Q U A L  (CDR A )  (CDR B I ) )  
( T  F )  ) ) )  

i E Q P  (LAMBDA ( A  B )  ( L E S S P  ( A B S V A L  ( D I F F E R  A  B I )  3 e O E - 6 ) ) )  

( A B S V A L  (LAMBDA ( X )  (COND ( ( M I N U S P  X )  ( M I N U S  X I )  ( T  X )  1 ) )  

(MEMBER (LAMBDA ( U  V )  (PROG N I L  
A (COND ( ( N U L L  V )  (RETURN N I L ) )  ( ( E Q U A L  ( C A R  V )  U )  ( R E T U R N  T l )  ) 

( S E T Q  V  (CDR V ) )  (GO A )  ) ) )  

(SASSOC (LAMBDA ( X  Y  F N )  (PROG N I L  
A  (COND ( ( N U L L  Y )  (RETURN ( F N ) ) )  ( ( E Q  (CAAR Y )  X )  (RETURN (CAR Y ) ) )  ) 

( S E T Q  Y  (CDR Y ) )  ( G O  A )  ) ) )  

( P A I R  (LAMBDA ( X  Y )  (PROG ( M  A  8 )  
( S E T Q  A  X )  
( S E T Q  R Y )  

L ( C O N D  ('(NULL A )  ( C O N D  ( ( N U L L  B )  ( R E T U R N  M I )  
( T  (ERROR ( L I S T  ( Q U O T E  ( P A I R  ERROR F 2 ) )  X  Y ) ) )  1 )  

( ( N U L L  B i  (ERROR ( L I S T  (QUOTE ( P A I R  ERROR F 3 ) )  X  Y ) )  ) )  

( S E T Q  M  (CONS (CONS (CAR A )  (CAR B I )  M ) )  
( S E T Q  A  (CDR A ) )  
( S E T Q  B  (CDR 8 ) )  
( G O  L )  1 ) )  

( A P P E N D  (LAMBDA ( X  Y )  (COND ( ( N U L L  X )  Y )  
( T  (CONS ( C A R  X )  ( A P P E N D  (CDR X )  Y ) ) )  ) ) )  

!NCONC (LAMBDA !X  Y !  !PRO6 ! M )  
(COND ( ( N U L L  X )  (RETURN Y ) )  ) 

( S E T Q  M X )  
A  (COND ( ( N U L L  (CDR M i )  (GO B ) )  

( S E T Q  M  (CDR M ) )  
(GO A )  

€3 ( R P L A C D M  Y )  
(RETURN X i  ) ) )  

( L E N G T H i L A M B D A  ( Y )  (PROG ( N )  ( S E T Q  14 0 )  
A  (COND ( ( N U L L  M i  ( R E T U R N  N ) )  ) ( S E T Q  N  ( A D D 1  N ) )  ( S E T Q  M  (CDR M ) )  

( G O  A )  ) ) )  

( M A P  (LAMBDA ( X  F N )  (PROG ( M )  
( S E T Q  M  X )  

L P  (COND ( ( N U L L  M )  (RETURN N I L ) )  1 
( F N  M )  
( S E T Q  M  (CDR M l )  
( G O  L P )  1 ) )  

(MAPCON (LAMBDA ( X  F N )  (COND ( ( Y U L L  X )  N I L )  
( T  (NCONC ( F N  X )  (MAPCON (CDR X )  F N ) ) )  ) ) )  

( M P P L I S T  (LAMBDA i X  F N )  (COND ( ( N U L L  X )  N I L )  



( T  (CONS ( F N  X )  ( M A P L I S T  (CDR X )  F N ) ) )  1 ) )  

( A D D I  (LAMBDA ( X I  ( * P L U S  X 1 )  ) )  

(ZEROP (LAMBDA ( X I  (EQUAL X  O )  1 )  

( D I F F E R  (LAMBDA ( X  Y )  ( * P L U S  X  ( M I N U S  Y ) )  1 )  

( L E S S P  (LAMBDA ( X  Y )  (COND ( ( M I N U S P  ( D I F F E R  X  Y ) )  T 1  ( T  N I L )  I I )  

(GREATERP (LAMBDA ( X  Y )  (COND ( ( M I N U S P  ( D I F F E R  Y  X ) )  T l  I f  N I L )  1 ) )  

(*MAX (LAMBDA ( X  Y )  (COND ( ( L E S S P  X  Y )  Y )  ( T  X )  1 ) )  

( * M I N  (LAMBDA ( X  Y )  (COND ( ( L E S S P  Y  X )  X )  ( T  Y )  1 ) )  

(GET (LAMBDA ( X  Y )  (PROG N I L  
A  (COND ( ( N U L L  X )  (RETURN N I L ) )  

( ( E Q  (CAR X i  Y )  (RETURN (CADR X ) ) )  ) 

( S E T 0  X  (CDR X ) )  
(GO A )  1 ) )  

(PROP (LAMBDA ( X  Y  F N )  (PROG N I L  
A  (COND ( I N U L L  X )  (RETURN ( F N ) ) )  

( ( E Q  (CAR X i  Y )  (RETURN (CDR X ) ) )  ) 

( S E T Q  X  (CDR X ) )  
(GO A )  ) ) )  

UNSPECIAL  ( ( F N ) )  

(PROGZ (LAMBDA ( X  Y )  Y 1 1  

( S P E C I A L  (LAMBDA ( L )  (MAPCAR L  
( F U N C T I O N  (LAMBDA ( J i  (SSETFLAG J 2 )  1 )  1 ) )  

( U N S P E C I A L  (LAMBDA ( L I  (MAPCAR L  
( F U N C T I O N  (LAMBDA I J )  ( *CLRFLAG J 2 )  1 )  I ) l  

(TRACE (LAMBDA ( L I  (MAPCAR L  
( F U N C T I O N  (LAMBDA ( J )  ( *SETFLAG J 1 )  1 )  1 )  ) 

(UNTRACE (LAMBDA ( L I  (MAPCAR L  
( F U N C T I O N  (LAMBDA ( J I  ( *CLRFLAG J 1 )  1 )  1 )  ) 

( P R I N T  (LAMBDA ( X I  (PROG ( ) 

( P R I N O  X I  
I T E R P R I  ) 
(RETURN X )  1 ) )  

( P R I N O  (LAMQDA ( X I  (PROG ( J i  
(COND ( ( A T O M  X )  (GO A 9 1 1  
( S E T Q  J X )  
( P R I N 1  LPAR)  

A3 ( P R I N O  (CAR J I )  
(COND ( I N U L L  (CDR J ) )  (GO A 6 ) )  1 
( P R I N 1  B L A N Y )  
(COND ( ( A T O M  (CDR J I )  (GO P l ) )  



P l  ( P R I N 1  P E R I O D )  
( P R I N 1  B L A N K )  
( P R I N 1  ( C D 9  J ) )  

A 6  ( P R I N 1  R P A R )  
( R E T U R N  X )  

A 9  ( P R I N 1  X )  
( R E T U R N  X )  1 ) )  

( R E A D  ( L A M B D A  0 (PROG ( J )  
( S E T Q  J ( * R A T O M )  
( C O N D  ( ( E Q  J L P A R )  ( R E T U R N  ( R E A D 1 ) ) )  

( ( O R  ( E Q  J R P A R )  ( E Q  J P E R I O D ) )  
(ERROR ( Q U O T E  ( E X T R A  RPAR OR P E R I O D )  ) ) )  

( T  ( R E T U R N  J ) )  ) ) )  

( R E A D 1  ( L A M B D A  0 ( P R O G  ( J  K )  
( S E T Q  J ( * R A T O M )  
( C O N D  ( ( E Q  J L P A R )  ( R E T U R N  ( C O N S  ( R E A D 1 1  ( R E A D l ) ) ) )  

( ( E Q  J R P A R )  ( R E T U R N  N I L ) )  
( ( E Q  J P E R I O D )  ( G O  R D ) )  
( T  ( R E T U R N  ( C O N S  J ( R E A D l ) ) ) ) )  

R D  ( S E T Q  K  ( * R A T O M ) )  
( C O N D  ( ( E Q  K L P A R )  ( S E T Q  K  ( R E A D l ) ) )  

( ( O R  ( E Q  K  R P A R )  ( E Q  K  P E R I O D ) )  (ERROR 
( A P P E N D  ( Q U O T E  ( B A D  RPAR OR DOT A F T E R  DOT A F T E R ) )  ( L I S T  K )  1 )  1 )  

( S E T Q  J ( * R A T O M ) )  
( C O N 0  ( ( E Q  J R P A R I  ( R E T U R N  K ) )  

( T  (ERROR ( A P P E N D  ( Q U O T E  ( R P A R  RQD A F T E R ) )  ( L I S T  J ) ) ) )  ) ) )  

( E V A L Q U O T  ( L A M B D A  N I L  ( P R O G  ( S 1  J SW LWT LOC ROP K )  
( T E R P R I  ) 

AA ( T E R E A D I  
( S E T Q  POP N I L )  

A  ( S E T Q  SW N I L )  
€3 ( S E T Q  J ( R E A D ) )  

( C O N D  ( ( N O T  ( A T O M  J ) )  ( C O  A 2 1 1  
( S E L E C T  J ( S L A S H  ( G O  S I ) )  ( E Q S I G N  ( G O  E l ) )  ( C O L O N  ( G O  C l ) )  

( L A R R  ( G O  L I ) )  ( U P A R R  ( G O  U 1 ) )  
( L S T H A N  ( G O  L I ) )  ( G R T H A N  ( G O  R I ) )  ( D O L L A R  ( G O  D l ) )  
( S T A R  ( G O  S T O R ) )  N I L )  

A 2  ( S E T Q  LWT J )  
( C O N D  (SW ( G O  E l )  ) 

( S F T Q  S 1  J I  
( S F T Q  SW T )  
( G O  B )  

E ( C O N D  ( ( A T O M  S I )  ( G O  E V ) )  
( S E T Q  K B P O R G )  ( S E T Q  SPORG S C R A C H )  
( C O M 2  ( Q U O T E  S U B P )  ( L E N G T H  (CADR 5 1 ) )  8 1  ( Q U O T E  * F U N C I )  
( S E T 0  PPORG K )  

EV ( S E T Q  LWT ( + E V Q  ( C A A R  ( C O N D  ( ( A T O M  S I )  S 1 )  ( T  ( Q U O T E  * F U N C ) )  ) )  J ) )  
( P R I N T  L\dT 
(;O A A )  



C l  ( S E T Q  LWT ( P R  I N T  ( * E V A L A  L W T )  
( G O  A )  

D l  ( S E T Q  LWT ( P R I N T  ( C O N S  ( C A R  L W T )  ( C D R  L W T ) ) ) )  
( G O  A A )  

E l  ( S E T Q  LWT ( P R I N O C T  ( * E V A L A  L W T )  1 6 ) )  
( G O  A )  

L I  ( S E T Q  LWT ( P R I N T  ( C A R  L W T ) ) )  
( G O  A A )  

R I  ( S E T Q  LW1 ( P R I N T  ( C D R  L W T ) ) )  
( G O  A A )  

L I  ( C O N D  ( ( A N D  ROP SW) ( * P L A N T  LWT R O P )  
( T E R P R I  ) 
( P R I N O C T  ( S E T Q  LOC ( A D D I  L O C ) )  1 6 )  
( G O  U 2 )  

U 1  ( C O N D  ( ( A N D  ROP SW) ( * P L A N T  LWT R O P ) )  
( T E R P R I  ) 
( P R I N O C T  ( S E T Q  L O C  ( S U B I  L O C ) )  1 6 )  

U 2  ( P R I N 1  S L A S H )  
( B L A N K S  3 )  
( S E T Q  SW T )  

S 1  ( S E T Q  ROP ( S E T Q  L O C  ( * € V A L A  L W T ) ) )  
( S E T Q  LWT ( P R I N O C T  ( * C E T N O  L O C I  1 6 ) )  
( B L A N K S  3 )  
( G O  A )  

STOR ( C O N D  ( ( A N D  ROP SW) ( * P L A N T  S 1  R O P ) )  1 
( T E R P R I  
( G O  A A )  
1 ) )  

( * E V A L A  ( L A M B D A  ( A )  ( C O N D  ( (NUMBERP A )  A.) 
( ( A T O M  A )  ( C A A R  A ) )  ( T  ( * L O C N  A ) )  1 ) )  

S P E C T A L  ( ( S T  I V  E I  L O C I )  

( L A P  ( L A M B D A  ( L  S T )  ( P R O G  ( L I S  1 ORG L O C  I V  P 2  MODE TRW E l )  
A  ( C O N D  ( ( N U L L  ( C A R  L ) )  ( G O  A l ) )  ( ( A T O M  ( C A R  L I )  ( G O  A 2 ) )  

( S E T Q  TRW (+LOGOR BPORG ( L S H I F T  ( L A P E V A L  (CADDAR L I )  1 8 )  
( L S H I F T  ( L A P E V A L  ( C A D R  (CDDAR L I ) )  24) 1 )  

A l  ( S E T Q  ORG B P O R G )  
( S E T Q  MOOE T )  
( G O  N P )  

A 2  ( S E T Q  ORG ( J U S T  ( L A P E V A L  ( C A R  L I ) )  1 

NP ( C O N D  ( E I  ( R E T U R N  S T ) ) )  
( S E T Q  LOC O R G )  
( S E T Q  L I S  ( C D R  L I )  

B  ( C O N D  ( ( N U L L  L I S )  ( G O  E P ) )  1 
( S E T Q  1  ( C A R  L I S ) )  
( C O N D  ( ( A T O M  1 )  ( G O  E S ) )  ( ( E Q  ( C A R  1 )  ( Q U O T E  E Q U ) )  ( G O  D l )  

( P Z  (GO 1 2 ) )  ) 



NW ( S E T Q  LOC ( A D D I  L O C ) )  
KW ( S E T 0  L I S  ( C D Q  L I S ) )  

( G O  !3) 

1 2  ( S E T 0  I V  ( L A P E V A L  ( C A R  1 ) ) )  
( C O N D  ( ( N U L L  ( C D 9  1 ) )  ( G O  I W ) ) )  
( S E T Q  I V  ( *LOGOR ( J U S T  ( L A P E V A L  ( C A D R  1 ) ) )  I V ) )  
( C O N D  ( ( N U L L  (CDDR 1 ) )  ( G O  I W ) ) )  
( S E T 0  I V  ( *LOGOR ( L S H I F T  ( L A D E V A L  (CADDR 1 ) )  18) I V ) )  
( C O N D  ( ( N U L L  (CDDDR 1 ) )  ( G O  I W ) ) )  
( S E T Q  I V  ( *LOGOR ( L S H I F T  ( J U S T  ( L A P E V A L  (CADDDR 1 ) ) )  2 4 )  I V ) )  

I W  ( * P L A N T  I V  L O C I  
( C O N D  ( ( N O T  P R I N L I S )  ( G O  N W ) )  ) 

( P R I N O C T  L O C  6 )  ( P R I N 1  B L A N K )  
( P R I N O C T  I V  1 6 )  
( B L A N K S  1 0 )  
( P R I N T  1 1  
( G O  NW) 

D  ( C O N D  ( P Z  (GO 0 2 1 )  ) 

( S E T Q  I V  ( L A P E V A L  ( C A D D R  1 ) )  
( S E T O  ST ( C O N S  ( C O N S  ( C A D R  1 )  I V )  S T ) )  
( G T  W i J )  

0 2  ( C O N D  ( t N O T  P R I N L I S I  ( C O  K W I I  
( S L A N K S  7 )  
( P 9 I N O C T  I V  1 6 )  
( P R  1 N 1  R L A N K  
( P 9 I N T  1 )  
( G O  KW) 

E S  ( C O N D  ( P Z  ( G O  P S ) )  1 
( S E T Q  ST ( C O N S  ( C O N S  1  L O C )  S T 1 )  
( G O  KW) 

P S  ( C O N D  ( ( N O T  P Q I Y L I S )  ( G O  K W ) )  ) 

( 3 L A N K S  2 6 )  
( P R I N T  1 )  
( G O  KW) 

E P  ( C O N D  ( ( N O T  P Z )  ( G O  E l ) )  ( E I  ( R E T U 9 N  S T ) )  L ( N U L L  TRW) ( R E T U R N  S T ) )  ) 

( C S E T  ( C A A R  L )  TRW) 
( R E T U R N  S T )  

E l  ( C O N 0  ( ( A N D  MODE [ G R E A T E R P  LOC T D P S ) )  ( G O  S E ) )  ) 

( S F T Q  P Z  T )  
( 6 0  N P )  

S E  ( P R I N T  ( L I S T  ( Q U O T E  ( O U T  OF B P S  A T ) )  L O C ) )  
( T E R P R I  ) 
( R E T U R N  S T )  1 ) )  

( L A P E V A L  ( L A Y B D A  ( X )  ( P R O G  ( S  J K )  
( C O N D  ( ( Y U L L  X i  ( R E T U Q N  B P O R G ) )  ( ( A T O M  X )  ( G O  L I ) )  

( ( E Q U 4 L  X  ( Q U O T E  ( Q U O T E  N I L ) ) )  ( R E T U R N  7 7 7 6 0 0 0 ) )  
( ( F Q  ( C A R  X )  ( Q U O T E  E ) )  ( R E T U R R  ( * L O C N  ( C A D R  X ) ) )  ) 

( ( E Q  ( C A R  X )  ( Q U O T E  Q U O T E ) )  ( R E T U R N  ( * L O E N  
(PPOG ( G )  ( S E T Q  G  ( G E N S Y M ) )  ( R P L A C A  G  ( C A D P  X ) )  

( R P L 4 C D  G Y I L )  (R'TURN 5 )  1 ) )  



( ( E Q  ( C A R  X )  ( Q U O T E  S P E C I A L ) )  ( R E T U R N  ( P R O G Z  
( S E T Q  I V  ( * L O G O R  I V  2 0 0 6 ) )  ( * L O C N  ( C A D R  X ) )  ) )  ) ) 

( S E T Q  5 0 )  
( S E T Q  J X )  

A  ( C O N 0  ( ( N U L L  J i  I S E T U R N  S ) )  ) 

( S E T Q  S  ( * P L U S  S  ( L A P E V A L  ( C A R  J I ) )  ) 

( S E T 0  J ( C D R  J I )  
( G O  A )  

L1  ( C O N D  ( ( N U M B E R P  X )  ( R E T U R N  X I )  ( ( E Q  X  D O L L A R )  ( R E T U R N  L O C I )  ) 

( S E T Q  K  S T )  
L 2  ( C O N D  ( ( N U L L  K )  ( G O  L 3 ) )  ( ( E Q  ( C A A R  K I  X i  ( R E T U R N  ( C D A R  K))) ) 

( S E T Q  K  ( C D R  K ) )  
( G O  L 2 )  

L 3  ( C O N D  ( ( N U M B E R P  ( C A A R  X ) )  ( R E T U R N  ( C A A R  X ) ) )  ) 
U  ( P R I N T  ( L I S T  X ( Q U O T E  N O T I  ( Q U O T E  D E F I N E D )  ) )  

( S E T 0  E I  T )  
( R E T U R N  O )  1 ) )  

( J U S T  ( L A M B D A  ( A )  ( * L O G A N D  A  7 7 7 7 7 7 0 )  1 )  

( B L A N K S  ( L A M R D A  ( A )  ( P R O G  N I L  
L ( C O N D  ( ( Z E R O P  A )  ( R E T U R N  N I L ) )  ) 

( P R I N 1  R L A N K )  
( S E T Q  A ( S U 0 1  A i )  ( G O  L )  1 ) )  

U N S P E C I A L  ( ( S T  I V  E I  L O C I )  

F I N  E N D  S A U N D E R S  C O M P I L E R  

1 5 1 4  

T O T A L  1 5 1 4 +  



Appendix 4 

The LISP Program 

for the A-Language 

William Henneman 

1. The A - L a n g u a g e  S y s t e m  L i s t i n g  

D E F I N E  ( ( 
6 i O T  (LAMBDA a0 (COND ( ( F Q  X T) N I L )  (Tl')))) 
& A S T  (LAMBDA O() (COND ( (NULL XI N I L )  ((BULL (CDR Xjj (CAR XI) 

fl (LAST (CDR X) ) ) ) ) )  
(FI FTH (LAMBDA CX) (CAR (CDDDDR X ) ) 
(VAR (LAMBDA O( Y) (COND ( (NULL Y) N I L )  

( (OR (EQUAL (CAR Y) (CADR X) ( M m B E R  (CAR Y) (CADDR X) ) 
(VAR X (CDR Y) 1) 
6 (CONS (CAR Y) (VAR X (CDR Y ) ) ) ) 

(VfiWIND (LAMBDA O() (VAR X ( F I E T H  X) 1) 
(THERS (LAMBDA O( )  (COND ( (EQUAL (CAR XI (QUOTE THEN) (THEN 

(CDR X) ) 
6 QHERS (COR X)))))) 

(DEF (tAMBDA O ( )  dIST (QUOTE D E F I N E )  (LIST (LIST (LIST 
(CADR X) (LIST (QUOTE LAMBDA ) (UNWIND X) D E F N  b A S T  X) ) ) )  ) ) )  ) 
(DEFL (LAMBDA a) ( D E F L 1  (CONDIT O O X)))) 
( D E F L 1  (LAMBDA O() (DEFL2  (VERB (IF (CDR X) (VERB (THEYS X) ) ) ) 
(DEFL2  (LAMBDA (X Y) (LIST) 

(COND ( (EQUAL (LENGTH X) 1) (CAR X) ) a X) ) 
(COND ((EQUAL (LENGTH Y) 1) (CAR Y)) (T Y)) 1)) 

(FF (LAMBDA a) (COND ( @ I L L  XI N I L )  
((ATOM XI X) 
(T (FF (CAR XI)) 1)) 



(DEFMl (LAMBDA O( Y (COND 
((NULL X )  N I L )  
Cr (CONS (DEFL X )  (COND 

( N U L L  Y)  N I L )  
((EQUAL (CAR Y) (FF Y)  ) (LIST Y) ) 
(T Y) 1 ) )  1))  

( 3 E F J  (LAMBDA O( N (COND ( @ ü L L  X) N I L )  
( (EQUAL (CAR X 1 (QUOTE IF)  ) ( D E F J  (CDR X )  (ADDL N) ) ) 
( (EQUAL (CAR X (QUOTE E L S E )  ) (COND 

( OEQUAL N 1) (COND 
( (NULL (CDR X ) ) (PRINT (QUOTE ( I N C  COND) ) 
( (EQUAL (CADR X)  (QUOTE 1 F) ) (DEFM (CDR X ) 
(r (DEFL (CONS (QUOTE IF) (CONS (QUOTE TI  
(CONS (QUOTE THEN) (CDR x ) ) ) ) ) ) ) )  

6 ( D E F J  (CDR X )  (SUB1 N ) ) ) )  ) 
(T ( D E F J  (CDR X )  N ) ) ) ) )  

D E F I N E  ( ( 
U)EF"h' (LAMBDA @ ) (COND ( (NULL X)  N I L )  

( (EQUAL (CAR X )  (QUOTE IF) ) (CONS (QUOTE COND) (DEFNI X )  
6 (VERB (CONS (CAR X)  (DEFN (CDR X )  1 )  1 )  1 )  ) 

(VERBIOSE (LAMBDA O( Y) ( V E R B I O S E l  (VERBS X Y Y O)  Y) 1) 
(VERBIOSE1 (LAMBDA @ Y (COND ( (EQUAL X Y)  T )  6 X)  ) 

D E F I N E  ( ( 
(VERB1 (LAMBDA O( Y) (COND ( (EQUAL Y T l  X )  6 (VERB Y) ) ) ) 
(SEX (LAMBDA (W X Y Z N )  (COND 

(OlrüLL X)  N I L )  
( (EQUAL @ I F F E R E N C E  N (VERBP9S X Y O) 
(CONS Y (SEXY W X (CONS Y Z ) (LENGTH XI 1)  
(T (UmOUCH (CDR X )  Y Z (SUBI N) ) 1 )  

(BEGINCOUNT (tAMBDA (M N X )  (COND ( @ U L L  X I  N I L )  
( (EQUAL (CAR X) (QUOTE BEGIN) ) (BEGCOUNT M N X 1 )  
@ (BEGINCOUNT M N (CDR X) 1 ) )  

(BEGCOUNT dAMBDA (M N X )  (COND ( müLL X N I L )  
( (EQUAL (CAR X)  (QUOTE BEGIN) ) (CONS (CAR X)  (BEGCOUNT 

@!ID1 M) N (CDR X ) ) ) )  
( (EQUAL (CAR X )  (QUOTE END) ( COND 

( (EQUAL (SUB1 M) N ) N I L )  
(T (CONS (CAR X )  (BEGCOUNT M (ADDL N) (CDR X) ) ) )  1 )  

(s (CONS (CAR X )  (BEGCOUNT M N (CDR X) ) 1 1 ) 
(VERBDEF1 (LAMBDA O( Y Z )  (COND 

(CNULL X) (COND(@ULL X I  Y) (T (CONS Y Z ) ) ) )  
( O U L L  Z) (COND ( @ U L L  Y) X)  6 (APPEVD X (LIST Y ) ) ) ) )  
( (NmL Y)  (APPEND X Z )  ) 
(r (APPEND x (CONS Y z 1))  1)) 

(PROPFORM (LAMBDA (XI (COND ((EQUAL (LEiVGïH X) L )  X I  
(T (CONS (CARX) ( L I S T  (CDR X ) ) ) )  1)) 

(CONDIT (LAMBDA (M N X ) (COND 
( @ U L L  X) N I L )  



( (EQUAL (CAR X )  (QUOTE IF)  ) (CONS (CAR X)  
(CONDIT (ADD1 M) N (CDR X I ) ) )  

( (EQUAL (CAR X )  (QUOTE E L S E )  ) (COND 
( (EWAL (SUBI MI NL NIL)  
(T (CONS (CAR X)  (CONDIT M (ADD1 N) (CDR x ) ) ) ) ) )  

Cr (CONS (CAR X )  (CONDIT M N (CDR X)  ) ) ) ) ) ) 
(3 (LAMBDA a( Y )  ( O N D  ( (BULL Y (MINUS 1) ) 

( @ ü L L  X)  (H L I S T C  (CDR Y ) ) )  
( (AND (EQUAL (CAAR X )  (QUOTE D E F I N E )  ) (EQUAL (CADAR X )  
(CAR Y) ) 

(COND ( (GREATERP (CAAR (CDDDAR X )  ) (H L I S T C  (CDR Y) ) ) 
(CAAR (CDDDAR X I )  (R (H L I S T C  (CDR Y) ) ) ) ) 
Cr (H (CDR XI Y)) 1)) 

(VERB (LAMBDA O ( )  (VERBI  X ( V E R B I O S E  L I S T C  X) ) 1) 
(VERBS (LAMBDA O( Y 2 N )  (COND ( @ U L L  X )  (VERBS L I S T C  (CDR Y )  Z 

(ADD1 N)  1) ( @ I L L  Y) T )  
((MEMBER (QUOTE B E G I N  ) Y) ( A P P E 3 D  (PREBEG Y) (CONS 
(BEGINFN (CDR (BEGINCOUNT O O Y 1) (ENDCOUNT O Y)  ) 1) 
( (AND (EQUAL (CAAR X)  (QUOTE D E F I N E )  ) (EQUAL (CADAR X )  
(CAR Y ) ) )  
(C'JND ( (GREATERP (CAAR (CDDDAR X )  (H L I S ï C  (CDR Y 1) ) 
(VERBDEF (CAR X)  Z N I )  (T (VERBS L I S T C  (CDR Y) Z 
U D D l  N ) ) ) ) )  
(T (VERBS (CDR X) Y Z N 1) ) 

('TRANSLATE (LAMBDA O(> (COND (OKL X )  N I L )  
( (ATOM (CAR X )  ) N I L )  
( (EQ (CAAR X )  (QUOTE D E F I N E )  (APPEND (DEF (CAR X) 

(TRANSLATE (CDR X I  1) ) 
(r (APPEND (PROPFORM (VERB (CAR x (TRANSLATE 
(CDR X ) ) ) )  1))  

1) 
s r o p ) ) ) ) ) ) ) ) ) ) ) ) s ~ o ~  
F I N  
Cr (SEX (CDR W) x Y z (SUBI N I ) )  1) )  

(VERBPOS (LAMBDA O( Y) ( O N D  
( (EQUAL (CAR X )  Y) O) 
(r (ADDI (VERBPOS (CDR X I  Y ) ) )  1)) 

1 
D U F I N E  ( ( 
(VERBDEF (LAMBDA Z NI  (VERBDEFL 

(UNI'OUCH ( F I F T H  X) (CADR X) Z N ) 
(SEX Z ( F I E T H  X) (CADR X) (CADDR X )  N I  
CVoNTOUCH t F I F T i 1  X) Z N )  ) ) )  

1) 
D E F I N E  ( ( 
(NONTOUCH (LAMBDA O( Y N )  (C9ND 

(QL'ULL Y )  N I L )  
( (EQUAL (PLUS N (LENGTH X) ) 1) (CDR Y ) )  



Cr OONïOUCH X (CDR Y)  (SUBI NI) ) ) ) ) 
1 )  
DYFINE ( (  
( I F  (LAMBDA O() (COND ( (NULL X)  NIL) 

( (MEMBER (QUOTE BEGIN ) X ) (1 F 
(A PPEND (PREBEG X )  (ON S @EGIF (BEGINmUNT O O X )  ) 
(ENDCOUNT O X )  ) ) ) ) 
((EQUAL (CAR X) (QUOTE I F )  ) Q,IS (DEFN X )  1) 
( (EQUAL (CAR X (QUOTE THAN ) NIL) 
(ï (CONS (CAR X )  ( I F  (CDR X) ) 1 )  ) ) ) 

(THEN (LAMBDA a() (COND (@ULL X )  NIL) 
( (MEMBER (QUOTE BEGIN) X ) 6HEV 
(APPEND (PRE13EG X )  (CONS (BEGIF (BEGINCOUNT O O X) ) 
@NDCOUNT O X ) ) ) ) )  
((EQUAL (CAR X )  (QUOl'E I F ) )  (LIST OEFN X))) 
( (EQUAL (CAR X )  (QUOTE ELSE ) ) NIL) 
( (EQUAL (CAR X ) (QUOTE THEN) ) N IL)  
Cr ( O N S  (CAR X)  (THEN(CDR X ) ) ) ) ) ) )  

CPREBEG (LAMBDA O() (CWD ( @ULL X) NIL) 
( (EQUAL (CAR X )  (QUOTE BEGIN) ) N I L  
(r (CONS (CAR XI  (PREBEG (CDR X I ) ) )  1)) 

(BEGINFN (LAMB9A O() (COND ( (NULL X )  NIL) 6 (VERB X)  ) ) ) 
(!ZNDCOUNT (LAMBDA @ X )  (COND ( (NULL X I  NIL) 

( (EQUAL (CAR x (QUOTE BEGIN) (ENDCOUNT (ADD 1 NI (CDR XI 
((EQUAL (CAR X) (QUOTE END)) (mND 

( (EQUAL N 1) (CDR X)  
Cr (nUDCOUNT (SUBI N )  (CDR X) 1 )  1 )  

Cr (ENDCOUNT N (CDR X I  1) 
(BEGIF (LAMBDA O() (COND ( (MENBER (QUOTE I F )  X )  OEEN X )  

Cr X I ) ) )  
(SEXY (LAMBDA o( Y Z N)  (COND ( (EQUAL N O) NIL) 

( @ E L  X )  NIL) 
( (MEMBER (CAR X)  Z)  (SEXY (CDR XI Y Z (SUBI N )  1 
(T ( m ~ s  (CARXI (SEXY (CDR XI Y z ( S U B ~  NI )  1) 1) 
(UNTOUCH (LAMBDA (X Y Z N) (COND 
( @=L X I  NIL) 
( GVULL Z) NIL) 
( (EQUAL (CAR X) Y) (COND ( (EQUAL N O) NIL) 
Cl' (CONS (CAR Z) (UNTOUCH X Y (CDR Z) SllBl N I )  ) ) ) )  

2. A p p l i c a t i o n  of  AJ!anguage: 

( a  L e t  t e r - S e q u e n c e  
P r e d i c t i o n  L i s t i n g  W r i t t e n  i n  A-Language-Input 

FU.UCTION EVALQUOTE HAS BEEN ENTERD , ARGUYEWS . . 
cszr 



(LISTB ((PUT ( L I S T A B C D E F G H I  J K L M N O  P Q R S T U V  
w x Y Z) INTO ALMABEI 
(PUT 0.5F.O INTO PARAI2) 
( P ü ï  0.66999999EO INTO PARM3) 
RIT LENGTH OF ALPHABEI INTO PARM4 
(PUT PARM4 MS 1 I W O  PARM5 
(DFFINE FQSITION (OF I N )  (0.105E2) (P3SITION OF X I N  A) 

( I F  X EQUALS FIRSï  OF A THEN O ELSE 1 PS POSITION OF 
X I N  REST OF A)) 

(POSITION OF C I N  ALPiIABEI) 
(DEFINE POSITIONLIST (OF) (0.105E2) (POSITIONLIST OF X) 

(TF X I S  EMPTY THEN NIL ELSE CONNECI' F3SITIONLIST 
OF REST OF X TO P3SITION OF FIRST OF X I N  ALPHABEX)) 

OEFINE FIRSTDIFFERE3CE (OF AND) (0.105E2) (FIRSTDIFFERENCE 
OF X AND Y) ( I F  X I S  EMPTY THEN NIL ELSE CONNECT FIRST- 
DlFFERENCE OF REST OF X AND REST OF Y TO FIRST OF X MS 
F f R S  OF Y) )  

DEFINE CûMEQSE CTHIS OF TIMES) ($1 (COMPOSE THIS FC OF X 
N TIMES) ( I F  N EQUALS O THEN X ELSE I F  X I S  EMPTY 
THEN NIL ELSE C O M ~ S E  THIS FC OF (FC XI N MS 1 TIMES)) 

(DEFINE DISCARDCLEADING ELEMENTS OF) (6 )  (DISCAW N LEADING 
ELMENTS OF X)  (FIRSTDIFFERENCE OF BEGIN COMP3SE THIS 
(FUNCIION CDR) OF X N TIMES END AND X I )  

CIEFINE MODLIST (ûF) (0.105E2) (MODLIST OF X) ( I F  X I S  
EMPïY THEN NIL ELSE CONNECT MODLIST OF REST OF X T3 
BESIN REDUCE F I R S ï  OF X MODULO ALPHABEIHLENGTH EBD)) 

(DEFINE DIFFLIST (OF AND) (0,105E2) ( D I F K I S T  OF A AilIl X 
(IF x IS m P r Y  THEN NIL ELSE IF A EQJALS FIRST OF x 

THEN DIFFLIST OF A AND RE% OF X ELSE CONNECI DIFFLISï  
OF A AND REST OF X TO FIRST OF X I )  

(DEFINE NEXTMEMBEH (TH OF) (0.55E1) CV TH NEXTMEMBER OF X )  
(1 PS BEGIN RMDR WHEN LENGTH OF X IS DIVIDED BY N E3D 

TH NTHMEMl OF X I )  (DEFINE NTHMEMl (TH OF) (4) (N TH 
NTHflEMl OF X)  ( I F  X I S  EMPïY THEY NIL ELSE I F  N EQUALS 
1 THEN FIRST OF X ELSE N MS 1 TH NTHflEM1 OF REST OF XI )  

(DEFINE PATTERNONSTANTS (OF) (7) (PATTERNONSTANTS OF X 
(PROG (P L HLENY N M LEIUL) 
(SEI() P 1) 
(3EïQ HLENY (TIMES PARM2 (LENGTH Y) ) ) 

C (SEIQ L MODLIST (DISCAYU P Y)  1) 
(SEIQ LENL (TIMES PARU3 CLENGTH L I ) )  
(SFTQ N 1) 

B (SEIQ M MODLIST (DISCARD N L ) ) )  
(WND ((NULL (DIFFiiIST O M I )  (REI'URN (CONS P N I ) ) )  
(C3ND ((GSEATERP N LE.%) (GO A))) 
(S5TQ N (ADD1 N )  ) (GO B) 

A (COND ( (GREATERP P HLENY) (REIURN NIL) ) 
(SEIQ P (ADD1 P) ) 
(GP C) ) 

- 322 - 



(DEFINE PERIODTEST;  (OF AND) (6) ( P E R I O D T E S T 1  OF U A M  Y) (IF U 
IS EMPTY THEN N I L  E L S E  RETiRNLETTER CORRESPONDING T O  
REDUCE BEGIN BEGIN R E S T  O F  U TH NEXTMEMBER OF DISCARD 
F I R S T  O F  U LEADING ELEMENTS OF Y END PS BEGIN 1 P S  
LENGTH OF Y MS F I R S T  O F  U T H  NTHMEMl OF Y END END 
MODULo ALPHABETUNGTH) 

(DEFINE P E R I O D T E S T 2  (OF) (9) (PERIODTEST2 OF X) ( P E R I O D T E S T l  OF 
PATTERNCONS TANTS OF X AND X) ) 

(DEFINE P E R I O D T E S T  (OF) (8) (PERIODTEST OF X) (PERIODTEST2 OF 
P O S I T I O N U S T  OF X) 

(DEFINE MODUU) (REDUCE ALPHABETUNGTH) (4) (REDUCE X MODUU) 
ALPHABETLEJVGTH) (IF X IS GREATER THAN PARMS 'MEN 
REDUCE X PS PARM4 MODULo ALPHABETLENGTH E L S E  X) ) 

(DEFINE R E T U I N L E T E R  (CORRESPONDING TOI (3) (RETUINLETTER 
CORRESPONDING T O  N) ( F I R S T  OF BEGIN COMPOSE T H I S  
(FUNCTION CDR) OF ALPHABET N TIMES END)) 

(FIRSTDIFFERENCE O F  (2 3 4 5) AND (1 2 3 4 5)) 
(COMPOGE 'MIS F U N C T I O N  CDR) OF (1 2 3 4 5) 2 T I M E S  
(PERIODTEST OF (J 1 H G F E D C l )  
(REDUCE 30 MODUU) ALPHABETLENGTH) 
(STOP) 

(b) L e t t e r - S e q u e n c e  
P r e d i c t i o n  L i s t i n g  P r o d u c e d  f r o m  A - L a n g u a g e  I n p u t  

END OF EVALQUOTE , VALUE 1s.. 
(DEFINE ( ( ( I N T O  (LAMBDA (X Y) (CSETQ Y X))))) 

D E F I N E  (((GREATER (LAMBDA (X Y) (GREATERP X Y ) ) ) ) )  
DEFINE ( ( ( P S  (LAMBDA (X Y) ( P U 6  X Y ) ) ) ) )  
D E F I N E  ( (  (hlS (LAMBDA O( Y) (PLUS X (MINUS Y) ) ) ) ) )  
D E F I N E  ( (  (* (LAMBDA (X Y) (TIMES X Y) 1 )  1 )  
D E F I N E  (((/ (LAMBDA (X Y) (QUOTIENT X Y ) ) ) ) )  
D E F I N E  ( ( F I R S T  (LAMBDA (XI (CAR X ) ) ) ) )  
D E F I N E  ( (CREST (LAMBDA O() (CDR X ) ) ) ) )  
D E F I N E  ( ( (EQUALS (LAMBDA (X Y) (EQUAL X Y) ) ) ) ) 
D E F I N E  ( (  (EMPTY (LQMBDA (X) CNULL X)))) ) )  
D E F I N E  ( (  (CONNECT (LAMBDA (X Y) (CONS Y X ) ) ) ) )  
D E F I N E  (((RMDR (LAMBDA (X Y) (REMAINDER X Y ) ) ) ) )  
D E F I N E  ( ( ( U N G T H  (LAMBDA O() (COND ((EMPTY X) O) (T (PS 1 

(LENGTH (REST X ) ) ) ) ) ) ) ) )  
INTO ( ( L I S T A B C D E F G H I  J K L M N O P Q R S T U V W X Y Z )  

ALPHABET) 
I N T O  ( 0 . 5 E O  PARM;)) 
I N T O  ( 0 . 6 6 9 9 9 9 9 9 E O  PARM3) 
I N T O  ( (LENGTH ALPHABET PAR M4) 
I N T O  ( (a PARM4 1) PARMS) 
D E F I N E  ( ( ( P O S I T I O N  (LAMBDA O( A) (COND ( (EQUALS X ( F I R S T  A) ) O) 

(T (PS 1 ( P O S I T I O N  X CREST A) ) ) ) )  ) ) ) )  



POSITION (C ALPHABET) 
DEFINE ( (  (POSITIONLIST (LAMBDA (XI (COND ((EMPTY X) NIU (T 

(CONNECT (POSITIONLIST @EST X) ) (POSITION @IRST X) 
ALPHABET) 1 ) ) 

DEFINE (((FIRSTDIFFERENCE (LAMBDA (X Y) (COND ((EMPTY X) NIL) 
(T (CONNECT (FIRSTDIFFERENCE @EST X) @EST Y ) )  (MS 
(FIRST X) (FIRST Y ) ) ) ) ) ) ) ) )  

DEFINE (((COMPOSE (LAMBDA (FC X N) (OND ((EQUALS N O) X) 
((EMPTY X) NIL) (T (COMPOGE FC (FC X) (MS N 1 ) ) ) ) ) ) ) )  

DEFINE ( ( (DISCARD (LAMBDA QU X) (FIRSTDIFFERENCE (COMPOSE 
(FUNCTION CDR) X N) X) 1 )  1 )  

DEFINE ( ( (MODLIST (LAMBDA (XI (COND ( (EMPTY X) NIL) (T (CONNECT 
(MoDLIST @EST X) ) ( (MODUU (FIRST X) 1 )  ) 1)  ) ) ) 

DEFINE (((DIFFWCST (LAMBDA (A XI (COND ((EMPTY X) NIL) ((EQUALS 
A (FIRST XI) (DIFFLIST A @EST XI)) (T (CONNECT 
(DIFFUST A @EST X) 1 (FIRST X) 1)  ) ) ) I l  

DEFINE ( (  (NEXTMEMBER (LAMBDA (N X) (NTHMEM1 (PS 1 (RMDR (ENGTH 
X) NI) X ) ) ) ) )  

DEFINE ( ( (NTHMEM1 (LAMBDA (N X) (COND ( (EMPTY X) NIU ( (EQUALS 
N 1) (FIRST X) (T UVTHMEMl (MS N 1) @EST X) 1) 1 )  1 )  

DEFINE ( ( (PATTERNCONSTANTS (LAMBDA (XI (PROG (P L HLENY N M LEMU 
(SETQ P 1) 
(SETQ HENY (TIMES PARM2 (LENGTH Y) 1)  

C (SETQ L (MODLIST (DISCARD P Y) 1 )  
(SETQ LENL (TIMES PARM3 (ENGTH 0 )  ) 
(SETQ N 1) 
B (SETQ M (MODLIST (DISCARD N LU) 
(COND ((NULL (DIFFLIST O M) 1 (RETURN (CONS P N) 1 ) )  
(COND ((GREATERP N LENL) (GO A ) ) )  
(SETQ N (ADD1 N) 
(GO BI 

A (COND ((GREATERP P HLENY) (RETURN NIL) ) )  
(SETQ P (ADD1 P) ) 
(GO C ) ) ) ) ) )  

DEFINE ( ( (PERIODTESTl (LAMBDA (U Y) (COND ( (EMPTY U) N I  L) (T 
(RETURNETTER (MODUU ( (PS  (NEXTMEMBER (REST U) 
(DISCARD (FIRST U) Y) ) (NTHMEMl (PS 1 (MS (LENGTH Y) 
(FIRST U)))  Y))))))))))) 

DEFINE ( ( ( P m  IODTEST2 (LAMBDA (X) (PER IODTEST1 (PATTERNCONSTANTS 
X) X))) ) )  

DEFINE ( ( (PERIODTEST (LAMBDA (X) (PERIODTEST2 (POSITION LIST X)))))) 
DEFINE ( ((MODULO (LAMBDA (X) (COND (XGREATER X PARM5) (MODULO 

(nils X PARM5) (MODUI.0 (MS X PARM4) 1 )  ((GREATER O X) 
(MODULD (PS X PARM4 1 )  (T X ) ) ) )  ) 

DEFINE ( ( (RETURNETTER (LAMBDA (N) (FIRST (COMPOSE (FUNCTION CDR) 
ALPHABET N) 1 )  1 )  

FIRSTDIFFERENCE ( ( 2  3 4 5) (1 2 3 4 5 ) )  
COMPOSE ((FUNCTION CDR) ( 1  2 3 4 5) 2) 



PERIODTEST ((J 1 H G F E D C l )  
MODULO (30) 
s TOP) 
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Part 1 

1. Introduction 

In October 1963 a system for  implementing LISP on the PDP-1 
cornputer was finished by L. Peter Deutsch. This system ras 
fbr ther  improved i n  March 1964 by adding: 

-- variable leagth of push-down list; -- variable quantity of combined storage; -- optional machine language suhroutines; 

and i s  here called Basic PDP-1 LISP. It uses a minimum of some 
2000 (decimal) regis ters  out of 4096 regis ters  i n  a one-core 
PDP-1 computer; it may use 16,361 regis ters  i n  a four-core PDP-1 
computer. 

Basic PDP-1 LISP i s  presented i n  oonsiderable d e t a i l  i n  this 
appendix f o r  the  following reasons: 

-- the  s tructure of a system f o r  programming LISP on 
any computer i s  thereby revealed; -- i f  changes a r e  t o  be implemented, they can be eas i lg  
linked with the e x i s t h g  system. 

In  a one-core PDP-1 computer with 4096 regis ters ,  a s  many a s  
4070 regis ters  may be assigned to regular LISP, and only 23 re- 
served f o r  the  read-in routine (namelg, from 7751 to 777'7, octal).  

Mith the  system described here, additional LISP functions 
can be defined and included i n  the system and l a t e r  used when 
desired. O r  i f  desired, additional functions can be pro- 
grammed i n  machine language and these can be inserted compatibly 
with the  system. 

Punched tapes f o r  placing t h i s  LISP system on the  PDP-1 
computer are  available through DECUS, the  Digital EQuipment 
Corporation Users Organization, Maynard, Mass. 

In the following, it is assumed that the  reader has a f a i r l y  
good working knowledge of: (1) LISP (which may be obtained from 
the  nLISP 1.5 Programmer's Bdanual, * 1962) ; (2) the machine 
language codes fo r  the  PDP-1 computer (which may be obtained from 
the  computer manual supplied by Digi tal  Equipment corporation) ; 
and (3) the program assembly language BBBCRO, i n  which t h e  sym- 



bol ic  tapes are  m i t t e n  (a description may be obtained i n  two 
nianuals published by Digital  Equipnent corporation). 

2, Functions and Properties included i n  Basic PDP-1 LISP 

The functions and properties included i n  Basic PDP-1 LISP 
a re  shovm i n  Table 1. These f'unctions and properties tagether 
cons t i tu te  a basic  subset of the  functions and properties of the 
LISP in terpre ter  f o r  the  IBM 7090, as s ta ted  i n  the  LISP 1.5 
Programmer's Manual. 

I n  order lx obtain other LISP m c t i o n s  and propert ies  as 
may be deeired f o r  any part icular  purpose, see Sectiom 4 and 5 
below, 

Table 1 

A, Functions Ident ical  with the  Corresponding IBM 7090 LISP 
Functions 

ATM 
CAR 
cm 
corn 
CONS 
EVAL 
GEm 
Go 

LIST 
LQGAND 
LOCOR 
M I i i  
NULT, 
NllmEm 
PLUS 
PRINT 

PROC 
QUOTE 
rn 
muRN 
RPLACA 
RïLACD 
SASSOC 
mQ 
T m 1  

B. Functions Somewhat Different f'rom the  Corresponding 7090 
M c t i o n s  

EQ This works both on atoms and on numbers 
GRFATERP This t e s t s  f o r  X greater  than Y,  not f o r  X 

greater  than o r  equal t o  Y. 
STOP This is  equivalent t o  PAUSE i n  7090 LISP, It 

takes a numerical argument which appears i n  
the accumulator when the  com~uter halts.  

P R I ~  X This pr in ts  the  - atom X without the  extra  space 
a t  the end. Its value is NIL. 



C a  F'unctions R'hich Have No Analog i n  7090 ninctions 

This provides for  putting in to  storage a named 
machine language subroutine, which can be re- 
ferred to and used by the PDP-1 LISP in te rp rebr .  
It a lso  provides f o r  executing s ingle  specified 
machine language instruct ions.  

The SUBR (XEQ C A 1 )  executes the machine language instruc- 
t ion  C, with A i n  the  accumulator and I i n  the  in-out regis ter ;  
and returns a value i n  the form of Ca g) where is  the new 
value of the accumulator after execution, i s  the  new value of 
the  in-out r eg i s t e r  a f t e r  execution, and is T i f  the  instruc- 
t ion  skipped, and NIL i f  the instruct ion did not skip. 

L O C X  This gives the machine r eg i s t e r  i n  rhich the a t o i  
o r  l i s t  X begins; i t s  value i s  the location. 

O f  the  foregoing f'unctions, COND, LIST, PRM;, SETQ, PLUS, TIMES, 
LUGAND, LOGOR, and QIIOTE are FSUBRs and the remainder a re  SUBRs. 

D. The following special  form is avai lable  and is ident ica l  r i t h  
the  corresponding form in 7090 LISP: 

E. The following permanent abjects  e x i s t  i n  the  Basic PDP-1 
LISP system: 

OBLIST the  current l ist  of atomic symbols 
NUI F has been replaced by N I L  
T 
EXPR 
S m  
ml3 
Fb UBR 
APVAL 

F. Miscellaneous 

The pr in t  names of atomic symbols a re  z t  part of property 
lists. A quick examination of l i s t i n g s  of the system w i l l  show 
exactly where the p r in t  names are. 

Doing a CDR of an atom i s  permissible and w i l l  ge t  the atomls 
property list. Doing a CAR of an atom may very eas i ly  wreck the 
system. 

QUOTE should be used i n  place of 7090 FUNCTION. This may re- 



qui re  a b i t  of ex t r a  care in defining functicns with functional 
argumen ts . 

It i s  advisable t o  use PROC t o  avoid recursion wherever pos- 
s ib le ,  even though it may take more space, 

3. Use of these Functions and Suggested Test Sequences 

How t o  use these functions i s  b r i e f ly  explained here. 

A s  soon as the  basic  PDP-1 LISP system is read in to  the 
cornputer, control  stops a t  r e g i s t e r  4. Turn up sense switch 5 f o r  
typewriter input;  press CONTINUE; and the system enters  a waiting 
loop which causes lamps to l i g h t  i n  the program counter, looking 
l i k e  1335. A t  t h i s  point, the LISP system is reedy f o r  manual 
typenr i te r  input. A s  soon as  the operator types, f o r  example: 

together with a f i n a l  s p c e  a t  the  end of the l a s t  r i g h t  paren- 
thes is ,  the cornputer takes control  of the  typewriter, impulses a 
cerr iage return,  and then types out: 

which of course i s  the correct  answer. Similarly, f o r  the  other 
s u g ~ e s t e d  t e s t  sequences i n  Table 2 below. 

Table 2 

SIJGGESTED TEST SEQUEXCES 

Input 

(CAR (QUOTE (A B c D)) )  

Response 

A 

The in t e rp re t e r  w i l l  
type out  a cornplete 
l i s t  of the atomic 
aymbols stored with- 
i n  it, 



NIL NIL 

(COND (EQ T NIL) (STOP 1)) 
(T (a 1 1) 2) 1) 

NIL 
T 
T 

CAAR 

Computer stops and 
puts 2 i n  the 
accumulator . 

CAR, with no punctua- 
tion before or after; 
the value of PRm 
i s  NIL.  

Prints out the value 
of X; the value of 
(PRINT x) i s  X. 

Prints a carriage re- 
turn; the value of 
(TERPRI) i s  NIL. 

2651; this  1s the regis- 
ter  where the N I L  
atom starts . 

2725; this is  the regis- 
ter ahere the CûM) 
atom starts. 



Suppose the computer contains DDT - DDT is short fo r  
"Digital Equipment Corp. Debugging Tapen; its s ta r t ing  regis ter  
is 6Oû0, and i n  one of its customary forms it uses regis ters  
5540 t o  7750. Then, i f  the highest storage regis ter  of LISP i s  
below 5540, the instruction: 

t ransfers control to DDT, and puts zero i n  the accumulator and i n  
the in-out register.  

I f  there i s  the following subroutine stored i n  the compter: 

dm 5507 
idx 5507 
lac 5%7 
dPY ' 
S m  
jmp 5501 
jmp 2a . l  
(being uaed fo r  storage) 

and LISP is  bel011 5500, then: 

Nil1 cause a horizontal line 
to be &am on the scope 
from the origin to the x- 
axis positive U t ,  and 
then control ri11 be re- 
turned t o  LISP. 
NIL w i l l  be typed out, 
2243. is the regis ter  caiïed 
'prxn in the macro spibol- 
i c  . 

4. Auxiliary Functions m i c h  May Be Defined w i t h  
LISP Expressions 

Any of the functions l i s t ed  below i n  Table 3 can be put into 
the system a t  w i l l ,  as follows: Prepare a punched tape listing 
of it. Insert  tape into the reader. Turn on the reader, Turn 
dom Sense Switch 5. Thereupon the computer ail1 read i n  the 



tape. The typewriter,  when the  reading i n  is accomplished, w i ï l  
type back the name of the  inser ted function. 

Many other  f i c t i o n s  besides those l i s t e d  i n  Table 3 may be 
inserted. 

Table 3 

AUXILIARY LISP FUNCTIOMS 

CDAFt 
(RPUCD (QECDAR) (QWTE (EXPR (LAMDA (x) (CDR (CAR x) ) ) ) ) ) 

CDDR 
(RPLACD (QUOTE CDDR) (QUOTE (EXPR (LAMBDA (x) (CDR (CDR a )  ) ) ) )) 



CSETQ 
(RPUCD (QUOTE  CS^) (QUOTE (FEXPR (LAMBDA (X A) (CSET (CAR x) 

(CADR 1) A) ) 1) 

D I F F L I S T  
(-CD (QUOTE D I ~ I S T )  (QUOTE (EI[PR (LAMEDA (A X) (COND ((NU 

x) m) (WUAL A (CAR x)) ( D ~ I S T  A (CDR x) ) ) (T (CONS 
(cm x) ( D I F n r n  A (CDR x) 1) 1) 1) 1) 

Dom 
(RPLBCD (QUOTE  DO^) (QUOTE (EXPR (LAMBDA (x) (PLUS x X) ) ) ) ) 

GFUU!I!EST COMMON DIVISOR 
(RPLACD (QDDTE GCD) (QUOTE (EXPR (LAMBDA (a Y) (mm ( ( G R E A T ~  

x Y) (GCD Y x)) ((?EROP (REM Y X))  X) (T (WD (RD4 Y X) 
x) ) ) ) ) ) )  

LENGTH using Program Feature 
(WUCD (QUOTE LENGTII) (QUOTE (EXPR (LAMBDA (L) (PROG (U V) ( S ~ Q  

v O) (SETS u L )  A (COND ((NULL u) (WURN v)))  (SETQ u 
(CDR U))  (SETS V (PLUS 1 v)) (GO A ) ) ) ) ) )  

LENGTH usina R e c u r s i o n  
(RPLACD (QUOTE LENGTHR) (QUOTE (EXPR (LAMDA (L ) (COND ( (NULL L ) 

O) (T (nus i ( L E N G ~  (CDR L 1) 1) 1) 1)) 



PAIRLIS  
(RPLACD (QUOTE P A ~ I S )  (QUOTE (EXPR (LBMBDA (X Y A) (CQND ((NULL 

x) A) (T (cors (CONS (CAR x) (CAR Y) )  (PAXRLI~ (CDR x) 
(CDR y) A ) ) ) ) ) ) ) )  

(P r in t  and Punch ~ e f i n i t i o n )  
(RPLACD (QUOTE PDEF) (QWTE (FEXPR (LAMBDA (x A) (LIST (QDDTE 

El&8(=D) (LIST ( Q ~ E  QUûTE (CAR X) ) (LIST (QUOTE QUDTE) (CDR 
(cm x))))))))) 

QIWTIENT using P r o g r a m  Featnre 
(RPLBCD (QUOTE ~ m m )  (QUOTE (EXPR (LAMRDA (Q D) (m (U V) 

(SETQ v O) (SETQ u Q) A (COND ( (GREBTERP D U) (mm V) )) 
(=Q U (PLUS U (MINlff D I ) )  ( S a  V (PLUS 1 VI) (GO A)))  ))) 

Q i i i -  using R e c u r s i o n  
(RPLACD (QUOTE Q U O T ~ N P R )  (QUOTE (EXPR (LAMBDA (Y X) (COND ( ( 

GREAT= X Y )  0) ( (EQ X Y) 1) ( (GWTERP Y X) (PLUS 1 
( Q ~ T ~ N T R  (PLUS Y x)) X)) 1)) ))) 



REVERSE ( ~ e f  ined Recursivelg w i t h  Auxiliar F'unc tion 
( R P ~ C D  (QUOTE RI) (QUOTE (mm (Y LI (COW ( ~ M J L L  LI M 

(T ( ~ 1  (CONS (CBR L) M) (CDR L ) ) ) ) ) ) ) )  
(RPLACD (QUCYI'E REVERSE) (QUOTE; (EXPR (=A (LI (RI rra LI)))) 

REVERSE nsin Program Feature 
(-CD (QUOTE REVERSE k (QWTE (EXPR (LAMBDA (YI) (PROG (U V) 

(SFTQ U M) K (coND ( (NULL U) (~~ V) ) ) (SETU V (CONS 
(cm u) v)) (Sm tJ (CDR u)) (G@ K I )  )))) 

(RPLBCD (QZTËTIMES Remsion (QOOTE (EXPR (-A (N LI) (COND ((mufi 
N 1) M) (T (PLUS M (T= (PLUS  MI^ 1) ) ) ) 1) ) ) ) ) 



TIMES us? Rogram Feature 
(RWD (QÜZËTIMS (QIIOTE (EXPR (-A (X N) (PROG (U V) 

(SEN V O )  (SETQ U O) A  (COND ((E& V N) (mm U))) ( S ~ Q  U 
x u)) (SET& V (PLUS 1 ) )  (GO A ) ) ) ) ) )  

UNION 
(RPLACD (QDDTE UNION) (&mm (FXPR (LAMBDA (x Y) (COND ((NULL X) 

Y )  ((bmm (CAR X) Y)  (UNICLN (CDR a) Y ) )  (T (CONS (CAR X) 
(UNION (CDR X) y ) ) ) ) ) ) ) )  

5. Some Additionaï Functions fo r  Basic PDP-1 LISP 

In order t o  remove symbols f'rom the OBLIST, and renae the 
storage capacity that they previouslg occupied, we use: 

aSP: stands fo r  nexpunge S Y I I I ~ O ~ " .  

REMOVE is used as follows: Suppose ne have a case where the 
OaLIST starts f o r  example with G F OBLITT Y X  ATOM CAR CDR COND 
CONS . . , . . and we wish to delete F 08LïTT Y, We put in; (FUNOVE 
OBLITT F Y), anà the cornputer response is: 

G X ATOM CAR CDR CONS ..o.. 

In  this way, both accidentally mistypeci expressions and sgm- 
bols no longer needed i n  the L I S P  system can be removed h m  stor- 
age, and from any recollection within the LISP system, (Note: 
RQaOVE w i l l  not operate on the f i r s t  expression i n  the OBLIST, 
but onlg on the second and l a t e r  expressions,) 

In order t o  put in machine-language subroutines, outside of 
the storage used by LISP, name them, use them, and return from 
them t o  L I S P ,  we use: 



(=CD ( Q D ~  ~msrr) (QUOTE (EXPR (LB~IBDA (x Y) (m ma A 
(Corn ( (NULL 1) Y)) ) ( B Q  (PLUS 240000 Y) (CAR X) O)  
(Sm X (CDR X ) )  (Sm Y (PLUS 1 Y)) (GO A ) ) ) ) ) )  

(-CD ( Q U ~ E  P ~ S U I P L )  ( Q ~ E  (m (-A ( N  x Y) (m m 
(-CD N (LIST ( Q ~ T E  SUBR) (nus i6om Y ) ) )  (RETURN 
b=n x y ) ) ) ) ) ) )  

The Egrm (DEEOSTT X A) deposits the list of numbers X 
starting a t  location A; i t s  value is the first reg i s te r  beyond 
the list. 

The EaPR (PZPTSUBR N X A) performs (DEPOSIT X A ) ,  and then 
sets up N (name) as a SUBR s ta r t ing  a t  A. 

An axample (if LISP storage stops at  5477) is: 

This inser ts  the Ilne-display program mentioned above in to  the 
cornputer s ta r t ing  a t  register  5W0 and makes it accessible to LISP 
with the m e  SHOWLIME. 

The EXPR (DEFSUBR N X) accepts an existing, inserted, 
machine-language suôroutine s ta r t ing  a t  register  X, gives it the 
name N, and makes it accessible t o  LISP with the name 1, For ex- 
ample, the line-dispiay program mentioned above, i f  already in 
the cornputer, couid be named and called with: 

The last command in  the subroutine, instead of 6022Q, should be 
ei ther  600004, i f  LISP is  to return t o  the s tar t ing address 4, or 
600005, i f  LISP i s  to continue t o  the ra i t ing loop, 

If the A-LIST i s  wanted, establish GE;TALIST with: 

and then use: 



6. input and Output 

Input comes from the typemiter  i f  sense switch 5 is up and 
from the tape reader othernise. Output is normallg on the type- 
u r i t e r ;  however, SS 3 up causes punching (rith correct parity) 
and SS 6 up independently suppresses typeout, 

Each S-expression typed in ri11 be evaïuated and its value 
printed out. Unlike 7040 LISP, arguments of functions are  also 
evaluated on the top level; fo r  example, t o  evaluate 

it is  necessary t o  m i t e  

In preparing input: 

Tab, space, and comma are  equivaïent; 
Carriage return i e  ignored: 
Backspace causes deletion of everything typed since the 

las t contml character (parenthesis, swce/tab/comma, 
or  period) ; 

Qn extra space must be typeci to terminate the ent i re  
expression; 

U P P ~ ~  and ïower case shif is  w i l l  be noted but not neces- 
s a r i l y  inserted into the 8-1 a t  that point (for ex- 
ample, the sequence u.c., lac . ,  u.c., A, space, pro- 
duces a sjmbol with pr in t  name u . ~ , ,  A, I .C. )~ 

Alphabetic characters ~hou ïd  reguiarly and gendd-19 be 
i n  lower case; and basic functions, (such as C a ,  
CDR, . . . .) contrary t o  the- representation throagh- 
out th i s  report, are i n  PDP-1 LISP actuallg stored in 
lower-~ase sgmbOls (such a s  cm, cdr . a )  ; and then 
taken i n  to the system and put out by the system as 
louer-case symbols; 

It is ver advisable t o  s t i ck  to nprinhut l l  format fo r  
al1 & put since the READ routine is  not guaranteed to 
work on any other form, aithough it may; 

Hgphen, f l - - n , i ~  a l e t t e r  and does not negate a following 
number ; 

Al1 numbers are octal  integers; t o  input the number -1 
it i s  necessary t o  type 777776; 

There is no limit on the length of a print  name; 
The character overbar ver t ica l  bar w i l l  cause 

the next character to be inserted in the p i n t  name 
and considered a l e t t e r ,  regardless of what it 
actually is (the n-r o r  la i t s e l f  does not appear 



ia the print  name): thus atoms may be generated for  
output formatting purposes with names sucfi as "tabn 
or nspacen. 

in producing the output : 

A carriage return is automaticallg generated a f te r  any 
lOO(octa1) characters not containing a carriage re- 
turn; 

Unlike the 70q0 LISP output, no spaces are  provided be- 
fore  and a f te r  the * . b f  concatenation (since there 
are  no floating-point numbers to be concerned with). 

7. Operation of the System 

m a t ,  z:ero core, to avoid unnecessary diff icult ies.  

Seccnd, put the binary tape i n  the reader, and press READIN. 
Do nothing u n t i l  the tape stops, Almost a l 1  of the tape si11 read 
in ;  and the machine ri11 corne to a ha i t .  If gou wish 7701 to be 
the highest regis ter  of f ree  storage, and 300 t o  be the length 
of the push-down list ,  p e s s  READIN once more, The machine w i l l  
s top a t  address 4, Turn up Sense Switch 5 ( to control from the 
typemiter).  Press CONTINUEL 

If you wish t o  se lect  the highest register  of f ree  storage, 
when the machine stops fo r  the f i r s t  time, with memory address 
a t  0004, put the number of the highest register  of f ree  
storage (recommended, 5000 t o  77'50; possible but not recommended, 
4000 to  4777) in the Test lord switches and press CONTINUE. Then 
put the length of the push dom l ist  (suggested 200 to  400) i n  
the Test Nord switches, and press CONTINUE, The machine ri11 go 
t o  address 4. Turn up Sense Switch 5, and press CONTINUE. The 
LISP system should be ready fo r  use. 

If the  tape stops a t  an improper place, pi:U the tape back 
a block, check for  missing holes, and CONTINTE. men the tape 
stops at 4, CONTINüEing begins the READ-EVBL-PRIM! cycle. STAKT- 
ing a t  4 a t  any t h e  and CONTINUEing is safe; indeed,. it i s  the 
onlg way to annull most typing errors. 

I f  the system *draps deadn, the normal recourse i s  to start 
over . 

Following i s  the asslgnment of the sense sr i tches and the 
program flagsr 



Id io t  t r ace  - 
Punch out  - 
Type in 
No typeout 

Used f o r  type-in 
Zero suppress i n  oc ta l  p r i n t  - 
Letter  i n  symbol 
Off i n  error printout 

8, Error  Diagnostics 

Error haïts cause ident i f ica t ion  of the e r ro r  and typing 
of the  e r ro r  code i n  red on the typewriter, regardless of t h e  
se t t ings  of Serse Switches 3 and 6; an er ror  usually sends the 
system t o  address 4 .  The l i s t  of e r r a r  indications follows: 

icd  
USS 

tma 

lts 
ats 
8 ce 

ana 

ovf 

I l l e g a l  o?lD; returns value N I L  and continues. - 
Unbound sgmbol i n  SMIQ; retunns N I L  and continues. 
TOO many a r p e n t s  f o r  a SWR (more than 3) ; ignores - 

e&a ar'guments and proceeds. 
Unbound gtomic p b o l  (followed by the  form current- - 
ly being evaluated). 

I l l e g a l  p r i t y ;  h a l t s  with character i n  accumulator. CON- - 
TINllE ignores character, but SS 5 may be turned 
up, and typing used t o  provide a replacement if 
desired. 

LAMBDA variable l i s t  400 short ,  
ggument l ist (paired with LAMBDA l i s t )  400 short .  
Storage sapaci tg sceeded. CûNTfNiJEhg is not - 

advisable, as it w i l l  probably ca l1  the  same er- 
r o r  again in short  order , unless one promptlg de- 
letes several atoms having lengthy def in i t ions  
&om the OBLIST. 

Pushdomn s p a c i t y  gxceeded. - 
Non-pe r i c  grgrnent f o r  arithmetic, followed bg t he  - 

argument in questicn; re turns value zero and pro- 
ceeds. 

kgurnent -t gtom ( for  P R I ~ )  ; returns hTL as usual 
and proceeds. 

Division ~ e r f l o w ;  r e t w n s  zero and proceeds, 



9. Some Remarks 

In general, each charclcter i n  each LISP expressicn i s  recog- 
nized by the  computer as 2 oc ta l  d i g i t s  cal led concise code. The 
pa i rs  of o c t a l  d i g i t s  a r e  packed 3 pai rs  a t  a time in to  the 6- 
octal-digi t  r e g i s t e r s  of the  PDP-1. If a LISP atclm has a number 
of characters which i s  not a multiple of three,  there  w i l l  be 
spaces l e f t  over, which a re  f i l l e d  a r b i t r a r i l y  with a f i l l e r  
character, 76 (octal) .  For example, a L E P  word witb 7 charac- 
t e r s  such as SUUER ai l1  be packed i n t o  three computer regis- 
 ter^, S M A in  one, L L E i n  a second, and R d o n g  with two 
f i l l e r  characters i n  the  third. 

These three  r eg i s t e r s  a r e  l inked by l i s t  structure.  An ex- 
ample of a hypothetical l i s t  s t ruc ture  which might s to re  S Y i  
i f  introduced as a defined function in to  the  LISP system rould be 
as shown i n  Table 4: 

Table 4 

PDP-1 
iistzis t e r  Contents 

405765 

-ne: 

pointer to 5765 

pointer t o  p r o p  
e r t g  l ist  

S P A  

pointer 

L L E  

pointer 

Comments 

5765 is the s t a r t  of 
the  p r i n t  name of 
the atom SMALLER 

5773 i s  the  start of 
the property l ist 

Concise code 

5767 holds continuation 
of the l i s t  

Concise code 

5771 holds continuation 
of the  Ust 

Concise code and 2 
f i l l e r  characters 

Terminator of l is t  



If S W E R  were defined by the  expression: 

then the  property l i s t  of SUAIUR would be (hypothetically) as 
shown i n  Table 5 : 

Table 5 

Renister 

5773 003271 IiEXPR 
5774 0057'75 pointer 
5775 005777 pointer 
5776 002651 NIL" 
5777 ~03255 "LABBBDA" 

6000 006001 pointer t o  forking 
6001 006003 pointer t o  (X Y) 
6002 006007 pointer to (COND . . . . 
6003 007701 n P  
6004 006005 p i n t e r  

6005 0077ii "-Y 
6006 002651 "NIL"  
6007 002725 "CCONDn 

etc. 

An accepted LISP expressicn L is ident i f ied  within the  mach- 
i n e  by the address of the l i s t  s t ruc ture  i n  storage which repre- 
sents  L. 

The c o ~ i p ~ t e r  evaluates expressions using e i t h e r  machine sub- 
rout ines  (SUBRs and FSUBRS) o r  LISP subroutines (EXPRS o r  FEXPRs). 

The conputer converts the  resu l t ing  value in to  concise codes, 
and presents the  value f o r  output t o  the ccmputer-associated 
typemi te r  or  the  punch. 

Basic PDP-1 LISP i s  very f l ex ib le :  

1. The number of r eg i s t e r s  on the  push-down l i s t  can be 
reasonably varied betmeen 200 and 4Oî1 oc t j l .  The number chosen 
c m  Vary accordhg t o  the amount of recursion i t  i s  desired t o  
provide for.  



2. The number of r eg i s t e r s  of storage (there i s  only one 
kind of storage) can be varied from under 100C) o c t a l  to  over @00 
o c t a l  i n  a one-core machine, In the sinailest extreme case, 
LISP sgstem can occupy only the r e g i s t e r s  up t o  about 4000 octal ;  
i n  the  other extreme case LISP can occupy a l 1  the r eg i s t e r s  up 
t o  7750 octal ,  leaving 7751 to 7777 f o r  the read-in subroutine. 

3. Machine subroutines m a y  be located i n  core, and referred 
t o  and used, These machine subroutines should be located above 
the  highest r eg i s t e r  i n  free storage, 

4. DDT ( the  Digi ta l  Debugging ~ a p e )  may be loaded i n  
r eg i s t e r s  5500 up and LISP may be loaded belon, so t h a t  the  
f a c i l i t i e s  of DDT are avaflable for  rnodifying L E P ,  

5. A core dump routine may be loaded in to  400 (octal)  regis- 
t e r s  above free storage and used upon LISP, 



Par t  II 

1 .  Macro Symbolic Program for  Basic PDP-1 LISP 

l i s p  3-23-64 : 1 f i e l d  

def  i n e  extend 
termin 

def  i n e  l l o a d  A,B 
l a w  B 
dac A 
termin 

def i n e  i n i t  A,B 
law B 
dap A 
termin 

def  i n e  
i d x  A 
s a s  B 
J ~ P  C 
termin 

index A,B,C 

def  i n e  s t e p  A,B,C 
Index A,(B,C 
termin 

def  i n e  se tup  A,B 
law i B 
dac A 
termin 

def  i n e  e x i t  
J ~ P  R 
termin 

def  i n e  move A,B 
l a c  A 
dac B 
termin 

def  i n e  load A,B 
move (B,A 
termin 

def  l n e  count A,B 
i s p  A 
J ~ P  B 
termin 

def  i n e  t e s t  K,P 
sad ( K  
jmp P 
termin 

def  i n e  undex A 
l a w  i 1 
add A 
dac A 
termin 

def  i n e  swap 
r c l  9 s  
r c l  9 s  
termin 

smi=spi i 
szm=sza sma-szf 
spq=szm i 
xy=O 
xx=hl t 
clo=spa sma szo i-szf-szf 
mul=~40000 
div=560000 

s t a r t  



L i s p  i n t e r p r e t e r  3-20-64, p a r t  1 

go 7 h l t+cla+cl i+7-opr-opr  
s t f  6 
extend 
dzm 77 
law 77 
dap avx 

t o ,  
t l  Y 

go 9 

g l  Y 

h i ,  
c s i ,  
cso,  
f f i ,  
gai Y 

O 
g s t ,  
a0  Y 

a l  , 
a2,  

law pdo-1 
dac p d l  
l a c  n 
dac a r 2  
c a l  r i n  
c a l  evo 
c a l  p n t  
jmp beg 

O 
O 
O 
O 
O 
7 2 
72 
O 
O 
isl ,  isi-1 
r e p e a t  5,20 
O 
O 
O 

/append word t o  pdl  

P W ~  7 O 
daP pwx 
idx p d l  
sad bfw 
jmp qg2 
l a c  pwl 
dac 1 p d l  

P m ,  e x i t  

/ r e t r i e v e  word from p d l  

uw Y O 
uwl , dap uwx 

l i o  i p d l  
undex pdl  

O 
dap r x  
sub (1 
dap . + l  
l a c  xy 
dap ave+l  
l a c  r x  

ave , J$C 4% 
e x i t  

/ c r e a t e  number 

crn ,  110 ( J ~ P  
r c l  2s  
rar 2s 
dac 100 
jmp CPf 

PC7 and (77 
sad (76  
jmp x 
l o r  ( r a l  
dac pcc 
sad ( r a l  77 
jrnp PCC-3 
i s p  pch 
jmp pcc-1 
law 277 
c a l  o u t  
law i 1ûû 
dac pch 
law 252 

XX 
and (200 
i o r  pcc 
dac 100 
s t f  2 
jmp ou t  

/get  numeric value 

vag Y 1i0 i 100 
c l a  
r c l  2s 
s a s  ( 3  
jmp si3 
idx 100 Uwx7 e x i t  



l a c  i 100 
r c l  8s 
r c l  8s 
J ~ P  x  

/get  t wo values  

vad , d i o  a l  
c a l  vag 
dac  a 0  
l a c  a l  
c a l  vag 
dac a l  
J ~ P  x  

/pack c h a r a c t e r  on to  end o f  b u f f e r  

OC,  r a r  6s  
l i o  i i s i  
r c l  6 s  
sad (76  
jmp o c 1  
l a c  100 
i o r  (767600 
c a l  c f  
l i o  t O  
idx  t O  
i d x  i s i  
dac a l  
d i o  i s i  
l a c  i a l  
dac i t O  
d i o  i a l  
J ~ P  x  

o c l ,  d i o  i i s i  
J ~ P  x  

/output r o u t i n e  

o u t ,  l i o  100 
s z s  36 
PPa 
s z s  i 66 
tyo  
JmP x  

/ e r r o r  p r i n t o u t  

e r r ,  c l f  6 
dap e r x  
l a c  i e r x  
dac  e r n  
law erm 
c a l  p r a  
s t f  6  
idx e r x  

e rx ,  e x i t  

e rn ,  O . + 1  
347776 

n , f ro ,  n i 1  

def  i n e  e r r o r  F 
J sp  e r r  
F 

/garbage collecter, non-compacting 

gc 9 dap gcx 
d i o  g a l  
d i o  g f r  
l a c  g f r  
sar 2 s  
s za  
J sp  g f r + l  
l a c  f f i  
s z a  i 
J ~ P  gco 
l a c  100 
jda g f r  

G O ,  l a c  i l o b  
jda g f r  
l a c  i s i  
s a s  ( i s i - 1  
Jmp g c i  
law p d l + l  
dac g l  

~ C P Y  l a c  i g l  
Jda g f r  

BU: 7: 
sad p d l  
J ~ P  g2e 
J ~ P  gcp 

/mark one l i s t  

g f r ,  O 
dap g f x  
l a c  g f r  
r a l  1s 
SPq 
J ~ P  gfx 
l a c  pd l  
jda pwl 

gfn, l i o  i g f r  
i d x  g f r  
l a c  i g f r  
Spa 
jmp f u  
i o r  Fadd 
dac i g f r  
SP 1 
J ~ P  gfd 
j d a  pwl 



s p i  1 
3mp gfa  

j s p  uwl 
d i o  g f r  
s a s  g f r  
jmp g f n  
e x i t  

rir 1s 
d i 0  go 
dac  g f r  
i d x  go 
l a c  i go 
Spa 

E: f lZd  
dac i go 
dac O 
xor  t add  
sas n 
J ~ P  g f l  
jmp gfn 

c o l l e c t o r ,  l i n e a r  sweep phase 

l a c  f r o  
dac go 

i d x  go 
110 i go 
s m i  
jmp g2f 
ri1 1s 
s i r  1s 

d i 0  1 go 
i d x  go 
s a s  h i  
jmp g2n 

l i o  g a l  

e x i t  

l i o  f r e  
sub (1 
dac f r e  
JmP g2a 

sad n 
jmp gcp-2 
dac g f r  
dac go 
l a c  p d l  
jda pwl 
law gcp-2 
dap g f x  
A ~ D  .Cf1 

aso,  c a l  a s c  
jmp a s e  
JmP x 

a s e ,  l a c  a2 
c a l  cns-1 
jmp evo 

a s r ,  110 a r 2  
a s c ,  d i o  a l  

l a c  a l  

a s l ,  sad n 
jmp x 
l a c  1 a l  
dac  t O  
l a c  i t O  
sad 100 
jmp a s 2  
i d x  a l  
l a c  i a l  
dac  a l  
jmp a s 1  

a s 2 ,  i d x  i p d l  
l a c  t O  
JmP x 

/program f e a t u r e  

Pgm~ l a c  pa3 
jda p w i  
l a c  pa4 
jda pwl 
dzm pa4 
d i o  a r 2  
110 i 100 
i d x  100 
l a c  1 100 
dac pa3  
d i o  a r l  

/append program var1 

l a c  a r l  

P g 5 ~  sad n 
jmp pg6 
l a c  i a r l  
c a l  cns-1 
l i o  a r 2  
c a l  cns 
dac  a r 2  
i d x  a r l  
l a c  i a r l  
dac  a r l  
jmp pg5 



/expand g o - l i s t  (on  a - l i s t )  

pg6, l a c  pa3 

Pg7 9 dac a r l  
sad n 
JmP Pgo 
l a c  i a r l  
c a l  c a r  
sma 
JmP pg9 
l a c  a r l  
110 a r 2  
c a l  cns 
dac a r 2  

Pg9, i d x  a r l  
l a c  i a r l  
jmp pg7 

/process program 

Pgo 9 l a c  pa3 

pgl ,  sad n 
J ~ P  pg2 
l a c  1 pa3 
c a l  c a r  
Spa 
J ~ P  pg3 
l a c  a r 2  
jda pwl 
l a c  100 
c a l  evo 
j sp  uwl 
d i o  a r 2  
c l a  
s a s  pa4 
jmp pg4 

pi33 , i d x  pa3 
l a c  i pa3 
dac pa3 
J ~ P  p g l  

/ terminate  program 

pg4, l a c  pa4 
Pg2 , jda uw 

d i o  pa4 
j sp  uwl 
d i o  pa3 
l a c  uw 
jmp x 

r e t ,  dac pa4 
jmp x 

goe, l i o  100 
l a c  n 
c a l  cns 
dac pa3 
jmp prx  

s t q ,  dac a r l  
d i 0  t l  
l a c  i a r l  
c a l  a s c  
J ~ P  qa4 
jda pwl 
l a c  a r l  
c a l  c d r  
c a l  c a r  
110 t l  
c a l  e v l  
jda uw 
d i 0  t O  
i d x  t O  
l a c  UN 
dac  i t O  
J ~ P  x 

/CDR 

cdr ,  

/CAR 

c a r ,  

x , 

r x  9 

/ATOM 

atm, 

t r u ,  

/NULL 

nu l ,  

/EQ 

eqq, 

i d x  100 

l a c  i 100 

jda uw 
d i o  r x  
l a c  uw 
e x i t  

l a c  i 100 
s m a  
jmp f a 1  

lac, tr 
J ~ P  x 

d i o  a l  
sad a l  
jmp t r u  
l a c  i a l  
and i 100 

jmp f a 1  



l a c  100 
c a l  vad 
sad a 0  
jmp t r u  
jmp f a 1  

r d c ,  i d x  100 
sub ( 1  

rda ,  d i o  i 100 
JmP x 

Y i o r  (add 
dac  100 
l i o  n  

cns,  i d x  f f i  

cnc, l a c  f r e  
sad n  
JmP gcs  

cna, dac  t O  
l a c  100 
dac i f r e  
i d x  f r e  
l a c  i f r e  
d i o  i f r e  
dac  f r e  
l a c  t O  
JmP x 

P ~ S  Y c a l  e l c  
l i o  (add a0 

PI z Y dzm a 0  
pl19 d i 0  p l 0  
~ 1 2 ,  sad  n  

jmp pie 
dac a l  
l a c  i a l  
c a l  vag 

p l 0  9 O 
dac  a0  
l a c  a l  
c a l  c d r  
jmp p l 2  

pie Y l a c  a0 
jmp c r n  

LOGAND, LOGOR, TIMES 

l i o  ( -C i  
d i o  a0 
l i o  (and a0 
jmp p l 1  

hW Y c a l  e l c  
l i o  ( i o r  a0  
jmp 

t i m ,  c a l  e l c  
l i o  (1 
d i o  a 0  
l i o  (jmp t i c  
Jmp p l 1  

t i c ,  mu1 a 3  
s c r  1s 
d i 0  100 
add 100 
jmp p l o + l  

jSP gc 
l a c  f r e  
sas n  
jmp cna 
Jmp q g l  

t p r ,  law 77 
c a l  pc 
Jmp P ~ X  

p r l ,  l a c  i 100 
sma 
JmP p l  
sub ? l a c  
Spa 
Jmp p r n  
and (-jmp 

sad n  
jmp x 
dac a0 
l a c  i a0 
r a l  6 s  
c a l  pc 
l a c  i a0 
r a r  6s  
c a l  pc 
l a c  i a0 
c a l  pc 
idx a 0  
l a c  i a0 
3mp p r a  

&ay  c a l  e l c  



prn,  l a c  100 
c a l  vag 
dac t l  
c l f  2  
s e t u p  t0 ,6  

prv,  l i o  t l  
sad (-1 
s t f  2  
c l a  
r c l  3 s  
d i 0  t l  
s z a  i 
law 20 
sad (20  
s z f  2  
c a l  pc 
i s p  t O  
JmP Prv 
jmP Prx 

nmP 9 l a c  i 100 
and [ jmp 
sad jrnp 
jmp t r u  
jmp f a 1  

/do a  CONS i n t o  f u l l  word space 

c f ,  l i o  n  

cpf 9 dzm f f i  
jmp cnc 

min, c a l  vag 
cma 
jmp c r n  

xeq, c a l  vad 
l a c  tr 
dac t l  
l a c  a2 
c a l  vag 
l i o  a0  
d i o  x e i  
l a c  a l  
110 uw 

x e i ,  O 
jmp xen 
d i o  a2 

xer ,  c a l  c rn  
dac a r l  
l a c  a2 
c a l  c rn  
dac a r 2  

l a c  t l  
c a l  cns-1 
l i o  a r 2  
c a l  e f c  
110 a r l  
dac  100 
jmp e f c  

xen, d i o  a 2  
l i o  n  
d i 0  t l  
jmp x e r  

gsm, law g s t  
dac t O  

g s i ,  idx i t O  
sad (12 
jmP Sn 
sad 721 
l a w  1 
dac i t O  

gSP 9 l a c  gs t+2 
r a i  6s  
i o r  g s t + l  
r a ï  6 s  
i o r  g s t  
c a l  c f  
law 6700 
i o r  gst+4 
r a ï  6 s  
i o r  gs t+3 
l i o  t O  
c a l  cpf 
c a l  mka 
J ~ P  x  

gsn, l a w  20 
dac  i t O  
i d x  t O  
sas (gs t+5  
jmP g s i  
JmP gsP 

qat , c a l  vad 
l i o  a0 
c l a  
s p i  
c l c  
r c l  1 s  
d i v  a l  
JmP q i 4  
jmp c rn  

cnà, d i o  a r 2  



dac a r l  
sad n 
JmP s a 3  
jda pwl 
l a c  a r 2  
jda pwl 
l a c  1 a r l  
c a l  c a r  
c a l  evo 
jda  uw 
d l o  a r 2  
j s p  uwl 
d i o  a r l  
l a c  uw 
s a s  n 
jmp cdy 
i d x  a r l  
l a c  i a r l  
jrnp cd1  

l a c  1 a r l  
c a l  c d r  
c a l  c a r  
jrnp evo 

S ~ P  Y c a l  vag 
h l t + c l i - o p r  
JmP Prx  

g r p  Y c a l  vad 
c l 0  
sub a 0  
S zo 
l a c  a l  
sma 
jrnp f a 1  
jrnp t r u  

/get  a c h a r a c t e r  

ava , s z s  50 
jrnp a v l  
c l  1 

a m 9  l a c  77 
s z a  1 
jrnp a v r  
r c l  9 s  
d i o  1 avx 
r a l  2 s  
SPq 
jmp ava 
r a l  7 s  
i o r  ( r a r  
dac  avc  
law 525 

avc ,  xx 
sma 
J ~ P  qc3 

a v t ,  law 77 
and avc 
s a s  72 
sad 174 
dac c s l  
sad c s l  
jrnp ava  
jmp x 

a v r ,  Index avx,ave,avx 
i n i t  avxybuf  
dap avs  

avn, rPa  
r c r  9 s  
r P  a 
r c l  9 s  

avs ,  d i o  xy 
s t e p  a v s , d i o  100,avn 
jrnp ava  

a v i ,  s z f  i l  
jrnp ava 
t y i  
c l f  1 
d l o  avc 
jrnp a v t  

/ terminate  p r i n t  name 

mkn, law 72 
sas cso 
c a l  oc 
l d x  l s l  
dac  t O  
110 n 
d i o  i s i  
l a c  1 t O  
d i 0  1 t O  
J ~ P  x 

/pack c h a r a c t e r  i n t o  p r i n t  name 

pak, dap 
l a c  
s ad 
jmp 
dac 
c a l  

p k l  Y law 
dac 
JmP 

s t a r t  

p k l  
c s i  
C S 0  

p k l  
C S O  
O C  



Lisp i n t e r p r e t e r  3-20-64, p a r t  2 

/PR INT 

prit, 

pnl ,  

pn5 Y 

pn2 , 

pn6, 

pn3, 

pn7 

/RE AD 

ri8, 
r i 9  Y 

r i n ,  

ris, 

dac a0 
dac a l  
c a l  t p r  

l i o  i a0 
s p i  
jmp pn2 
law 57 

c a l  pc 
l a c  a0  
c a l  cdr 
jda pwl 
l i o  i a0 
d i o  a0 
jmp pn l  
l a c  a0 
c a l  p r l  

jsp uwl 
c l a  
d io  a0 
SPI 
J ~ P  pn7 
l i o  i a0 
s p i  i 
J ~ P  pn5 
l a c  a0 
sad n 
JmP pn3 
law 73  
c a l  pc 
l a c  a0 
c a l  p r l  

l a w  55 
c a l  pc 
JmP pn6 

c a l  pc 
l a c  a l  
jmp a0 

O 
O 
l a c  r x  
dac a r l  
dzm r i 9  

jsp rhe  
sza i 
jrnp r i c  
sad ( 57 
jrnp r i a  
sad (55  
jrnp r i b  

r i d ,  s p i  
jrnp r i 2  

r i q ,  idx a r l  
l a c  i a r l  
d io  i a r l  
dac r i 9  
jsp rhe  
jrnp r i x  

r i 3 ,  dac r i 9  
jrnp ri3-2 

r i 2 ,  l a c  (jmp r i 3  
jda pwl 
law r i c  

/read symbol and terminator 

rhe, dap rhx 
c l f  5 
dzm t l  
law isi-1 
dac i s i  
dzm isi-1 
law 72 
dac cso 

rhn, c a l  ava 
dac 100 
l i o  c s i  
rir 3s 
SPI 
jmp rhb 
sad (33 
c l a  
sas  57 
sad [55 
JmP rye 
sad (73  
j m ~  rYe 

rhb, sad (56 
J ~ P  ryo 
sad (77 
jrnp rhn 
sad (36 
c l a  
sza i 
jmp rye 
sad (75 
jrnp rhe+l  
law i 7 
and 100 
sza i 
jmp ryn 
l a c  100 
sad (20 
jmp ryn 



ryp,  s t f 5  
c a l  pak 
jrnp rhn  

r y  j, l a c  t l  
c a l  c r n  
jrnp r h r  

ryo,  c a l  ava 
jmp rYP 

/symbol lookup 

r y e ,  dac  ri8 
c a l  mkn 
dac a 0  
sad n  
jmp r Y Y  
s z f  i 5 
J ~ P  r y j  
l a c  i l o b  

r y s ,  dac t O  
sad  n  
jmp rYc 
l a c  i t O  
dac  t l  
l a c  i tl 
dac t l  
l a c  a0 

ryw, dac a l  
s a s  n 
.P~P r y t  
sad t l  
jrnp rhh  

ryd,  i d x  t O  
l a c  i t O  
jmp r y s  

r y t ,  l a c  t l  
sad n  
JmP ryd 
l a c  i a l  
s a s  i tl 
J ~ P  ryd 
i d x  t l  
l a c  i tl 
dac t l  
i d x  a l  
l a c  i a l  
jmp r Y w  

r y c ,  l a c  a0  
c a l  mka 
l i o  i l o b  
c a l  cns  
dac  i l o b  

rhh,  l a c  i t O  
jrnp r h r  

ryn ,  l i o  100 
l a c  t l  
rir 3s 
r c l  3s  
dac t l  
l a c  100 
jmp rypt-1 

r y y  Y c l c  
l i o  ( i s i - 1  
d i o  i s i  

r h r ,  dac  t O  
l a c  r i 9  
1i0 r i8  
d i o  r i 9  
l i o  t O  

rhx,  e x i t  

/, space  t a b  

r i c ,  l a c  a r l  
SP 1 
jrnp r i s  
Spa 
jmp r i 4  

r i o ,  d i o  t O  
c a l  c d r  
l i o  t O  

r i e ,  swap 
c a l  cns  
i d x  u r l  
l a c  t O  
dac  i a r l  
dac  a r l  
jrnp r i s  

r i 4 ,  l a c  t O  
jrnp a r l  

r ia ,  d i o  t O  
l a c  a r l  
jda pwl 
l a c  t O  
Spa 
jrnp r i z  

r i y ,  c a l  cns-1 
dac  a r l  
l i o  a r l  
c a l  r d c  
jrnp r i s  

r i z ,  dzm a r l  
jmp r i s  



r i b ,  idx  a r l  
l a c  i a r l  
l i o  n 
d i o  i a r l  

r i x ,  jda uw 
d i o  a r l  
ri1 1s 
l a c  uw 
s p i  
jrnp a r l  
l i o  uw 
l a c  a r l  
s z a  
jrnp r i o  
l a c  uw 
JmP r i y  

/EVAL 

e v l ,  d i o  a r 2  

evo, dac a r l  

/evaluate  c u r r e n t  express ion  

ev2, l a c  a r l  
s z s  1 0  
c a l  pn t  
l a c  i a r l  
Spa 
jrnp e l  
dac t O  
l a c  i t O  
Spa 
jmp e2 

evc, idx  a r l  
l i o  i a r l  
l a c  uw 
dzm a r l  
c a l  cns 
jrnp evo 

/x i s  atomic : sea rch  a-list ,  
t h e n  p - l i s t  

e l ,  ral  1s 
Spa 
jrnp en1  
l a c  a r l  
c a l  a s r  
jmp ev5 
c a l  c d r  
JmP ex  

ev5, l a c  a r l  

ev4, c a l  c d r  
sad n  
J ~ P  qa8 
dac t O  
l a c  i t O  
sad l a p  
jrnp ev6 
idx  t O  
l a c  i t O  
jrnp ev4 

ev6, i d x  t O  
l a c  i t O  
c a l  c a r  
jrnp ex 

/car[x]  n o t  atomic e n l ,  l a c  a r l  

sad l l a  
JmP e 3  
l a c  a r 2  
jda pwl 
l a c  a r l  
jda pwl 
l a c  i a r l  
c a l  evo 
j sp  uwl 
d i o  a r l  
jsp  uwl 
d i o  a r 2  
jrnp evc 

/evaluate  func t ion  name and t r y  aga in  

ev3, l a c  i a r l  
c a l  a s r  
jmp s a 8  
c a l  cdr  

/ e x i t  f  rom EVAL 

ex, s z s 1 0  
JmP prit 
jmp x  

/ c a r [ x ]  i s  atomic : sea rch  
i t s  p - l i s t  

e2, l a c  t O  

ev8, c a l  
s ad 
JmP 
l a c  
s ad 
J ~ P  
s ad 
Jmp 
s ad 

c d r  
n  
ev3 
i uw 
I f s  
e f s  
I s b  
e s b  
IXP 



jmp exp 
sad l f x  

/funetion i s  SUBR 

jrnp e fx  
idx  t l  
l a c  1 tl  
jrnp ev8 

e f s ,  i d x u w  
l a c  1 uw 
c a l  c a r  
c a l  vag 
dac exx 
ldx  arl 
l a c  i a r l  
l i o  a r2  

exy, dac 100 
dzm a r l  

exx, O 
jmp ex 

e fx ,  idx  uw 
l a c  1 uw 
c a l  c a r  
jda pwl 
l a c  a r l  
c a l  cdr  
c a l  e fq  
jda pwl 
l a c  a r 2  
c a l  e fq  
c a l  cns-1 
jsp uwl 
c a l  e f c  
jsp uwl 
c a l  e f c  
dac a r l  
jrnp ev2 

efq,  c a l  cns-1 
110 t O  
l a c  l qu  
dac 100 
jrnp cns 

e f c ,  d io  100 
110 t O  
jrnp cns 

/ funct ion i s  EXPR 

exp, idx uw 
l a c  i uw 
dac a l  
idx  a r l  
l i o  i a r l  
dzm a r l  
l a c  i a l  
c a l  cns 
jrnp evo 

esb, idx 
l a c  
c a l  
Jda 
l a c  
c a l  
1 i o  
c a l  
J ~ P  

U W  

1 uw 
c a r  
P W ~  
a r l  
cdr  
a r  2 
e l c  
e l s  

/evaluate argument l i s t  : a l s o  LIST 

e l c ,  s a d n  
J ~ P  x  
dac a r l  
dPo a r 2  
l a c  a r 2  
jda pwl 
l a c  a r l  
dzm a r l  

e l e ,  110 1 pdl 
dac t O  
jda pwl 
l a c  a r l  
jda pwl 
l a c  i t O  
c a l  e v l  
c a l  cns-1 
jsp uwl 
d l o  a r l  
l i o  t O  
l a c  a r l  
sza i 
d i o  a r l  
idx  a r l  
sub (1 
s a s  t O  
l i o  i a r l  
l a c  tO 
dac i a r l  
dac a r l  
idx  t O  
d i 0  i t O  
jsp uwl 
swap 
c a l  cdr 
s a s  n  
jrnp e l e  
jsp uwl 
d i o  a r2  
idx a r l  
l a c  i a r l  
l i o  n  
d io  i a r l  
dac a r l  
s z s  10 
c a l  pnt 
l a c  a r l  
jmp x 



e ls ,  dac a r l  
j sp  uwl 
swap 
c a l  vag 
dac  exx 
i n i t  esa,aO-1 

/ s t o r e  arguments f o r  subrout ine  

l a c  a r l  
eda, sad n 

jmp exs  
i d x  e s a  
sad (dac  a2+1 
JmP qa7 
l a c  i a r l  

esa ,  d a c x y  
i d x  a r l  
l a c  i a r l  
dac a r l  
jmp eda 

exs,  l a c  a0 
l i o  a l  
jmp exy 

/caar[x]  = LAMBDA 

e3, l a c  a r l  
jda pwl 
l a c  a r 2  
jda pwl 
l a c  i a r l  
c a l  c d r  
c a l  c a r  
jda pwl 
l a c  a r l  

c a l  c d r  
l i o  a r 2  
c a l  e l c  
dac  a r l  
j s p  uwl 
d i o  a0  
j sp  uwl 
d i o  a r 2  

e p l ,  l a c  a0 
sad n  
jmp ep2 
l a c  arl 
sad n  
J ~ P  q f 3  
l a c  i a 0  
110 i a r l  
c a l  cns 
l i o  a r 2  
c a l  cns 
dac a r 2  
idx  a0 
l a c  i a0 
dac a0 
idx  a r l  
l a c  i a r l  
dac  a r l  
jmp e p l  

ep2, s a s  a r l  
jmp qf2 
jsp  uwl 
d i 0  a r l  
l a c  i a r l  
c a l  cdr  
c a l  cdr  
c a l  c a r  
jmp evo 



/ e r r o r  h a l t  e n t r l e s  

qa3, l a c  n 
s a s  pz? 
jmp x  
e r r o r  f l e x  i c d  
l a c  n  
J ~ P  x  

qa4, e r r o r  f l e x  uss  
jmp Prx 

qa7, e r r o r  f l e x  tma 
jmp exs  

qa8, e r r o r  f l e x  uas 
c l f  6 
l a c  a r l  
c a l  p n t  
c a l  t p r  
jmp go 

qc3, e r r o r  f l e x  i l p  
law 377 
and 2vc 
h l t + c l i - o p r + l  
jmp ava 

qf2 ,  e r r o r  f l e x  l t s  
JmP go 

qf3 ,  e r r o r  f l e x  a t s  
jmp go 

qg2, e r r o r  f l e x  pce 
jmp go 

q g l ,  e r r o r  f l e x  sce  
JmP go 

l a c  100 
dac  a2 
e r r o r  f l e x  nna 
c l f  6 
l a c  a2 
c a l  p n t  
c a l  t p r  
jmp q i x  

q i 4 ,  e r r o r  f l e x  ovf 

q ix ,  c l a  1 6  
jmp c r n  

q p l ,  e r r o r  f l e x  ana 

/undefined atom i n  SETG 

/ too many a r g s  

/unbound atomic symbol 

/ i l l e g a l  p a r i t y  

LAMBDA l i s t  too  s h o r t  

/ a r g l i s t  too  s h o r t  

/pushdown cap. exc.  

/ s to rage  cap. exc.  

/non-numeric a r g  f o r  a r i t h .  

/overf low 

/arg n o n - a t o ~  f o r  P R I N l  

p r x , f a l ,  l a c  n  
jmp x  

s t a r t  



lisp storage 3-23-64 

constants 

/special symbols 

wu, quo 
lla, lam 
lap, apv 
lob, obl 
lsb, sbr 
Ifs, fsb 
lxp, xpr 
lfx, fxp 
fre, ni1 
bfw, frs-4 
tr, t 

pdl, pdo-1 

arl, ni1 
ar2, ni1 
pa3, ni1 
pa4, 0 

/load storage parameters 

lio mz 
clc+hlt-opr 
lat+cli-opr 
and ad 
dac hi1 
hlt 
lat 
and ad 
dac lpl 

law i end 
add hi1 
Spa 
jmp pdo 
law 1 frs-pdo 
add lpl 
Spa 
jmp Pd0 
law i pdo+end-frs 
add hi1 
sub lpl 
Spa 
jmp Pd0 

/set up registers 

stu, law pdo 
add lpl 
dac fro 
lio hi1 

rcr 1s 
ri1 1s 
di0 hi 
law end 
dac tO 

/relocate storage 

rrs, law i 1 
add tO 
dac tO 
law i 4 
add i tO 
sma 
jsp rrl 
jsp mvs 
law i 1 
add tO 
dac tO 
sub frl 
Spa 
jsp rrl 
jsp mvs 
lac tO 
sas ofs 
jmp rrs 
law ssy 
dac tO 

/relocate special registers 

rss, jsp rrl 
idx tO 
sas esy 
jmp rss 
lac i lob 
jda gfr 
law go 
dap gcx 
jmp g2e 

/relocate 1 word, move 1 word 

rrl, dap rrx 
lac i tO 
and ad 
sub ofr 
Spa 
jmp rrx 
lac i tO 
add fro 
sub ofs 
dac i tO 

rrx, jmp . 
mvs, dap mvx 

lac tO 
add fro 
sub ofs 
dac tl 
lac i tO 
dac i tl 



mvx, jmp . f s u b r  f 6  
subr  f7 
subr  f 8  
subr  f12  
subr  f13 
f s u b r  f l 4  
subr  f 1 8  
subr  f 2 1  
subr  f24  
subr  f 2 6  
subr  f27  
s u b r  f32  
subr  f 3 3  
subr  f34 
f  subr  f50  
subr  f 5 1  
subr  f52  
f s u b r  f  53 
s u b r  f54 
f s u b r  f60 
f s u b r  f 6 1  
f s u b r  r02 
f  s u b r  f63  
s u b r  fOO 
s u b r  f o l  
subr  f a 3  

/ cons tan t s  e t c .  

ad, 177777 
1~1, 0 
h i l ,  0 
m= , -0 
o f s ,  f r s  
f r l ,  f w s  
esy ,  pdo 
o f r ,  pdo 

def  i n e  . +2 
add X 
termin 

i tem X 
+3 

n i 1  

def  i n e  
A 
termin 

next  A . +1 

def  i n e  . +2 
add F+2 
s b r  
F 
termin 

subr  F 
+7 . +1 . +1 

n i  1 
f subr  f b 5  
i t em f40 
i t e m  f 4 2  
i tem f 4 3  
i tem f44 
i tem f 4 5  
i tem f 4 6  

def  i n e  . +2 
add F+2 
f s b  
F 
termin 

f s u b r  F 
+7 . + 1  . +1 

n i 1  

nex t  t 
next ob j 
s u b r  f b 2  
subr  f b 3  
subr  fb4 
n i 1  

apval  A . +1 
n i 1  

def  i n e  
apv 
A 
termin 

n i l ,  add f  38 

def  i n e  
opr  A 
termi n 

l o c a  A 
O 

t , add f 3 7  

kz, apval  n i 1  

def  i n e  
X 
termin 

k t ,  apval  t 

o b j ,  a d d f b O  
apv 

ob l ,  01s def  i n e  
X 
naml Y 
termin 

/abject l i s t  
def  i n e  

X 
nam2 Y , Z  
termin 

o l s ,  subr  f 2  
subr  f 3  
subr  f 4  



/SUBRs and FSUBRs 

f2,  loca  atm 

f3,  l oca  c a r  

f4 ,  l oca  cdr  

f6 ,  l oca  cnd 

f7,  l o c a c n s  

f8,  l oca  eqq 

f12, loca  gsm 

f13, l o c a g r p  

f14, loca  e l c  

f18, l oca  min 

f21, l oca  nmp 

f24, l o c a s t p  

f26, loca  p r l  

f27, loca  qot  

f32, l o c a r d a  

f33, l oca  rdc 

fOO, loca  xeq 

f o l ,  l oca  c rn  

f34, loca  t p r  

f50, l oca  pgm 

f51, l o c a r e t  

f52, l o c a g o e  

f53, loca  s t q  

f54, loca  aso 

fb2, loca  r i n  

fb3, l oca  e v l  

fb4, loca  pnt  

fb5, loca  c a r  

fa3, loca  nul  

f60, l oca  p i s  

nam2 f l e x  ato,767644 

naml f l e x  c a r  

naml f l e x  cdr  

nam2 f l e x  con,767664 

nam2 f l e x  con,767622 

naml 766550 

nam2 f l e x  gen,f lex sym 

nam3 f l e x  g re , f l ex  ate,765147 

nam2 f l e x  1is,767623 

nam2 f l e x  min,762422 

nam3 f l e x  num,flex ber,767647 

nam2 f l e x  sto,767647 

nam2 f l e x  p r i ,  764501 

nam3 f l ex  quo,f l ex  tie,764523 

nam2 f l e x  rp1 , f lex  aca 

nam2 f l e x  rp1 , f lex  acd 

naml f l e x  xeq 

naml f l e x  l oc  

nam2 f l e x  t e r , f l e x  p r i  

nam2 f l e x  pro,767667 

nam2 f l e x  r e t , f l e x  urn 

naml 766746 

nam2 f l e x  set,767650 

nam2 f l e x  s a s , f l ex  soc 

nam2 f l e x  rea,767664 

nam2 f i e x  eva,767643 

nam2 f l e x  pri,764523 

nam2 f l e x  quo,762365 

nam2 f l e x  nul ,  767643 

nam2 f l e x  plu,767622 



f61, l oca  t l m  nam2 f l e x  tim,766522 

f62, 10ca l g a  nam2 f l e x  l og , f l ex  and 

f63, l oca  l go  nam2 f l e x  log,764651 

/miscellany 

f38, naml f l e x  n i 1  

f40, nam2 f l e x  lam,flex bda 

f42, nami! f l e x  apv,766143 

f43, nam2 f l e x  sub,767651 

f44, nam2 f l e x  exp,767651 

f45, nam2 f l e x  fsu,766251 

f46, nam2 f l e x  fex,764751 

fbO, nam2 f l e x  ob1,flex 1st 

f37, naml 767623 

end, 

s t a r t  pdo 



2. Alphabetic Listing of Defined Macro Symbols 

Following is an alphabetic listing of the defined symbols 
used in the macro symbolic program for Basic PDP-1 LISP. The 
listing shows either the numeric meaning of the instruction or 
the numeric register (octal) in which the subroutine commences 
For the mnemonic derivation or significance of the symbols, 
see Section 4 below. 

l a p  
I f s  
I f x  
I l a  
l o b  
Iqu  
I s b  

a2  
ad 
apv 
a r l  
a r 2  
a0 
a s 1  
a s2  
asc  
a se  
aso 
a s r  
atm 
ava 
avc 
î v e  
a v i  
avn 
av r  
avs 
av t  
avx 
beg 
bfw 
buf 
c a r  
cd1 
cd r  

c l 0  
cna 
cnc 
cnd 
cns 
cpf 
c rn  
c s i  
C S 0  
dba 
dc c 
d i a  
div 
dra 
e l  
e2  
e3 
eda 
e fc  
efq  
ef  s 
e fx  
e l c  
e l e  
e l s  
e n l  
end 
e p l  
ep2 
eqq 
erm 
ern  
e r r  
erx 
esa 
esb 
esy 
ev2 
ev3 



ev4 
ev5 
ev6 
ev8 
evc 
e v l  
evo 
ex 
exp 
exs  
exx 
exY 
f i 2  

"2 fl 
ri8 
f 2 
fa 
f 24 
f 26 
f 27 
f 3  
f 3 2  

;b2 Lb 
Fb5 
Yb0 
fÎi 
i're 
îrl 
f r o  
~ P S  
Ln01 
fOO 
rsb 
fws 
Îxp 
e;l 

hi1 
ioh 
isi 
kt 
kz 



l a i  
lam 
lga 
lgo 
l i a  
IPI 
min 
mka 
mkn 
mu1 
mvs 
mvx 
mz 
n 
n i  1 
nmP 
nul  
ob j 
obl  
oc 
oc1 
of r 
of s 
01s 
out  
pa 3 
pa4 
pak 
PC 
PC c 
Pch 
pdl  
pdo 

q i  
q ix  
qat 
QI 
quo 
rda 
rdc 
r e t  
rhb 
rhe 
rhh  
rhn 
r h r  
rhx 
ri 2 

ri 9 
r i a  
r i b  
r i c  
r i d  
r i e  



pin 
r i o  
r i q  
ris 
r i x  
r i y  
r i z  
rrl 
rrs 
r r x  
rss 
P X  

ry  c 
ryd 
ry e 
ry j 
ry n 
r i o  
ryP 
ry s 
ryt 
ryw 
ryy 
sbr  
sr"t 
s m i  
s n i  

SPq 
s SY 
s t p  
s t q  
s t u  
SWP 
SZ1TI 
t 
t l  
t i c  
t  i m  
t p r  
t r  
t r u  
t O  
uw 
uwl 
UIiX 
vad 
va g 
X 
xe i  
xen 
xeq 
xer  
xpr 
XY 



3. Numeric Listing of the Defined Macro Symbols 

Following is a listing in numerical order by register 
number or other meaning of the defined symbols in the macro 
symbolic program for Basic PDP-1 LISP. 

csi 
CS0 
Ifi 
gai 
isi 
gst 
a0 
a l  
a2 
Pwl 
PWX 
uw 
uwl 
UWX 
buf 
ave 
c r n  
PC 
PCC 
Pch 
va g 
vad 
OC 
oc 1 
out 
e r r  
e rx  
erm 
ern 
r r o  
n 
gc 
e;c 0 
gc P 

gr" n 
g f d 
gru 
gfx 

as0 
:i s e 
2sr 
asc 
as1 
as2 
P m  
Pgs 

pg3 
pg4 
pg2 
r e t  
goe 
s t q  
cdr 
c a r  
X 
rx  
atm 
t r m  
nul 
eqq 
rdc 



rda 
mka 
cns 
cnc 
cna 
PIS  

t i c  
gc s 

pra 
Pm 
Prv 
nmP 
cf 
cpf 
min 
xeq 
xei 
xer 
xen 
gsm 
g s i  
gsP 
gsn 
qat 
cnd 
cd1 
cdy 
s t p  
grP 
ava 
avx 
avc 
avt  
avr  
a vn 
av s 
av i  
mkn 
pak 

- 

pn3 
pn7 
ri8 
r i 9  
r i n  
ris 
r i d  
r i q  
r i3 
ri 2 
rh e 
rhn 
rhb 
ryp 
rys 
ry 0 

T'Y e 
KY s 
ryw 
ryd 
r'Yt 
I-ic 
rhh 
ryn 
ryy 
r h r  
rhx 
r i c  
r i o  
rie 
r i 4  
r i a  
r i y  
r i z  
rib 
r i x  
e v l  
evo 
ev2 
ev3 
evc 
e l  
ev5 



ef s 
exy 
exx 
e fx  
efq  
ef c 
exp 
esb 
e l c  
e l e  
e l s  
eda 
esa 
exs 
e3  
e p l  
ep 2  

qa2 qa 
qa 7 
qa8 
SC 3 
qf2  
sf3 
qg2 
qg l  

q i  "'2 
q ix  
m l  
fa1  
Prx 
Qu 
SSY 
I l a  
l a p  
l o b  
I s b  
I f s  
IXP 
l f x  
i r e  
bfw 

tr  
pd l  
a r l  
a r 2  
pa3 
~ 2 4  
pdo 
s t u  
rrs 
rs S 
rrl 
r r x  
mvs 
mvx 
ad 
 PI 
h i 1  
mz 
of s 
Pr1 
esy 
o f r  
îrs 
n i  1 
t 
kz 
k t  
ob j 
obl  
01s 
quo 
lam 
apv 
s b r  

f s b  
fxp 
f 2  
f w s  

f f2 
r6 
f'7 
f 8  
f12 

f i  
f i 8  
f 21 



f 61 
f62 
f63 

f42 

f4  
f45 
f46 
fbO 
f37 
end 



4. Mnemonic Key or Derivation of Symbols 

The purpose of t h i s  l i s t i n g  i s  t o  s t a t e  the  mnemonic key or 
derivation, and here and there some comments, for  many of the 
sjmbols used i n  the  M A O  symbolic l i s t i n g  of Basic FDP-1 LISP. 
I n  t h i s  way the BdACRû symbolic may be more eas i ly  read with 
understmding. For example, t o  know t h a t  npdltl stands f o r  npush 
dom l ist t t  i s  helpful. 

Some of the  symbols there included however have been omitted 
from this l i s t i n g ,  par t icu lar ly  those symbols which d i f f e r  onlg 
i n  subscripts from the symbols i n  this l i s t ing .  

a0 
a l  
ar!L 
as2 
ase  
a s  O 

atm 
ava 

avc 

ave 
avi 

argument, eub zero 
argument, sub one 
argument one 
ASSOC, sub two 
ASSOC, entry 
ASSCC, or ig in  
atom 
g e t  a character, 

advance 
advance, compute 

pari ty  
advance, end 
advance, i n  from 

typewriter 
advance, next 

av r  
avs 
av t  

buf 
car  

advance, reader 
advance, s t o r e  
advance, truncate (to 6 

b i t s  from reader) ; 
also,  detecting upper 
case o r  lower case in 
the  s ign b i t  

advance, index 
beginning 
be inning of f u l l  words 

Tend of push dom 
l i s t )  

W f  e r  
CdEi (contents of ad- 

dress  yegis te r )  



c a  
cdr 

c f a  

cna 
cnd 
cns 
c m  
cpf 

eda 

ef c 
e fq 
e f s  

efw 
efx 

e l c  

erm 
ern 
e r r  
erx  

GOND, sub one esa 
CDR kontents  of Qecre- esb 

ment yegister)  
COND, sub y ev2 
cons, f u l l ;  do a CONS 

in to  f u l l  word space ev3 
CONS in to  f u l l  word 

space, sub a 
CONS:, sub a 43-74 
CûND evc 
CONS evl  
create nunber evo 
CONS pair i n  f u l l  word ex 

S P C 8  eV 
evaluate, sub one 
evaluate, sub 2; CAFt X ex8 

is atomic, search its exx 
P-lis t f a l  

evaluate, sub 3 CBAR X f r e  
equals W D A  

evaluate, sub 4; Cm X 
equals LhE3EL f r s  

entry, deposit argument frif 
(store arguments fo r  
subroutine) fis 

evaluate, function sub c go 
evaluate, f'unction sub q 
evaluate, function is an 
FS UER 

end of f u l l  words 
gl 

evaluate, function is a 
FEXPR g2a 

evaluate, argument i s  a 
l ist;  also LIST g2e 

evaluate, l ist ,  entry 
evaluate, l is t ,  sub- 132f 

routine 
evaluate, number, sub g2n 

one 
evaluate, pair, sub g2r 

one 
evaluate, pair, sub g2x 

two 
entry point of EQ g d  

(lengthened) 
error message g C 

error name 
error plrintout gc f 
error ex i t  

evaluate, s tore  argument 
evaluate, function is a 

SUBR 
evaluate current expres- 

sion, sub 2 
evaluate, sub 3; (evalu- 

a te  function name and 
t r y  again) 

evaluate, sub 4 
evaluate, construct 
EVAL 
mu, old 
exi t  from EVAL 
evaluate, function i s  
an EXPR 

eval, exit,  subroutine 
evaluate, exit ,  execute 
fa lse  (value is NIL) 
pointer t o  the beginning 

of the f ree  storage 
l i s t  ( a t  top) 

origin of f ree  storage 
f i e ld  number where f u i l  

word storage is kept 
f u i l  word space 
garbage collector, 

temporary storage, 
sub zero 

garbage collector, 
temporary storage, 
sub one 

garbage collector, part 
2, advance 

garbage collector, part 
2, entrg 

garbage collector, part 
2, f r ee  

garbage collector, part 
2, next 

garbage collector,  part 
2, return 

garbage collector, part 
2, ex i t  

garbage collector, argu- 
ment one 

garbage collector , non- 
compact ing 

garbage collector,  f u l l  
word 



hih 

hih-i 

i s i  

min 
mka 
mkn 

nfw 
mP 
nul  
ob j 
o c l  

garbage col lector ,  push- oc3 
down 

garbage col lector ,  s t e p  oc 
garbage col lector ,  e x i t  
garbage, f ree ,  next 
garbage, f ree ;  (not re- ocf 

turned t o  f r e e  storage) 
mark one l i s t  oc j  

garbage, f ree ,  unsave 0 CY 
garbage, f ree ,  e x i t  ofw 
go 01s 
GO (lengthened) 0 UP 
GriEBTERP ( i s  greater  out 

than) pa3 
gensym, index Pa4 
gensym, entry pak 
gensym, next 
genspn, produce PC 
tab le  f o r  symbol 

generator P C C  

high: first address 
beyond f u l l  mord 
space pch 

high minus i 
(10,OCo cc ta l )  

i (10,000 oc ta l )  minus 
number of f u l l  words, 
equals left-over pda 
s pace 

input s t r i n g  i n i t i a l  
~ d b  
pac 

(points t o  a s t r i n g  of pdd 
characters jus t  read pde 
i n  > 

property l i s t  f o r  T 
paf 

property l is t  f o r  NIL 
Pa€! 

LOGAND 
pdi 

L W R  
paj 

length of push-down 
pak 

l i s t  
PU 

UNUS 
pdo 

make atom 
P@ 

terminate p r in t  name, 
pgl 

and make name 
pg2 
P g m  

NIL ( r eg i s t e r  contain- pkl 
ing) 

number of f u l l  words 
NUibIBmP ( " i s  a numberw) 

PE 

NUU p l1  
locat ion of atom OBLIST pl2 
output character, sub  le 

one pl0 

output character, sub 
three 

output character ( pack 
character on to end of 
buf f e r  ) 

output character in to  
f u l l  mord space 

output character,  jump 
output character, e x i t  
o r ig in  of f u l l  gords 
locat ion of OBLIST 
output routine,  p r in t  
output rout ine 
PPm argument, sub 3 
PR@G argument, sub 4 
pack character in to  

p r i n t  name 
p r i n t  o r  punch cherac- 

t e r  
punch character,  compute 

correct  pa r i ty  f o r  
punching 

punch character count, 
producing carriage 
re turn  (generated 
a f t e r  every 64 ( tec i -  
mal) characters) 

push down l i a t ,  sub a 
push donn l i s t ,  sub b 
push down l i s t ,  sub c 
push down l i s t ,  sub d 
push down list, sub e 
push down list, sub f 
push dom list ,  sub g 
push down l ist ,  sub i 
push down l i s t ,  sub j 
push down l ist ,  sub k 
push down l i s t  
push down l i s t ,  or ig in  
program feature,sub zero 
program feature,  sub one 
program feature,  sub tno 
program fea ture  
pack character i n t c  p r i n t  

name, sub one 
pack character i n t c  p r in t  

name, suh two 
plus, sub one 
plus, sub two 
plus, e x i t  
plus, operation 



P ~ S  
p l=  

p d  

Pt 
PA 
Prx 

plil 

PWX 
qa  
qa3 

sa4 

qa7 

qa8 

s c 3  

qf2 

s. 

sd 

qg2 

si3 

q i 4  

q i x  
qo t 
9PI 

rda  
rdc  
r e t  
rhe  

PLUS 
plus, zero sum 

storage r eg i s t e r  
pr in t ,  sub one 
pr in t ,  sub two 
PRINT 
PRIM. 
p r in t ,  e x i t  a f t e r  

f inishing print-  
ing  

push word on lis% 
(append word t o  
push-donn l ist  ) 

push word e x i t  
e r r o r  h a l t  
e r ro r  ha l t ,  i l l e g a l  
COND; i cd  

e r ro r  ha l t ,  undefined 
atom i n  SmQ; uss 

e r r c r  h a l t ;  too many 
arguments; tma 

er ror  ha l t ,  unbound 
atomic symbol; uas 

e r ro r  h a l t ,  i l l e g a l  
parity;  i l p  

e r ro r  h a l t ,  I&"iBDA 
l i s t  too short;  lts 

e r ro r  ha l t ,  argument 
l i s t  too short ;  ats 

e r ro r  h a l t ,  storage 
capacity exceeded; 
sce 

e r ro r  h a l t  , ~usi~down 
capacity exceeded; 
Pte 

e r ro r  h a l t ,  nonnumeric 
argument f o r  a r i th -  
metic; nna 

e r ro r  h a l t ,  overflow; 
ov f 

e r ro r  h a l t ,  e x i t  
quotient 
e r ro r  ha l t ,  argument 

non-atom f o r  PRINl 
RPLACA 
RPLACD 
RETum 
read in ,  entry; read 

symbol and termina- 

rhn 

rhx 

r h r  

ri3 
r i 4  
r i a  

r i b  

r i c  
r i d  
r i e  
r i o  
r i n  
r i q  
ris 
r i x  
r i y  
r i z  
r x  

ryc 

ryd 
rYe 

r y  j 
rYn 
ryo 
rYP 
r y t  
rY s 

rY- 

374 - 

t o r ;  (a  ntermFnator" 
is a l e f t  parenthesis, 
r i g h t  parenthesis, 
period space, comma, 
o r  t a b j  (mnernonio: h 
precedes i )  

read symbol and termina- 
t o r ,  next 

read symbol and termina- 
t o r ,  e x i t  

read symbol and termina- 
to r ,  sub r 

read in ,  sub 3 
read in ,  sub 4 
read in ,  l e f t  paren- 

thes i s  
read i n ,  r i g h t  paren- 

t h e s i s  
read in ,  comma 
read in ,  do t  
read in ,  sub e 
read in ,  sub O 

W i n  
read in ,  sub q 
read i n  s p b o l  
read i n ,  e x i t  
read in ,  sub y 
read in ,  zeroing 
re turn  to ca l l ing  se- 

quence of a subroutine 
symbol lookup, c rea te  

(creat ing what is 
necessary t o  put 
something on the  OB- 
LIST) 

symbol lookup, index 
symbol lookup; search 

fo r  symbol i n  object 
l i s t  and i f  not found, 
put a t  beginning 

symbol lookup, sub j 
symbol lookup, number 
sgmbol lookup, sub O 
sym1~ol lookup, pack 
symbol lookup, t e s t  
symbol loohxp, search 

f o r  s p b o l  
symbol lookup, search 

fo r  word 



t i c  
th 
t p r  

symbol lookup, e x i t  
STOP 
SmY 
temporary storage, 

sub zero 
temporary storage, 

sub one 
times , complete 
TIMES 
make a car r iage  return, 
TERPRI (terminate 
pr int ing)  

true 
decrease (some 

number) by one 

uw unsave word; r e t r i eve  
word from push down 
l i s t  

uwl unsave word from l i s t  
UWX unsave word, e x i t  
vad get  two values 
vag ge t  numeric value 
x e x i t  from machine 

language LISP 
f unc t ions 



Appendix 6 

Index for Parts 1 to VI1 of the 

LISP 1.5 Programmer's Manual 

Edmund C. B e r k e l e y  and Daniel G. Bobrow 

The " U S P  1.5 Programmer's Manual", p u b l i s h e d  August  17, 
1962, i s  an  i m p o r t a n t  s o u r c e  o f  i n f o r m a t i o n  on LISP. I t  con- 
s i s t s  main ly  o f  e i g h t  p a r t s  e n t i t l e d :  

1. 
I I .  

III. 
I V .  
v .  

V I .  
V I I .  

VIII. 

The U S P  Language 
The U S P  I n t e r p r e t e r  S  ys tem 
E x t e n s i o n  of t h e  LISP Language 
A r i t h m e t i c  i n  U S P  
The Program F e a t u r e  
Running t h e  U S P  Sys tem 
L i s t  S t r u c t u r e s  
A Complete U S P  Program - The Wang Algor i thm 
f o r  t h e  P r o p o s i t i o n a l  C a l c u l u s  (Th is  p a r t  d i s -  
c u s s e s  a n  example.) 

I n  a d d i t i o n  t h e r e  a r e  e i g h t  a p p e n d i c e s ,  an i n d e x  t o  func- 
t i o n  d e s c r i p t i o n s ,  and a  g l o s s a r y .  There  i s  no g e n e r a l  index.  

To make i t  e a s i e r  t o  f i n d  t h e  r e l e v a n t  d i s c u s s i o n  of top- 
i c s  i n  P a r t s  1 t o  V I 1  of t h e  manual,  t h e  f o l l o w i n g  g e n e r a l  in- 
dex  f o r  P a r t s  1 t o  V I 1  has  been p r e p a r e d .  



nan i n  multiple car 's  and 
cdrla, 4 

fi, 4 A3, a 4 9  A59 32 

absolute value, 6, 26 
active l i s t ,  43 
actual  interpreter,  17 
add 26 
a d d ,  26 
ad*ess, 36, 41 
advantages of list structures, 

37 
Algol-like program, 29 
a-Ust, 17, 18, 19, SO 
allocation of storage, 1 
alphabetical characters, 16 
and, 21, 22 
ambiguity, 24 
append, 11 
apply, 13, U, 17, 18; defn.,l3 
~ P P ~ Y  mgar~ents, Lb 
APm,  17, 22, 39 
args (arguments) , 10,12 
argument, def'n., 21 
arguments, 2, 5, 10, 16, 19 
arguments of a function, 7 , s  
aritbmetic, 24 
arithmetic errors, 33 
arithmetio f'unc tions, 25 
aritbmetic predicates, 25 
array, 27 
array feature, 27 
arroa, 9 
assembly type language, 18 
ASSOC, 12, 13 
association list, 12, 13, U 
atom, 3; defn. as  predicate, 

3, 13 
atomic a r p e n t s ,  l.4 
atomic symbol, 1, 2, 8, 16, 24, 

30, 36, 39; defi., 2 
atomîc symbols, l ist of, 43 
atoms (see atomic symbol) 
auxiliary function, 12 
axes, 28 
backtrace, 32 
Backus, J.W., 8 
Backus notation, 8 

base registera, 43 
basic îunctions, 16 
BCD (binary coded decimal) 

characters, 36 
BCD print  names, 43 
binary program space, 28 
binding variables, 17 
b i t  table, 43 
blank, 4, 16 
blanks, 16 
blanks in lists, 4 
blocks of storage, 27, 38 
Boolean connectives, 21 
bound, 8, 18 
bound function name, 8 
bound variables, 7, 8, 9, 13, 

Lb, 17, 30 
brackets, 9 
branches, 5 
branching, 1 
built-in functions, L$ 
CADADR, 4 
CADDR, 4 
cm, 4,u 
CAR, 2, 10, 13, 14, 36; def'n., 2 
car, value i n  system, 14 
card boundaries, 16 
card deck preparation, 31 
card format, 16 
CDR, 3, 13, U, 364 defi*, 3 
CH2, CH3, 33 
change, 21 
character errors CH, 33 
character handling functions, 33 
character strings, 3 
characters i n  atomic symbols, 8 
Church, 17 
Church, Alonso, 7 
circular  lists, 37 
closed machine language sub- 

routines, 18 
combining S-expressions, 2 
comma, 4, 16 
commas i n  lists, 4 
commands to effect  an action, 20 
common subexpressions , 37 
compiler, 18, 33 
compiler errors, 33 
compiler speed, 18 



complement of address, 36 
complete card deck, 31 
composite, 3 
composition, 2, 5 
composition of car 's  and cdr 's ,  

3, 4 
composition of functions, 2, 5, 

9 
cornputable fùnctions, W 
COND, 10, 13, l-4, 18, 29, 30 
conditional expressions, 5, 9, 

10, 11, 30; dem., 5; i n  
programs, 30 

CONS, 2, 13, 18, 39, W ;  
dem., 2 

CONS counter, 34 
constant, 9, 17, 18, 21, 
conatants, 9, 10, l4, 17, 18 
constant predicates, 22 
constant t ranslat ion,  10 
CONS trap, 35 
construction of l i s t  s tnicture,  

38 
coordinates, 28 
core dumps, 31 
count, 34 
c r i t i c a l  subfunctions, 32 
CSET, 17, 18, 20 
"dn i n  multiple car ' s  and cdr 's  

4 
da ta  i n  LISP, 1 
da ta  language, 8 
debugging , 32 
decimal points, 21, 
decrement, 36, 43. 
define, 9, 15, 18, 20, 40, 4 l  
DEFINE, 15, 18; use of, 15 
defining functions, 9 
defining f'unctions recursively, 

A 
V 

defining new functicns, 15  
def in i t ion  of functions, 18  
DEFLIST, 41 
diagnostics, 31 
diagrammed S-expressicns , 36 
diagrams of l is ts ,  36 
difference, 26 
dimensions, 27 

d is t inc t ion  between a function 
and a predicate, 23 

divide, 26 
divide check, 26 
dot,  2 
dot notation, 2, 4, 9, 16, 21, 
dotted pairs, 16 
doublets, 15, 17, 31, 32 
dummg variables,  7 
E i n  numbers, 21, 
elementary functions of dotted 

pairs, 2 
elementary functions of lists, 4 
elementary LISP, 41 
elementary ru les  f o r  writing 

LISP 1 -5  programs, 15 
elements, 15, 16 

elements of array, 28 
eïements of lists, 16 
elements of the  syntax, 8 
E Q ,  3, 11, 13, 23; value in 

system, 14, 23 
EQ f o r  non-atomic symbols, 23 
equal, 11, 26 
equai i ty  sign, 8 
error ,  32 
e r r o r  diagnostics, 32 
error in a SET, 31 

9 errcrs ,  11, 
ERRU=m, 34, 35 
Euclidean a l g o r i t h ,  7 
ETAL, 13, U, 17, 18, 19; dûfn-, 

l3 
EVALQUOTE, 10, 11, 12, 13, U, 16, 
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Appendix 7 

A LISP Interpreter for the 4-32 

Robert A. Saunders 

A recent experimental use of Q-32 LISP required an exact 
FUNARG device. To achieve a quick implementation of this, the 
following interpreter was written. It interfaces with the 
machine language parts of the system so as to use them wherever 
possible. Interpretive functional arguments consist of 
S-expressions, as distinguished from the function descriptors 
used by compiled code. Thus, functions like MAPLIST would 
have to be available in an interpretive version, as well as 
the built-in compiled version. 

The interpreter is of the classical A-list type described 
elsewhere in this book. Thus, it differs somewhat from 
Tim Hart's M-460 interpreter (P. 199). The principal function 
is EVAL, of two arguments: no APPLY is used. Thus, it is 
similar in operation to the PDP-1 interpreter (P. 326). Note 
that the entire interpreter is compiled, and it does not 
interpret itself. 



( (NTERP S P E C I A L  4 ( A L I S K I  1 
D E F I N E  ( ( ( € V A L  (LAMBDA ( E  A L I S T )  

(PROG ( X  F N )  
(CON0 ( (ATOH E )  (GO V I )  

( ( A T O H  (CAR € 1 )  (GO F N ) )  
((EQ ( C A A H  E )  (üuurti LAMBDA))  

(RETURN ( € V A L  (CADDAR t) 
(NCONC ( P A I R  (CAUAR E )  ( C U K  €1  A L I S T ) )  1 )  

( ( € O  (CAAK € 1  (QUU'TL: F lJNARG)) 
(RETURN ( € V A L  (CONS (CADAR t) ( C U H  € 1 )  1CA;DDAR El 1 )  1 

( ( E Q  ( C A A R  € 1  f Q U U T t  L A B E L ) )  
(RETURh ( E V A L  (CONS (CADDAR E )  (LUH h l )  

(CONS (CCNS (CADAR E )  (CADDAK E l )  A L I S T ) ) ) )  
( T  (RETURN ( E V A L  (CONS ( E V A L  (GAR k )  A L I S T )  

(COR E) A L I S I ' ) ) ) )  
V (CCND ( ( N U L L  E )  (RETURN NIL)) 

( (EQ E (QUOTE T l )  (HETUHN E l )  
((EO E (QGOTE F I )  (HETURN N I L ) )  
I (NUHBERP E )  (HETURN E 1 ) 
( ( S E T U  X ( F I N D  E A L I S T ) )  (RETUHN (COR X I ) )  
( ( N O T  (ATUM (CAR E l ) )  ( R E I U R N  (GAAR € 1 ) )  
( T  (ERROR (CONS E (QUOTE (MUT BOUNO)))))) 

F N  (SETQ FN (CAR € 1  
(COND ( ( A N D  (CAR FN) (ATOH (CAR F N ) ) )  

(RETURN ( * € V U  (CAAR k N )  ( E V L I S  (GUR t )  J I )  
( ( S E T Q  X ( G E T  FN (QUOTE EXPH)  ) )  

(qETURN ( E V A L  (CONS X ( E V L I S  ( C O R  El)) A L I S T ) ) )  
( ( S E T Q  x (GET 6~ ( Q u o r E  F E X P R ) ) )  

(RETURN ( € V A L  ( L I S T  X (CDR € 1  A L I S T )  A L I S T J ) )  
( ( S E T Q  % ( & E T  FN (QUOTE FSUBR) )  1 

(KETURN ( ( C A R  X )  ( C M  € 1  A L I J T ) ) )  
( ( S E T Q  X ( F I N 0  FN A L I S T ) )  

(RETURN ( € V A L  (CONS 1CDR Io t t V L I S  tCDR E l ) )  A L I h l ) ) ,  
( T  (EWROR (CONS E (QUDTE (NOC F U N C T I O i d ) ) ) )  1 )  1 ) )  

( E V L I S  (LAMBDA ( L I  
(MAPCAR L (FUNCTLON (LAMBDA ( J I  ( E V A L  J A L I S T ) ) ) ) ) )  

(EVCON (LAHBDA ( E  A H )  
(PROG N I L  L (CONU ( ( N U L L  € 1  

(COND ( H  (ERROR (QUOTE LOND))) [ C ( R t T U R N  N I L ) )  1) 
( (€ 'VAL  (CAAR € 1  A) (RETURN ( E V A L  (CADAR € 1  A ) )  1 )  

(SETQ k (COR E l )  (GO L I ) ) )  
(FIND (LAMBDA ( X  Y )  

(PROG N I L  A (COND ( ( N U L L  Y) ( H E T U K N  N I L ) )  
((EQ (CAAR Y )  X )  (RETURN (CAR Y ) ) ) )  

( S E T U  Y (COR Y ) )  ( G O  A ) ) ) )  
(FSUBR (LAMBDA ( L I  

(CIAPCAR L (FUNCTION ( L M B D A  ( 3 )  
(PROG I K  L )  

(SETQ K (GENSYH))  
(SETQ L (HDEF (CAOR J I ) )  
(REMPROP (CAR J)  I Q U O T t  ESUBR) )  
(CON2 (QUOTE SUbR) ( L E N Ç T H  (CADR L I )  1 K I  



I D E f - L I S T  (LIST ( L I S T  (CAR 3 )  ( C A *  K))) I Q U O T E  F b U t W j )  
(RPLACA K N I L )  (REfURN (LAH j l ) ) ) ) l ) ) ) )  

SPECIAL  ( ( L H L S  PRGV P C T K ) )  
FSUBR ( ( ( P R O G  ( L A M B D A  (t A )  

(PROG (LHLS PCTR Y R G V )  
( SE T Q  A I NCOhC t  MAPCAR ( C A R  E )  

(FUNCTION ( L A M W A  (JI (CONS 3 MIL)))) A ) ]  
(SETG PCTR (COR E l 1  
A ICOND ( (NULL PCTR)  ( G O  31) 

( ( A T O N  (CAR P C I K I )  (SETQ LLiLS [ C O N S  PCTK L t l L S I ) ) )  
(sErG PCTR ( C D R  Y C T R ) )  
(Go A )  
0 (SETU PCTR ( L U R  t l )  
c tcowri (PRGV (RETURN ( C A R  PHGUI)) 

[(NlJLL P C T R )  [NETURN N I L )  
I t A T O M  (CAK P C l K ) )  (GO Pi)) 
( I kC  [CAAK P C T R I  IQUOTE CONU) 1 (EVLON (CDAR P C P R )  A NiCl1 
( T  ( € V A L  ( C A R  P C T R l  A )  j )  h ( S E T U  PCTR (GDR Y C T R ) )  tGü  6 ) ) ) )  

[GO (LAKBUA (k A )  
(PRCG I P f  

(ÇONG ( lNULL ISETQ P (F IND f CAR €1  LBL'S11I 
ERROR ccms t  CAR E I  (QUUT E (NUT a L A B ~ L I  1 )  1 )  

( S t T C  PLTR P l ) ) )  
(RETURW (LAMBDA ( f  A )  (SETQ PRGY ( L I S 1  I f v A L  ( C A R  E l  4 1 1  1 1 1  
(SET4 (LAMRDA ( E  A )  

(PRUG ( V  P )  
( S E T C  V ( € V A L  ( G A D &  tj A I 1  
(COND ((NULC ( S i C Q  P [F IND ( C A R  € 1  8 ) ) )  fGi3 N A ) ) )  
t RPLACO P V )  
( R E T t R N  V )  
NA (CONO ((NUCL l C A A H E ) )  

(ERRUR (CONS E (QUOTE (ILttGAC)))))) 
( C S E T  ( C A R  E )  V )  (RETURN V I ) ) )  

{COND (LAMBDA I E A )  (EVLON k A T l  1 )  
(FUNCTIGN (LAMBDA ( €  A )  ( L I S T  (UUDft I-UNAtXG) ( C A R  E) 
(QUOTE (LAMBDA ( E  A f  (CAR f ) ) l  
(AND (LAMBDA ( E  A )  

lPKUG NIL A ( C O N U  ((NULL E l  (HETUKV T l )  
( I N U L C  {EUAL (CAR f 1 A l  1 t R t T U R N  N I L )  1 )  

( S E T G  f (COR E )  1 (GO A 1  1 ) )  
(OR (LAMBDA [ f  A )  

(PROG N I L  A (CONU ( ( N U L 1  € 1  l R t l U K Y  0 )  
I f E Y A L  (CAR E) A )  (RETURN 1 ) l )  ( S E T U  k (CDK El) (YU A ) ) 1 1 ) 1  

****END UF F I L E  UEIELTED 
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